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Abstract

In this paper, we study the stabilization of nonlinear systems in critical cases by using

the center manifold reduction technique. Three degenerate cases are considered, wherein

the linearized model of the system has two zero eigenvalues, one zero eigenvalue and a

pair of nonzero pure imaginary eigenvalues, or two distinct pairs of nonzero pure

imaginary eigenvalues; while the remaining eigenvalues are stable. Using a local non-

linear mapping (normal form reduction) and Liapunov stability criteria, one can obtain

the stability conditions for the degenerate reduced models in terms of the original system

dynamics. The stabilizing control laws, in linear and/or nonlinear feedback forms, are

then designed for both linearly controllable and linearly uncontrollable cases. The

normal form transformations obtained in this paper have been verified by using code
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1. Introduction

Recently, the center manifold theorem has been applied to the stabilization
of nonlinear systems (see, e.g., [8–16]). Aeyels [1] obtained a stabilizing control
law for third-order systems which possess a pair of pure imaginary eigenvalues
and one stable eigenvalue. This result has been extended in [2] to more general
high-dimensional, nonlinear systems, in which the linearized model has either a
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pair of pure imaginary eigenvalues or one zero eigenvalue; while the remaining
eigenvalues are stable or stabilizable.

More degenerate cases have been considered by Behtash and Sastry [3].
They obtained results for the nonlinear systems whose linear part has: two zero
eigenvalues with geometric multiplicity 1; one zero eigenvalue and a pair of
pure imaginary eigenvalues; or two distinct pairs of pure imaginary eigen-
values. Unfortunately, they consider only the case in which the state vector
dimension is one more than the number of critical modes. In addition, most of
their results are given in terms of the system dynamics after normal form re-
duction. In this paper, we extend their results to more general high-dimen-
sional, nonlinear systems, where the noncritical modes are either stable or
stabilizable and the number of these noncritical modes is not restricted.
Moreover, the stabilizing control laws are given in terms of the original system
dynamics before normal form reduction.

First, the normal form reduction technique is briefly recalled and applied to
derive stability conditions for low-dimensional, critical nonlinear systems,
specifically, where the linearized model of the system has exactly two zero ei-
genvalues with geometric multiplicity 1; one zero eigenvalue and a pair of pure
imaginary eigenvalues; or two pairs of pure imaginary eigenvalues. This is
followed by a study of stabilization of general high-dimensional, critical non-
linear systems. In Section 3, the stability condition derived in Section 2.1 for
planar systems with two zero eigenvalues, along with the center manifold re-
duction technique, are employed to design the stabilizing feedback control laws
for high-dimensional, nonlinear systems. A linear and/or nonlinear feedback
stabilizing control law is proposed for linearly uncontrollable systems, while a
purely nonlinear stabilizing control law is designed for linearly controllable
systems. Similar results are obtained for the remaining two degenerate cases, in
which the uncontrolled model has one zero eigenvalue and a pair of pure
imaginary eigenvalues, or two distinct pairs of pure imaginary eigenvalues;
while remaining eigenvalues are stable or stabilizable by linear feedback. These
are given in Sections 4 and 5, respectively. Finally, concluding remarks are
given in Section 6.

2. Stability conditions for critical reduced models

In this paper, we study the stabilization of critical nonlinear system

_gg ¼ A11g þ b1uþ F ðg; nÞ; ð1aÞ
_nn ¼ A22n þ b2uþ Gðg; nÞ; ð1bÞ

where functions F ;G are sufficiently smooth with F ð0; 0Þ ¼ 0, DF ð0; 0Þ ¼ 0,
Gð0; 0Þ ¼ 0 and DGð0; 0Þ ¼ 0. Specifically, we consider three degenerate cases
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in which A11 has exactly two zero eigenvalues with geometric multiplicity 1; one
zero eigenvalue and a pair of pure imaginary eigenvalues; or two distinct pairs
of pure imaginary eigenvalues. Here, the control input u in (1a), (1b) is taken to
be a scalar. So, b1; b2 are both vectors. It is not difficult to extend the results to
the case of multiple inputs. Details are omitted.

First, the stability conditions for the low-dimensional critical system (1a)
with u ¼ 0, n ¼ 0 are derived in this section by employing the technique of
normal form reduction as recalled below and Liapunov stability criteria. These
stability conditions and the center manifold reduction technique (e.g., [2]) are
applied to study the stabilization of the system (1a), (1b) in Sections 2.1–2.3.

In the rest of this section, we focus on the derivation of stability conditions
for the low-dimensional critical system (1a) with u ¼ 0 and n ¼ 0 as given by

_gg ¼ A11g þ F ðgÞ
¼ A11g þ F2ðg; gÞ þ F3ðg; g; gÞ þ Oðkgk4Þ; ð2Þ

where F ðgÞ :¼ F ðg; 0Þ and F2; F3 denote quadratic and cubic terms of the
Taylor expansion of F, respectively. Here, we have presumed that F is at least
four times continuously differentiable.

It is known (e.g., [7]) that a nonlinear transformation g ¼ f þ P ðfÞ can be
applied to simplify the expressions of the critical nonlinear systems, where P is
a purely nonlinear vector function

PðfÞ ¼ P2ðf; fÞ þ P3ðf; f; fÞ þ Oðkfk4Þ; ð3Þ

with P2 and P3 being the quadratic and cubic terms in P, respectively.
Applying this scheme to Eq. (2), we obtain

_ff ¼ ðI þ DPðfÞÞ�1F ðf þ PðfÞÞ
¼ F1f þF2ðf; fÞ þF3ðf; f; fÞ þ Oðkfk4Þ; ð4Þ

where F1 ¼ A11 and F2;F3 are as given by

F2ðf; fÞ ¼ F2ðf; fÞ þ F1 � P2ðf; fÞ � DP2ðf; fÞ � F1f;

F3ðf; f; fÞ ¼ F3ðf; f; fÞ � DP2ðf; fÞ �F2ðf; fÞ þ DF2ðf; fÞ � P2ðf; fÞ
þ F1 � P3ðf; f; fÞ � DP3ðf; f; fÞ � F1f:

The main goal of this section is to obtain the homogeneous functions Pi for
which the nonlinear terms Fi of the transformed model (4) allow a simple
analysis of the local stability of the origin.

2.1. Stability of the second-order model

First, consider the case in which g ¼ ðx; yÞ0 is a two-dimensional vector, and
Eq. (2) is a planar system
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_xx ¼ y þ fxxx2 þ fxyxy þ fyyy2 þ fxxxx3 þ fxxyx2y

þ fxyyxy2 þ fyyyy3 þ Oðkðx; yÞk4Þ; ð5aÞ
_yy ¼ gxxx2 þ gxyxy þ gyyy2 þ gxxxx3 þ gxxyx2y

þ gxyyxy2 þ gyyyy3 þ Oðkðx; yÞk4Þ: ð5bÞ

By using the technique recalled in [3,4], it is not difficult to obtain a normal
form expression for (5a), (5b). For instance, a general form has been obtained
by Takens [4]. A result of [4] for the normal form of (5a), (5b) up to sixth-order
can be written as

_x1x1 ¼ x2 þ Oðkðx1; x2Þk6Þ; ð6aÞ
_x2x2 ¼ d1x2

1 þ d2x1x2 þ d3x3
1 þ d4x2

1x2 þ d5x4
1 þ d6x3

1x2

þ d7x5
1 þ d8x4

1x2 þ Oðkðx1; x2Þk6Þ; ð6bÞ

where x1; x2 are the transformed states after normal form reduction and di are
constants.

To study the local stability of (6a), (6b) by Liapunov’s direct method, we
invoke a special locally positive definite function. A class of such functions has
been introduced by Fu and Abed [5] for constructing families of Liapunov
functions for critical nonlinear systems the linear part of which has exactly one
zero eigenvalue or a pair of nonzero pure imaginary eigenvalues with the re-
maining eigenvalues stable. This result is extended below to a more general
case, which will provide a means to obtain the stability conditions for the
model (6a), (6b).

Lemma 1. The scalar function

V ðx1; x2Þ ¼ v1x2
2 þ v2x1x2

2 þ v3x3
2 þ v4x4

1 þ v5x3
1x2 þ v6x2

1x
2
2

þ v7x1x3
2 þ v8x4

2 þ v9x5
1 þ v10x6

1 ð7Þ

is locally positive definite near the origin if v1; v4 > 0.

Lemma 1 follows directly from ([5], Lemma 1). Details are omitted. Next, we
have the following obvious result.

Corollary 1. The scalar function

V ðx1; x2Þ ¼ x4
2ðd1 þ q1ðx1; x2ÞÞ þ x2

1x
2
2ðd2 þ q2ðx1; x2ÞÞ

þ d3x6
1 þ Oðkðx1; x2Þk7Þ ð8Þ

is locally negative definite near the origin if di < 0 for i ¼ 1; 2; 3 and the smooth
scalar functions q1; q2 satisfy qið0; 0Þ ¼ 0 for i ¼ 1; 2.
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Now, we employ Lemma 1 and Corollary 1 to study the local stability of
Eqs. (6a), (6b). Choose as a Liapunov function candidate for (6a), (6b) a
function V as in (7) with v2 ¼ v6 ¼ 0. The time derivative of V along trajec-
tories of Eqs. (6a), (6b) is given by

_V1V1 ¼ 2v1ðd1x2
1x2 þ d2x1x2

2Þ þ v7x4
2 þ ð2v1d3 þ 4v4Þx3

1x2

þ ð2v1d4 þ 3v5 þ 3v3d1 þ qðx1; x2ÞÞx2
1x

2
2 þ v5d1x5

1

þ ð5v9 þ v5d2 þ 2v1d5Þx4
1x2 þ v5d3x6

1

þ ðv5d4 þ 2v1d7 þ 6v10Þx5
1x2 þ Oðkðx1; x2Þk7Þ; ð9Þ

where q is a smooth, scalar function with qð0; 0Þ ¼ 0.
According to Lemma 1, V is locally positive definite if v1; v4 > 0. By em-

ploying Corollary 1 to check the local negative definiteness of _VV (given in (9))
and applying Liapunov stability criteria, we have:

Proposition 1. Let d1 ¼ d2 ¼ 0. Then the origin of (6a) and (6b) is asymptoti-
cally stable if the values of vi in (7) can be chosen such that

(i) v1; v4 > 0, v2 ¼ v6 ¼ 0,
(ii) v7; v5d3; 2v1d4 þ 3v5 < 0,

(iii) 5v9 þ 2v1d5 ¼ 0, v5d4 þ 2v1d7 þ 6v10 ¼ 0 and 2v1d3 þ 4v4 ¼ 0.

Assume d1 ¼ d2 ¼ 0 and d3; d4 < 0. With these assumptions we can choose vi
such that the stability conditions in Proposition 1 hold. As implied by ([7],
Lemma 2.6), the local stability of the origin is preserved under normal form
reduction. Thus, we have:

Lemma 2. The origin is asymptotically stable for (5a), (5b) if d1 ¼ d2 ¼ 0,
d3; d4 < 0.

By suitable choice of nonlinear functions P2 and P3 (in (3)), we obtain the
values of the di as: d1 ¼ gxx, d2 ¼ gxy þ 2fxx and

d3 ¼ gxxx þ gxxfxy � gxyfxx; ð10Þ
d4 ¼ gxxy þ 3fxxx þ 1

2
ffyygxx þ ðgxy � 2fxxÞgyy þ fxygxyg: ð11Þ

In the next corollary, the stability conditions of Lemma 2 are stated in terms
of the functions f and g.

Corollary 2. The origin of (5a), (5b) is asymptotically stable if gxx ¼ 0, gxy þ
2fxx ¼ 0, gxxx þ 2f 2

xx < 0 and

gxxy þ 3fxxx � fxxðfxy þ 2gyyÞ < 0: ð12Þ
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Note that the stability conditions for (5a), (5b) given in Corollary 2 agree
with a result of Behtash and Sastry ([3], Lemma 1).

2.2. Stability of the third-order reduced model

Next, consider the case in which g ¼ ðx; y; zÞ0 and model (2) is the three-
dimensional system

_xx ¼ X1y þ f ðx; y; zÞ; ð13aÞ
_yy ¼ �X2xþ gðx; y; zÞ; ð13bÞ
_zz ¼ rðx; y; zÞ; ð13cÞ

where X1X2 > 0 and functions f ; g; r are sufficiently smooth and take the
general form

uðx; y; zÞ ¼ uxxx
2 þ uxyxy þ uxzxzþ uyyy

2 þ uyzyzþ uzzz
2

þ uxxxx
3 þ uxxyx

2y þ uxxzx
2zþ uxyyxy

2 þ uxyzxyzþ uxzzxz
2

þ uyyyy
3 þ uyyzy

2zþ uyzzyz
2 þ uzzzz

3 þ Oðkðx; y; zÞk4Þ: ð14Þ

As explained above, it is not difficult to derive the normal form for system
(13a)–(13c). For instance, a normal form for the case of X1 ¼ X2 ¼ �x up to
the third-order approximation has been obtained in cylindrical polar coordi-
nates by Guckenheimer and Holmes [6]. A similar result is also obtained by
Behtash and Sastry [3] for designing a purely nonlinear feedback stabilizing
control law for the case in which n in (1a), (1b) is a scalar. However, in both
results mentioned above, the values of the coefficients in the normal form for
(13a)–(13c) have not been expressed in terms of the original system dynamics
(i.e., the functions f ; g; r). In the following discussions, a normal form repre-
sentation for a general system (13a)–(13c) up to third-order will be given ex-
plicitly in terms of the original system dynamics. The result will be easy to
apply to the stability analysis and stabilization of higher-dimensional systems
(1a), (1b). Note that, we do not assume X1 ¼ X2 in the following discussions.

By employing the technique given in [3,4] with P ¼ P2 a quadratic function
as given in Appendix A, we can remove parts of quadratic terms of the dy-
namics in (13a)–(13c), and Eqs. (13a)–(13c) become

_zz1 ¼ X1 z2

�
þ 1

X1 þ X2

ðgyz þ fzzÞz1z3

þ 1

2X1X2

ðX2fyz � X1gzzÞz2z3

�
þ ~ff ðz1; z2; z3Þ; ð15aÞ
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_zz2 ¼ X2

�
� z1 þ

1

X1 þ X2

ðgyz þ fzzÞz2z3

� 1

2X1X2

ðX2fyz � X1gzzÞz1z3

�
þ ~ggðz1; z2; z3Þ ð15bÞ

_zz3 ¼
1

X1 þ X2

ðX1rzz þ X2ryyÞ � ðz2
1 þ z2

2Þ þ rzzz2
3 þ ~rrðz1; z2; z3Þ: ð15cÞ

Assume that the nonlinear vector function P in the normal form transfor-
mation is chosen as P ðgÞ ¼ P2ðgÞ þ P3ðgÞ with P2 and P3 as given in Appendix
A. The new transformed version of (13a)–(13c) then becomes

_xx1 ¼ X1 x2

�
þ 1

X1 þ X2

ðgyz þ fxzÞx1x3

þ 1

2X1X2

ðX2fyz � X1gxzÞx2x3 þ d1x1ðx2
1 þ x2

2Þ

þ �1x2ðx2
1 þ x2

2Þ þ x2
3ðd2x1 þ �2x2Þ

�
þ Oðkðx; y; zÞk4Þ; ð16aÞ

_xx2 ¼ X2

�
� x1 þ

1

X1 þ X2

ðgyz þ fxzÞx2x3

� 1

2X1X2

ðX2fyz � X1gxzÞx1x3 þ d1x2ðx2
1 þ x2

2Þ

� �1x1ðx2
1 þ x2

2Þ þ x2
3ðd2x2 � �2x1Þ

�
þ Oðkðx; y; zÞk4Þ; ð16bÞ

_xx3 ¼
1

X1 þ X2

ðX1rxx þ X2ryyÞ � ðx2
1 þ x2

2Þ þ rzzx2
3

þ d3x3ðx2
1 þ x2

2Þ þ ~rrzzzx3
3 þ Oðkðx; y; zÞk4Þ; ð16cÞ

where

�1 ¼
1

4X1X2ðX1 þ X2Þ
� f3X2

2
~ff222 þ X1X2ð ~ff112 � ~gg122Þ � 3X2

1~gg111g; ð17Þ

�2 ¼
1

2X1X2

ðX2
~ff233 � X1~gg133Þ; ð18Þ

d1 ¼
1

3X2
1 þ 2X1X2 þ 3X2

2

� fX1ð3 ~ff111 þ ~gg112Þ þ X2ð3~gg222 þ ~ff122Þg; ð19Þ

d2 ¼
1

X1 þ X2

ð ~ff133 þ ~gg233Þ; ð20Þ

d3 ¼
1

X1 þ X2

ðX1~rr113 þ X2~rr223Þ: ð21Þ

Here, uijk denotes the coefficient of the cubic term zizjzk of a function
u 2 f ~ff ; ~gg; ~rrg and i; j; k ¼ 1; 2; 3.
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Using Corollary 1 and Liapunov stability criteria, we obtain the following
stability conditions for (13a)–(13c) based on the transformed model (16a)–
(16c).

Lemma 3. The origin of (13a)–(13c) is asymptotically stable if rzz ¼ 0,
X1d1; ~rr333 < 0, and either of the following conditions hold:

(i) gyz þ fxz ¼ 0, X1rxx þ X2ryy ¼ 0, and X1d2; d3 6 0 or X1d2 and d3 are nonzero
and of opposite sign,

(ii) X1ðgyz þ fxzÞ and X1rxx þ X2ryy are nonzero and are of opposite sign, and
X1d2; d3 6 0,

where the values of di, i ¼ 1; 2; 3 are given in (19)–(21).

Proof. As discussed above, Eqs. (13a)–(13c) can be transformed into (16a)–
(16c) by normal form reduction. Choose

V ¼ p1 x2
1

�
þ X1

X2

x2
2

�
þ p2x2

3 ð22Þ

with p1; p2 > 0 as a Liapunov function candidate for the transformed model
(16a)–(16c).

The time derivative of V along trajectories of (16a)–(16c) is

_VV ¼ 2X1p1d1ðx2
1 þ x2

2Þ
2 þ 2ðp1X1d2 þ p2d3Þx2

3ðx2
1 þ x2

2Þ

þ 2p2~rr333x4
3 þ 2p2rzzx3

3 þ
2

X1 þ X2

fX1p1ðgyz þ fxzÞ

þ p2ðX1rxx þ X2ryyÞgx3ðx2
1 þ x2

2Þ þ Oðkðx1; x2; x3Þk5Þ: ð23Þ

Since p1; p2 > 0, the scalar function V given in (22) is positive definite.
Suppose rzz ¼ 0 and X1d1; ~rr333 < 0. From Corollary 1, it follows that _VV (given
in (23)) is locally negative definite if either condition (i) or (ii) holds. The ap-
plication of Liapunov stability criteria to (16a)–(16c) indicates that the origin
is asymptotically stable. As implied by ([7], Lemma 2.6) the origin is also
asymptotically stable for the model (13a)–(13c). �

Note that the stability condition (i) of Lemma 3 above agrees with that
obtained by Behtash and Sastry ([3], Theorem 2).

By expressing the values di in terms of the original system dynamics, we have
the following result for the case (i) of Lemma 3.

Corollary 3. The origin is asymptotically stable for (13a)–(13c) if rzz ¼ 0,
X1rxx þ X2ryy ¼ 0, fxz þ gyz ¼ 0, S1; S2 < 0 and S3; S4 6 0 or S3 and S4 are nonzero
and of opposite sign, where
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S1 :¼ ~rr333

¼ 1

X1X2

fX1X2rzzz � X2fzzryz þ X1gzzrxzg; ð24Þ

S2 :¼ X1d1

¼ 1

3X2
1 þ 2X1X2 þ 3X2

2

ðX1gxz

�
þ X2fyzÞryy � X1gyzrxy þ 3X1X2gyyy

þ ðX1gxy � 2X2fyyÞgyy þ
X2

1

X2

gxxgxy þ X2
1gxxy þ

2X2
1

X2

fxxgxx

� X2fxyfyy þ X1X2fxyy � X1fxxfxy þ 3X2
1fxxx

�
; ð25Þ

S3 :¼ X1d2

¼ 1

X2ðX1 þ X2Þ
f2X2fzzryz � 2X1gzzrxz þ X1ðgxy þ 2fxxÞgzz

þ X1X2gyzz � 2X2fzzgyy � X2fxyfzz þ X1X2fxzzg; ð26Þ
S4 :¼ d3

¼ 1

X2ðX1 þ X2Þ
X2

2ryyz

�
� X2

X1

ðX2fyy þ X1fxxÞryz �
X2

X1

ðX1gxz þ X2fyzÞryy

þ ðX2gyy þ X1gxxÞrxz þ X2gyzrxy þ X1X2rxxz

�
: ð27Þ

Similarly, the case (ii) of Lemma 3 is addressed in terms of the original
dynamics as follows.

Corollary 4. The origin of (13a)–(13c) is asymptotically stable if:

(i) rzz ¼ 0,
(ii) X1rxx þ X2ryy and fxz þ gyz have nonzero values and of opposite sign,
(iii) S1; ~SS2 < 0 and ~SS3; ~SS4 6 0,

where S1 is given by (24) and

~SS2 ¼
1

3X2
1 þ 2X1X2 þ 3X2

2

�
� X1gxz þ X2fyz

ðX1 þ X2ÞX2

½ðX2 þ 2X1ÞX2ryy

þ ð2X2 þ 3X1ÞX1rxx þ
X1

2
ðgyz þ 3fxzÞrxy þ 3X1X2gyyy

þ ðX1gxy � 2X2fyyÞgyy þ
X2

1

X2

gxxgxy þ X2
1gxxy þ

2X2
1

X2

fxxgxx

� X2fxyfyy þ X1X2fxyy � X1fxxfxy þ 3X2
1fxxx

�
; ð28Þ
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~SS3 ¼
1

X2ðX1 þ X2Þ
2X2fzzryz

�
� 2X1gzzrxz þ X1ðgxy þ 2fxxÞgzz

þ X1X2gyzz � 2X2fzzgyy � X2fxyfzz þ X1X2fxzz

� X1

2ðX1 þ X2Þ
ðfxz þ gyzÞ � ðX1gxz þ X2fyzÞ

�
; ð29Þ

~SS4 ¼
1

X2ðX1 þ X2Þ
X2

2ryyz

�
� X2

X1

ðX2fyy þ X1fxxÞryz

þ ðX1gxz þ X2fyzÞrxx þ ðX2gyy þ X1gxxÞrxz

� X2

X1 þ X2

½X1gyz þ ðX2 þ 2X1Þfxzrxy þ X1X2rxxz

�
: ð30Þ

2.3. Stability of critical fourth-order nonlinear systems

In this section, we derive stability conditions for (2) in which g :¼ ðx; y; z;wÞ0,
F ðgÞ ¼ ðf ðgÞ; gðgÞ; rðgÞ; sðgÞÞ0 and

A11 ¼

0 X1 0 0
�X2 0 0 0

0 0 0 X3

0 0 �X4 0

0
BB@

1
CCA: ð31Þ

Here, X1X2;X3X4 > 0 and f ; g; r; s are smooth, purely nonlinear scalar func-
tions with the form as

u ¼ uxxx
2 þ uxyxy þ uxzxzþ uxwxwþ uyyy

2 þ uyzyzþ uywyw

þ uzzz
2 þ uzwzwþ uwww

2 þ uxxxx
3 þ ðuxxyy þ uxxzzþ uxxwwÞx2

þ ðuxyyxþ uyyyy þ uyyzzþ uyywwÞy2 þ uxyzxyzþ uxywxywþ uxzwzxw

þ uyzwyzwþ ðuxzzxþ uyzzy þ uzzzzþ uzzwwÞz2

þ ðuxwwxþ uywwy þ uzwwzþ uwwwwÞw2 þ Oðkðx; y; z;wÞk4Þ: ð32Þ

For the case in which X1 ¼ X2 ¼ �1 and X3 ¼ X4 ¼ �x 62 f�1
3
;�1

2
;�1;�2,

�3g, a normal form for the model (2) has been obtained by using the technique
given in (3) and (4); see for instance, [3,6]. In the following analysis, we do not
assume that X1 ¼ X2 nor that X3 ¼ X4 for facilitating possible applications.

Assume that X1X2 6¼ aX3X4, for each a 2 f1
9
; 1

4
; 1; 4; 9g. By using the tech-

nique of normal form reduction to let g ¼ f þ P ðfÞ with P defined in Eq. (3), we
can write model (2) as Eq. (4). First, consider the case in which the nonlinear
function P is a purely quadratic function only (i.e., P ¼ P2) as given in Ap-
pendix B, we can make F2 (given in Section 2) 0 and Eq. (4) then becomes

_ff ¼ Af þ ~FF ðfÞ; ð33Þ
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where ~FF ðfÞ ¼ ð ~ff ðfÞ; ~ggðfÞ; ~rrðfÞ; ~ssðfÞÞ0. Now, let P be a nonlinear function as
given in (3) with P2 having being as discussed above such that F2 ¼ 0. By a
suitable choice of cubic function P3, as detailed in Appendix B, the transformed
model (4) takes the form

_xx1 ¼ X1fx2 þ ðd1x1 þ �1x2Þðx2
1 þ x2

2Þ þ ðd2x1 þ �2x2Þðx2
3 þ x2

4Þg

þ Oðkðx1; x2; x3; x4Þk4Þ; ð34aÞ

_xx2 ¼ X2f�x1 þ ðd1x2 � �1x1Þðx2
1 þ x2

2Þ þ ðd2x2 � �2x1Þðx2
3 þ x2

4Þg

þ Oðkðx1; x2; x3; x4Þk4Þ; ð34bÞ

_xx3 ¼ X3fx4 þ ðd3x3 þ �3x4Þðx2
1 þ x2

2Þ þ ðd4x3 þ �4x4Þðx2
3 þ x2

4Þg

þ Oðkðx1; x2; x3; x4Þk4Þ; ð34cÞ

_xx4 ¼ X4f�x3 þ ðd3x4 � �3x3Þðx2
1 þ x2

2Þ þ ðd4x4 � �4x3Þðx2
3 þ x2

4Þg

þ Oðkðx1; x2; x3; x4Þk4Þ; ð34dÞ

where

d1 ¼
X2ð3~gg222 þ ~ff122Þ þ X1ð~gg112 þ 3 ~ff111Þ

3X2
1 þ 2X1X2 þ 3X2

2

ð35Þ

�1 ¼
X1X2ð ~ff112 � ~gg122Þ þ 3X2

2
~ff222 � 3X2

1~gg111

4X1X2ðX1 þ X2Þ
ð36Þ

d2 ¼
X3ð ~ff133 þ ~gg233Þ þ X4ð ~ff144 þ ~gg244Þ

ðX1 þ X2Þ � ðX3 þ X4Þ
ð37Þ

�2 ¼
X2ðX3

~ff233 þ X4
~ff244Þ � X1ðX3~gg133 þ X4~gg144Þ

2X1X2ðX3 þ X4Þ
ð38Þ

d3 ¼
X1ð~rr113 þ ~ss114Þ þ X2ð~rr223 þ ~ss224Þ

ðX1 þ X2Þ � ðX3 þ X4Þ
ð39Þ

�3 ¼
X4ðX1~rr114 þ X2~rr224Þ � X3ðX1~ss113 þ X2~ss223Þ

2X3X4ðX1 þ X2Þ
ð40Þ

d4 ¼
X4ð3~ss444 þ ~rr344Þ þ X3ð~ss334 þ 3~rr333Þ

3X2
3 þ 2X3X4 þ 3X2

4

ð41Þ

�4 ¼
X3X4ð~rr334 � ~ss344Þ þ 3X2

4~rr444 � 3X2
3~ss333

4X3X4ðX3 þ X4Þ
: ð42Þ

Here, let f :¼ ðz1; z2; z3; z4Þ0 in (33). Then uijk denotes the coefficient of the cubic
term zizjzk of a function u, for u ¼ ~ff ; ~gg; ~rr; ~ss and i; j; k ¼ 1; � � � ; 4.
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Referring to the transformed model (34a)–(34d), we readily obtain the fol-
lowing stability conditions for the original model (2).

Lemma 4. Let X1X2 6¼ aX3X4, for each a 2 f1
9
; 1

4
; 1; 4; 9g. The origin is asymp-

totically stable for system (2) if X1d1 < 0, X3d4 < 0 and either X1d2 6 0 and
X3d3 6 0, or X1d2 and X3d3 are nonzero and of opposite sign.

Proof. As discussed above, system (2) can be transformed into Eqs. (34a)–(34d)
if X1X2 6¼ aX3X4, for each a 2 f1

9
; 1

4
; 1; 4; 9g. Let

V ¼ 1

2
p1 x2

1

�
þ X1

X2

x2
2

�
þ 1

2
p2 x2

3

�
þ X3

X4

x2
4

�
ð43Þ

be a Liapunov function candidate for model (34a)–(34d) with p1; p2 > 0.
Taking the time derivative of V along trajectories of the model (34a)–(34d),
we then have

_VV ¼ p1X1d1ðx2
1 þ x2

2Þ
2 þ ðp1X1d2 þ p2X3d3Þ � ðx2

1 þ x2
2Þ � ðx2

3 þ x2
4Þ

þ p2X3d4ðx2
3 þ x2

4Þ
2 þ Oðkðx1; x2; x3; x4Þk5Þ: ð44Þ

Since p1; p2 > 0 and X1X2;X3X4 > 0, the scalar function V given in (43) is
positive definite. First, consider the case in which X1d1 < 0, X3d4 < 0, X1d2 6 0
and X3d3 6 0. Since p1; p2 > 0, _VV given in (44) is locally negative definite. So the
origin is asymptotically stable for the transformed model (34a)–(34d). By ([7],
Lemma 2.6), the origin is also asymptotically stable for the original model (2).

Next, consider the case in which X1d1 < 0, X3d4 < 0, X1d2 and X3d3 are
nonzero and of opposite sign. Similarly, we can show that _VV given in (44) is
locally negative definite by choosing p1; p2 > 0 such that p1X1d2 þ p2X3d3 ¼ 0.
The stability of the origin for model (2) is hence implied by the Liapunov
stability criteria and ([7], Lemma 2.6). �

Note that, for the case in which X1 ¼ X2 ¼ �1 and X3 ¼ X4 ¼
�x 62 f�1

3
;�1

2
;�1;�2;�3g, Lemma 4 agrees with a result of Behtash and

Sastry ([3], Theorem 3). The stability conditions of Lemma 4 expressed in terms
of the original nonlinear dynamics before normal form reduction are given in
the next result.

Corollary 5. Suppose X1X2 6¼ aX3X4, for each a 2 f1
9
; 1

4
; 1; 4; 9g. The origin of

(2) is asymptotically stable if S1; S2 < 0 and S3; S4 6 0 or S3 and S4 are nonzero
and of opposite sign, where
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S1 ¼
1

3X2
1 þ 2X1X2 þ 3X2

2

X1½3ðX2gyyy

�
þ X1fxxxÞ þ ðX1gxxy þ X2fxyyÞ

þ gyyðX1gxy � 2X2fyyÞ � fxyðX2fyy þ X1fxxÞ þ
X2

1

X2

gxxðgxy þ 2fxxÞ

þ X1

X4

½ð3X2syy þ X1sxxÞgyz þ ð3X1sxx þ X2syyÞfxz

� X1

X3

½ðX1rxx þ 3X2ryyÞgyw þ ðX2ryy þ 3X1rxxÞfxw

þ X1

ð4X1X2 � X3X4ÞX4

½X1ðX4gxw � 2X2gyzÞ þ X2ðX4fyw þ 2X1fxzÞ

� ðX4rxy � 2X1sxx þ 2X2syyÞ �
X1

ð4X1X2 � X3X4ÞX3

½X1ð2X2gyw þ X3gxzÞ

� X2ð2X1fxw � X3fyzÞ � ðX3sxy � 2X2ryy þ 2X1rxxÞ
�
; ð45Þ

S2 ¼
1

3X2
3 þ 2X3X4 þ 3X2

4

X3½3ðX4swww

�
þ X3rzzzÞ þ ðX3szzw þ X4rzwwÞ

þ swwðX3szw � 2X4rwwÞ � rzwðX4rww þ X3rzzÞ þ
X2

3

X4

szzðszw þ 2rzzÞ

þ X3

X2

½ð3X4gww þ X3gzzÞsxw þ ð3X3gzz þ X4gwwÞrxz

� X3

X1

½ðX3fzz þ 3X4fwwÞsyw þ ðX4fww þ 3X3fzzÞryz

þ X3

ð4X3X4 � X1X2ÞX2

½X3ðX2syz � 2X4sxwÞ

þ X4ðX2ryw þ 2X3rxzÞ � ðX2fzw � 2X3gzz þ 2X4gwwÞ

� X3

ð4X3X4 � X1X2ÞX1

½X3ð2X4syw þ X1sxzÞ

� X4ð2X3ryz � X1rxwÞ � ðX1gzw � 2X4fww þ 2X3fzzÞ
�
; ð46Þ

S3 ¼
X3

ðX1 þ X2Þ � ðX3 þ X4Þ
2fzzryz

�
þ 1

X3

½2X4fwwsyw

þ X1X4ðfxww þ gywwÞ þ X1ðfxzz þ gyzzÞ

� 2X1

X2

gzzrxz þ
X1

X2
3X4

½X3ðX4sww þ X3szzÞðgyz þ fxzÞ
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� X4ðX4rww þ X3rzzÞðgyw þ fxwÞ �
2X1X4

X3X2

gwwsxw

þ 1

X3X2

½X1ðX3gzz þ X4gwwÞðgxy þ 2fxxÞ

� X2ðX3fzz þ X4fwwÞðfxy þ 2gyyÞ

þ 1

ð4X3X4 � X1X2ÞX3

½X4ðX1rxw � 2X3ryzÞ

þ X3ðX1sxz þ 2X4sywÞ � ðX1gzw � 2X4fww þ 2X3fzzÞ

� X1

ð4X3X4 � X1X2ÞX3X2

½X4ðX2ryw þ 2X3rxzÞ

þ X3ðX2syz � 2X4sxwÞ � ðX2fzw � 2X3gzz þ 2X4gwwÞ
�
; ð47Þ

S4 ¼
X1

ðX1 þ X2Þ � ðX3 þ X4Þ
2rxxfxw

�
þ 1

X1

½2X2ryygyw þ X3X2ðryyz þ syywÞ

þ X3

X2
1X2

½X1ðX2gyy þ X1gxxÞðsxw þ rxzÞ � X2ðX2fyy þ X1fxxÞðsyw þ ryzÞ

� 2X3

X4

sxxfxz þ
1

X1X4

½X3ðX1sxx þ X2syyÞðszw þ 2rzzÞ

� X4ðX1rxx þ X2ryyÞðrzw þ 2swwÞ �
2X3X2

X1X4

syygyz

þ 1

ð4X1X2 � X3X4ÞX1

½X2ðX3fyz � 2X1fxwÞ

þ X1ðX3gxz þ 2X2gywÞ � ðX3sxy � 2X2ryy þ 2X1rxxÞ

� X3

ð4X1X2 � X3X4ÞX1X4

½X2ðX4fyw þ 2X1fxzÞ þ X1ðX4gxw

� 2X2gyzÞ � ðX4rxy � 2X1sxx þ 2X2syyÞ þ X3ðrxxz þ sxxwÞ
�
: ð48Þ

3. Double zero eigenvalue

In the following three sections, we apply the stability results obtained in
Section 2 to the stabilization problem of system (1a), (1b). First, we consider
the case in which A11 is in the form of (47) below. Thus, both g and b1 are both
two-dimensional vectors. Thus, g :¼ ðx; yÞ0 and b1 ¼ ðb11; b12Þ0, F :¼ ðf ; gÞ0 and

A11 ¼
0 1
0 0

� �
; ð49Þ
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Gðx; y; nÞ ¼ x2Gxx þ xyGxy þ y2Gyy þ ðxGxn þ yGynÞn
þ Gnnðn; nÞ þ x3Gxxx þ x2yGxxy þ xy2Gxyy

þ y3Gyyy þ ðx2Gxxn þ xyGxyn þ y2GyynÞn þ xGxnnðn; nÞ
þ yGynnðn; nÞ þ Gnnnðn; n; nÞ þ Oðkðx; y; nÞk4Þ: ð50Þ

The scalar functions f ; g are taken to be the form

uðx; y; nÞ ¼ uxxx
2 þ uxyxy þ uyyy

2 þ ðxuxn þ yuynÞn
þ n0unnn þ uxxxx

3 þ uxxyx
2y þ uxyyxy

2

þ uyyyy
3 þ ðx2uxxn þ xyuxyn þ y2uyynÞn

þ n0ðxuxnn þ yuynnÞn þ unnnðn; n; nÞ þ Oðkðx; y; nÞk4Þ: ð51Þ

The coefficients in the expansion in (50) and (51) are either constants or
symmetric multilinear functions of their arguments. For instance, unnn and Gnn

denote a symmetric trilinear function and a symmetric bilinear function, re-
spectively.

3.1. The case b1 ¼ 0

In this section, we consider the case in which b1 ¼ 0 and let the feedback
control u be given by

uðx; y; nÞ ¼ k11xþ k12y þ K2n þ Uðx; y; nÞ; ð52Þ

where k11; k12 are scalars and U is a smooth function with Uð0; 0; 0Þ ¼ 0 and
DUð0; 0; 0Þ ¼ 0.

Suppose A22 þ b2K2 is stable. According to the results of [2], the stability of
system (1a), (1b) agrees with the stability of the reduced model

_xx ¼ y þ f ðx; y;E1xþ E2y þ hðx; yÞÞ; ð53aÞ
_yy ¼ gðx; y;E1xþ E2y þ hðx; yÞÞ; ð53bÞ

where E ¼ ðE1;E2Þ and hðx; yÞ solve Eqs. (54) and (55), respectively:

b2K1 þ ðA22 þ b2K2ÞE � EA11 ¼ 0; ð54Þ
DhðgÞ � fA11g þ F ðg; hðgÞ þ EgÞg

¼ ðA22 þ b2K2ÞhðgÞ þ b2Uðg; hðgÞ þ EgÞ þ Gðg; hðgÞ þ EgÞ; ð55Þ

with boundary conditions hð0; 0Þ ¼ 0 and Dhð0; 0Þ ¼ 0.
The boundary conditions above dictate that h be of the form

hðx; yÞ ¼ x2hxx þ xyhxy þ y2hyy þ Oðkðx; yÞk3Þ; ð56Þ

where hxx; hxy ; hyy are constant vectors.
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Let the nonlinear control function U have the form (51) and

Hðx; yÞ :¼ b2Uðx; y;E1xþ E2yÞ þ Gðx; y;E1xþ E2yÞ
� f ðx; y;E1xþ E2yÞE1 � gðx; y;E1xþ E2yÞE2

¼ x2Hxx þ xyHxy þ y2Hyy þ Oðkðx; yÞk3Þ: ð57Þ

By solving Eqs. (54) and (55), we then have

E1 ¼ �k11ðA22 þ b2K2Þ�1b2; ð58Þ
E2 ¼ �fðA22 þ b2K2Þ2g�1 � fk12ðA22 þ b2K2Þ þ k11Igb2 ð59Þ

and

hxx ¼ � ðA22 þ b2K2Þ�1Hxx; ð60Þ
hxy ¼ � 2fðA22 þ b2K2Þ2g�1Hxx � ðA22 þ b2K2Þ�1Hxy ; ð61Þ
hyy ¼ � ðA22 þ b2K2Þ�1ðHyy � hxyÞ: ð62Þ

The reduced model (53a), (53b) is hence obtained as

_xx ¼ y þ f̂fxxx
2 þ f̂fxyxy þ f̂fyyy

2 þ f̂fxxxx
3

þ f̂fxxyx
2y þ f̂fxyyxy

2 þ f̂fyyyy
3 þ Oðkðx; yÞk4Þ; ð63aÞ

_yy ¼ ĝgxxx
2 þ ĝgxyxy þ ĝgyyy

2 þ ĝgxxxx
3

þ ĝgxxyx
2y þ ĝgxyyxy

2 þ ĝgyyyy
3 þ Oðkðx; yÞk4Þ; ð63bÞ

where uij and uijk denote the coefficients of quadratic terms ij and cubic terms
ijk of function u, for u ¼ f̂f ; ĝg and i; j; k 2 fx; yg, respectively, and are given in
Appendix C.

Now, referring to the stability criterion given in Corollary 2 and the fore-
going discussions, we have:

Proposition 2. Assume that b11 ¼ b12 ¼ 0, the control input is given by (52) and
the nonlinear function U has the form as the one given in (51). Then the origin
of (1a), (1b) is asymptotically stable if:

(i) A22 þ b2K2 is stable,
(ii) ĝgxx ¼ 0, ĝgxy þ 2f̂fxx ¼ 0,
(iii) ĝgxxx þ 2f̂f 2

xx < 0 and (iv) ĝgxxy þ 3f̂fxxx � f̂fxxðf̂fxy þ 2ĝgyyÞ < 0.

It can be seen from Proposition 2 and Appendix C that only the quadratic
terms of the function G, and the linear and quadratic terms of control input u
contribute to the stability conditions. Thus, a linear and/or quadratic feedback
stabilizing control law is implied by Proposition 2. Although a purely linear
feedback stabilizing control law might conceivably be obtained by using
Proposition 2, in general, construction of such a control law is not feasible.
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Consider a special case of system (1a), (1b) in which n is a scalar. So, b2 is a
scalar. Referring to Eqs. (57)–(62), we can determine the values of E1, E2, hxx,
hxy and hyy from the linear and quadratic gains of the control input. A linear-
plus-quadratic stabilizing control law can hence be obtained as follows.

Lemma 5. Assume that n is a scalar and b11 ¼ b12 ¼ 0. If A22 þ b2K2 is stable
and gxn 6¼ 0, then a linear-plus-quadratic feedback can be designed to guarantee
the stability of the origin of (1a), (1b). The proposed feedback control has the
form

u ¼ k11xþ k12y þ K2n þ uxxx2 þ uxyxy þ uyyy2:

Note that a purely quadratic feedback stabilizing control law, under the
assumptions: gxx ¼ 0, gxy þ 2fxx ¼ 0 and gxn 6¼ 0, given by Behtash and Sastry
([3], Corollary 1) for a three-dimensional version of (1a), (1b) is a special case
of Lemma 5.

Suppose the control input u is a purely nonlinear function. Then a purely
quadratic stabilizing control law follows readily from Proposition 2.

Lemma 6. Assume that b11 ¼ b12 ¼ 0 and A22 is stable. Then there exists a purely
quadratic stabilizing feedback u ¼ uxxx2 þ uxyxy þ uyyy2 for the origin of (1a)
and (1b) if the following conditions hold:

(i) gxx ¼ 0, gxy þ 2fxx ¼ 0,
(ii) gxxx þ gxnhxx þ 2f 2

xx < 0,
(iii) gxxy þ gxnhxy þ gynhxx þ 3ðfxxx þ fxnhxxÞ � fxxðfxy þ 2gyyÞ < 0,

where

hxx ¼ � A�1
22 ðuxxb2 þ GxxÞ; ð64Þ

hxy ¼ � 2ðA2
22Þ

�1ðuxxb2 þ GxxÞ � A�1
22 ðuxyb2 þ GxyÞ: ð65Þ

A stability criterion for the uncontrolled version of (1a), (1b) is obtained as
follows.

Corollary 6. Assume that u ¼ 0. The origin of (1a) and (1b) is asymptotically
stable if:

(i) A22 is stable,
(ii) gxx ¼ 0, gxy þ 2fxx ¼ 0,
(iii) gxxx þ gxnhxx þ 2f 2

xx < 0,
(iv) gxxy þ gxnhxy þ gynhxx þ 3ðfxxx þ fxnhxxÞ � fxxðfxy þ 2gyyÞ < 0,

where hxx and hxy are given in (64) and (65) by letting uxx ¼ uxy ¼ 0.
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3.2. The case b1 6¼ 0

Next, we consider the case in which either b11 or b12 is nonzero. It is known
that b12 6¼ 0 implies the controllability of system (1a). For simplicity, the
control law is restricted to be purely nonlinear such that the control input u
has the form as given in (51).

Let A22 be stable. Similarly, from [2], the stability of system (1a), (1b) agrees
with that of the reduced model

_xx ¼ y þ b11uðx; y; hðx; yÞÞ þ f ðx; y; hðx; yÞÞ; ð66aÞ
_yy ¼ b12uðx; y; hðx; yÞÞ þ gðx; y; hðx; yÞÞ; ð66bÞ

where h is the solution of

DhðgÞ � fA11g þ b1uðg; hðgÞÞ þ F ðg; hðgÞÞg
¼ A22hðgÞ þ b2uðg; hðgÞÞ þ Gðg; hðgÞÞ ð67Þ

with boundary conditions hð0Þ ¼ 0 and Dhð0Þ ¼ 0.
Here, the function h is assumed to be given by Eq. (56). Choose the control

input to be a function of only x and y as follows:

uðx; y; nÞ ¼ uxxx2 þ uxyxy þ uyyy2 þ uxxxx3

þ uxxyx2y þ uxyyxy2 þ uyyyy3: ð68Þ

A stability criterion for control system (1a) and (1b) is obtained as follows.

Proposition 3. Assume that b1 6¼ 0 and A22 is stable. Then the origin is as-
ymptotically stable for (1a), (1b) if:

(i) gxx þ b12uxx ¼ 0, gxy þ b12uxy þ 2ðfxx þ b11uxxÞ ¼ 0,
(ii) gxxx þ b12uxxx þ gxnhxx þ 2ðfxx þ b11uxxÞ2 < 0,
(iii) gxxy þ b12uxxy þ gxnhxy þ gynhxx þ 3ðfxxx þ b11uxxx þ fxnhxxÞ � ðfxx þ b11uxxÞ

� ffxy þ b11uxy þ 2ðgyy þ b12uyyÞg < 0;

where hxx and hxy are given in Eqs. (64) and (65).

According to Proposition 3, b12 plays a key role in all stability conditions
(i)–(iii). Thus we have the following result.

Lemma 7. Let A22 be stable, but the full system need not be stable. If b12 6¼ 0,
then the stability of the origin of (1a), (1b) can be guaranteed by a purely qua-
dratic-plus-cubic state feedback of the form (68).
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4. One zero and a pair of pure imaginary eigenvalues

In this section, we apply Corollaries 3 and 4 to design stabilizing control
laws for control system (1a), (1b), where g :¼ ðx; y; zÞ0 and b1 ¼ ðb11; b12; b13Þ0
are both three-dimensional vectors, F :¼ ðf ; g; rÞ0 and

A11 ¼
0 X1 0

�X2 0 0
0 0 0

0
@

1
A: ð69Þ

Also, in the following analysis, uij and uijk denote the coefficients of the
quadratic terms ij and the cubic terms ijk of function u, respectively, for all
i; j; k 2 fx; y; z; ng and u 2 ff ; g; r;Gg. As usual, these coefficients are either
constants or symmetric multilinear functions of their arguments.

4.1. The case b1 ¼ 0

Let the control input u be of the form

uðx; y; z; nÞ ¼ k11xþ k12y þ k13zþ K2n þ Uðx; y; z; nÞ; ð70Þ

where k1i; i ¼ 1; 2; 3, are scalars and function U is smooth enough with
Uð0; 0; 0; 0Þ ¼ 0 and DUð0; 0; 0; 0Þ ¼ 0.

Let A22 þ b2K2 be stable. From [2], the stability of (1a), (1b) agrees with the
stability of the reduced model

_xx ¼ X1y þ f ðx; y; z;Eg þ hðx; y; zÞÞ; ð71aÞ
_yy ¼ �X2xþ gðx; y; z;Eg þ hðx; y; zÞÞ; ð71bÞ
_zz ¼ rðx; y; z;Eg þ hðx; y; zÞÞ; ð71cÞ

where E ¼ ðE1;E2;E3Þ and hðx; y; zÞ solve Eqs. (54) and (55), respectively, with
g :¼ ðx; y; zÞ0 and boundary conditions hð0; 0; 0Þ ¼ 0 and Dhð0; 0; 0Þ ¼ 0.

Referring to the boundary conditions above, we can write h as

hðx; y; zÞ ¼ x2hxx þ xyhxy þ xzhxz þ y2hyy þ yzhyz

þ z2hzz þ Oðkðx; y; zÞk3Þ; ð72Þ

where hij, i; j 2 fx; y; zg are constant vectors.
Let

Hðx; y; zÞ :¼ b2Uðx; y; z;EgÞ þ Gðx; y; z;EgÞ � f ðx; y; z;EgÞE1

� gðx; y; z;EgÞE2 � rðx; y; z;EgÞE3

¼ x2Hxx þ xyHxy þ xzHxz þ y2Hyy þ yzHyz

þ z2Hzz þ Oðkðx; y; zÞk3Þ: ð73Þ
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Solving Eqs. (54) and (55), we have

E1 ¼ �fðA22 þ b2K2Þ2 þ X1X2Ig�1 � fk11ðA22 þ b2K2Þ � X2k12Igb2; ð74Þ
E2 ¼ �fðA22 þ b2K2Þ2 þ X1X2Ig�1 � fk12ðA22 þ b2K2Þ þ X1k11gb2; ð75Þ
E3 ¼ �k13ðA22 þ b2K2Þ�1b2; ð76Þ

and

hxy ¼ � fðA22 þ b2K2Þ2 þ 4X1X2Ig�1

� f�2X2Hyy þ 2X1Hxx þ ðA22 þ b2K2ÞHxyg; ð77Þ
hxx ¼ � ðA22 þ b2K2Þ�1ðHxx þ X2hxyÞ; ð78Þ
hyy ¼ � ðA22 þ b2K2Þ�1ðHyy � X1hxyÞ; ð79Þ
hxz ¼ � fðA22 þ b2K2Þ2 þ X1X2Ig�1 � fðA22 þ b2K2ÞHxz � X2Hyzg ð80Þ
hyz ¼ � fðA22 þ b2K2Þ2 þ X1X2Ig�1 � fðA22 þ b2K2ÞHyz þ X1Hxzg ð81Þ
hzz ¼ � ðA22 þ b2K2Þ�1Hzz: ð82Þ

Let ûuðx; y; zÞ :¼ uðx; y; z;Eg þ hðx; y; zÞÞ, for u ¼ f ; g; r, where the elements
of E are given in (74)–(76) and function h is defined in (72) with hij given in
(77)–(82). The coefficients of the quadratic terms and the cubic terms of
functions f̂f ; ĝg; r̂r expressed in terms of Ei and hjk are also given in Appendix C.

The reduced model (71a)–(71c) can hence be rewritten as

_xx ¼ X1y þ f̂f ðx; y; zÞ; ð83aÞ
_yy ¼ �X2xþ ĝgðx; y; zÞ; ð83bÞ
_zz ¼ r̂rðx; y; zÞ: ð83cÞ

As discussed above, the stability of the overall system (1a), (1b) agrees with
that of the reduced model (83a)–(83c) if A22 þ b2K2 is stable. In the following
design, we will focus on the stabilization of (83a)–(83c) by assuming A22 þ b2K2

is stable.
The next result follows readily from Corollaries 3 and 4 and the foregoing

discussions.

Proposition 4. Let b11 ¼ b12 ¼ 0 and the control input be given by (70). Then the
origin of (1a), (1b) is asymptotically stable if A22 þ b2K2 is stable, r̂rzz ¼ 0, and
either of the following two conditions holds:

(i) X1r̂rxx þ X2r̂ryy ¼ 0, f̂fxz þ ĝgyz ¼ 0, S1; S2 < 0 and S3; S4 6 0 or S3 and S4 are non-
zero and of opposite sign, where Si, i ¼ 1; . . . ; 4, are given in (24)–(27) with
coefficients uij;uijk replaced by ûuij and ûuijk, respectively, for all u ¼ f ; g; r.

(ii) X1r̂rxx þ X2r̂ryy and f̂fxz þ ĝgyz have nonzero values and of opposite sign, S1; ~SS2 < 0
and ~SS3; ~SS4 6 0, where S1 is given in (24) and ~SSi, i ¼ 2; 3; 4, are given in (28)–
(30) with coefficients uij;uijk replaced by ûuij and ûuijk, respectively, for all
u ¼ f ; g; r.
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Here, ûuðx; y; zÞ :¼ uðx; y; z;Eg þ hðx; y; zÞÞ for u ¼ f ; g; r, as defined above.

It is obvious from Proposition 4 and Appendix C that only up to the qua-
dratic terms of function G and the control input u contribute to the stability
conditions of Proposition 4 in the case b1 ¼ 0. A linear and/or quadratic
feedback stabilizing control law can hence obtained from Proposition 4.
Similar to the results given in Proposition 2, a purely linear feedback stabilizing
control law might conceivably be obtained by using Proposition 4, however, in
general construction of such a control law is not feasible. A stability criterion
for the uncontrolled version of (1a) and (1b) can also be obtained from
Proposition 4 by letting u ¼ 0.

Consider a special case of system (1a), (1b) in which n is a scalar. So, b2 is a
scalar. Suppose the nonlinear control function U in (70) is a function of x; y
and z only and has the form given in (14). According to Eqs. (74)–(82), the
values of Ei, and hij can be determined by the linear and quadratic gains of
control input. A linear-plus-quadratic stabilizing control law can hence be
obtained from Proposition 4 as follows.

Lemma 8. Let n be a scalar and b1i ¼ 0 for i ¼ 1; 2; 3. Then a linear-plus-
quadratic feedback can be designed to guarantee the stability of the origin for
(1a) and (1b), if:

(i) A22 þ b2K2 is stable,
(ii) rnn ¼ 0,
(iii) rzn 6¼ 0
(iv) X1rxngzn � X2rynfzn 6¼ 0,
(v) X1gxn þ X2fyn 6¼ 0, or gyn þ afxn 6¼ 0 for a ¼ 1 and a ¼ 1

3
.

This feedback control has the form

uðx; y; z; nÞ ¼ k11xþ k12y þ k13zþ K2n þ uxxx2

þ uxyxy þ uxzxzþ uyyy2 þ uyzyzþ uzzz2: ð84Þ

Proof. In the following, we check the stability conditions of Proposition 4
under the assumptions of Lemma 8. Suppose n is a scalar, b1i ¼ 0 for i ¼ 1; 2; 3,
and conditions (i)–(iii) hold. Then the values of r̂rzz and S1 (given in (24)) can be
made to be real numbers through rzn by the choice of E3 and hzz. Moreover,
since condition (iv) holds, the values of X1r̂rxx þ X2r̂ryy and f̂fxz þ ĝgyz can be as-
signed arbitrarily by a proper choice of E1 and E2, while the values of S3 and S4

(given in (26) and (27)) or ~SS3 and ~SS4 in (given in (29) and (30)) can be assigned
by proper choice of hxz and hyz.
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Finally, condition (v) provides the opportunity for assigning the values of S2

(given in (25)) and ~SS2 (given in (28)) by proper choice of hxx or hyy . According to
Appendix C and Eqs. (73)–(82), ûuij and ûuijk can be determined by the linear
and quadratic control gains through the linear matrix E and the vector func-
tion h. The conclusions of the lemma follow. �

A purely quadratic feedback stabilizing control law can also be obtained
as given below. The proof is similar to that of Lemma 8. Details are omitted.

Lemma 9. Let A22 be stable, n be a scalar and b1i ¼ 0 for i ¼ 1; 2; 3. Then a
purely quadratic feedback

uðx; y; zÞ ¼ uxxx2 þ uxyxy þ uxzxzþ uyyy2 þ uyzyzþ uzzz2 ð85Þ

can be designed to guarantee the stability of the origin of (1a) and (1b), if the
following conditions hold:

(i) X1rxx þ X2ryy ¼ 0 and fxz þ gyz ¼ 0, or X1rxx þ X2ryy and fxz þ gyz have non-
zero values and of opposite sign,

(ii) rzz ¼ 0 and rzn 6¼ 0, and
(iii) X1gxn þ X2fyn 6¼ 0, and gzn 6¼ 0 or fzn 6¼ 0.

4.2. The case b1 6¼ 0

Next, we consider the case in which one of b1i, i ¼ 1; 2; 3, is nonzero. It is
known that b13 6¼ 0, and b11 6¼ 0 or b12 6¼ 0 implies the controllability of system
(1a). For simplicity, the control law is restricted here to be a purely nonlinear
function of x; y and z only and to have the form (14).

Let A22 be stable. According to the results of [2], the stability of system (1a),
(1b) agrees with that of the reduced model (83a)–(83c). Here,

f̂f ðx; y; zÞ ¼ b11uðx; y; zÞ þ f ðx; y; z; hðx; y; zÞÞ; ð86aÞ
ĝgðx; y; zÞ ¼ b12uðx; y; zÞ þ gðx; y; z; hðx; y; zÞÞ; ð86bÞ
r̂rðx; y; zÞ ¼ b13uðx; y; zÞ þ rðx; y; z; hðx; y; zÞÞ; ð86cÞ

and h is the solution for (67) with boundary conditions hð0Þ ¼ 0 and Dhð0Þ ¼
0. Similarly, function h is assumed to be given by Eq. (72).

By letting

Hðx; y; zÞ :¼ b2uðx; y; zÞ þ Gðx; y; z; 0Þ
¼ x2Hxx þ xyHxy þ xzHxz þ y2Hyy þ yzHyz

þ z2Hzz þ Oðkðx; y; zÞk3Þ; ð87Þ

we can obtain hij as given in (77)–(82) with K2 ¼ 0 and Hij given in (87).
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A stability criterion for control system (1a), (1b) in the case of b1 6¼ 0 is
obtained as follows.

Proposition 5. Let b1 6¼ 0 and A22 be stable. Then the origin of (1a), (1b) is
asymptotically stable if r̂rzz ¼ 0, and either of conditions (i) and (ii) given in
Proposition 4 hold. Here, ûuij and ûuijk denote the coefficients of quadratic terms
and cubic terms of function ûu (¼ f̂f ; ĝg; r̂r given in (86a)–(86c)), respectively.

It is obvious from Proposition 5 that the vector b1 plays a key role in all
stability conditions (i)–(iii). The next two results follow readily from Propo-
sition 5.

Lemma 10. Let A22 be stable, but the whole system may not be stable. If b13 6¼ 0
and one of b11 and b12 is not zero, then the stability of the origin of (1a), (1b) can
be guaranteed by a purely quadratic-plus-cubic state feedback as follows:

uðx; y; zÞ ¼ uxxx2 þ uxyxy þ uxzxzþ uyyy2 þ uyzyzþ uzzz2

þ uxxxx3 þ uxxyx2y þ uxxzx2zþ uxyyxy2 þ uxyzxyzþ uxzzxz2

þ uyyyy3 þ uyyzy2zþ uyzzyz2 þ uzzzz3:

Lemma 11. Let A22 be stable, but the full system need not be stable. Then the
stability of the origin for (1a), (1b) can be guaranteed by a purely cubic state
feedback

uðx; y; zÞ ¼ uxxxx3 þ uxxyx2y þ uxxzx2zþ uxyyxy2 þ uxzzxz2

þ uyyyy3 þ uyyzy2zþ uyzzyz2 þ uzzzz3; ð88Þ

if rzz ¼ 0 and following conditions hold:

(i) b13 6¼ 0 and one of b11 and b12 is not zero, and
(ii) X1rxx þ X2ryy ¼ 0 and fxz þ gyz ¼ 0, or the expressions X1rxx þ X2ryy and

fxz þ gyz have nonzero values and of opposite sign.

5. Two distinct pairs of pure imaginary eigenvalues

In this section, we continue the stabilization study of the system (1a), (1b) in
which g :¼ ðx; y; z;wÞ0 and b1 ¼ ðb11; b12; b13; b14Þ0 are both four-dimensional
vectors, F :¼ ðf ; g; r; sÞ0 and

A11 ¼

0 X1 0 0
�X2 0 0 0

0 0 0 X3

0 0 �X4 0

0
BB@

1
CCA: ð89Þ
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As in the previous two sections, in the following analysis, uij and uijk denote
the coefficients of the quadratic terms ij and the cubic terms ijk of function u,
respectively, for all i; j; k 2 fx; y; z;w; ng and u 2 ff ; g; r; s;Gg. As usual, these
coefficients are either constants or symmetric multilinear functions of their
arguments.

5.1. The case b1 ¼ 0

First, we consider the case in which b1 ¼ 0, and

uðx; y; z;w; nÞ ¼ k11xþ k12y þ k13zþ k14wþ K2n þ Uðx; y; z;w; nÞ; ð90Þ

where k1i; i ¼ 1; . . . ; 4, are scalars and U is sufficiently smooth with
Uð0; 0; 0; 0; 0Þ ¼ 0 and DUð0; 0; 0; 0; 0Þ ¼ 0.

Let A22 þ b2K2 be stable. Similarly, the stability of (1a), (1b) is known to
agree with the stability of the reduced model

_xx ¼ X1y þ f ðx; y; z;w;Eg þ hðx; y; z;wÞÞ; ð91aÞ
_yy ¼ �X2xþ gðx; y; z;w;Eg þ hðx; y; z;wÞÞ; ð91bÞ
_zz ¼ X3wþ rðx; y; z;w;Eg þ hðx; y; z;wÞÞ; ð91cÞ
_ww ¼ �X4zþ sðx; y; z;w;Eg þ hðx; y; z;wÞÞ; ð91dÞ

where E ¼ ðE1;E2;E3;E4Þ and hðx; y; z;wÞ solve Eqs. (54) and (55), respec-
tively, with g :¼ ðx; y; z;wÞ0 and boundary conditions hð0; 0; 0; 0Þ ¼ 0 and
Dhð0; 0; 0; 0Þ ¼ 0.

The boundary conditions above require h to have the form

hðx; y; z;wÞ ¼ x2hxx þ xyhxy þ xzhxz þ xwhxw þ y2hyy þ yzhyz

þ ywhyw þ z2hzz þ zwhzw þ w2hww þ Oðkðx; y; z;wÞk3Þ; ð92Þ

where hij, i; j 2 fx; y; z;wg are constant vectors.
Similarly, let

Hðx; y; z;wÞ :¼ b2Uðx; y; z;w;EgÞ þ Gðx; y; z;w;EgÞ � f ðx; y; z;w;EgÞE1

� gðx; y; z;w;EgÞE2 � rðx; y; z;w;EgÞE3 � sðx; y; z;w;EgÞE4

¼ x2Hxx þ xyHxy þ xzHxz þ xwHxw þ y2Hyy þ yzHyz þ ywHyw

þ z2Hzz þ zwHzw þ w2Hww þ Oðkðx; y; z;wÞk3Þ: ð93Þ

By solving Eqs. (54) and (55), we have

E1 ¼ �fM2
1 þ X1X2Ig�1 � fk11M1 � X2k12Igb2; ð94Þ

E2 ¼ �fM2
1 þ X1X2Ig�1 � fk12M1 þ X1k11gb2; ð95Þ

E3 ¼ �fM2
1 þ X3X4Ig�1 � fk13M1 � X4k14Igb2; ð96Þ
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E4 ¼ �fM2
1 þ X3X4Ig�1 � fk14M1 þ X3k13gb2; ð97Þ

hzw ¼ �ðM2
1 þ 4X3X4IÞ�1ð�2X4Hww þ 2X3Hzz þM1HzwÞ; ð98Þ

hzz ¼ �M�1
1 ðHzz þ X4hzwÞ; ð99Þ

hww ¼ �M�1
1 ðHww � X3hzwÞ; ð100Þ

hxz
hxw

� �
¼ ðM2

2 þ X1X2IÞ�1 M2

Hxz

Hxw

� ��
� X2

Hyz

Hyw

� ��
; ð101Þ

hyz
hyw

� �
¼ ðM2

2 þ X1X2IÞ�1 X1

Hxz

Hxw

� ��
þM2

Hyz

Hyw

� ��
; ð102Þ

where the expressions of hxx; hxy ; hyy are given in Eqs. (77)–(79) with Hij defined
in (93), M1 :¼ A22 þ b2K2 and

M2 :¼
M1 X4I

�X3I M1

� �
: ð103Þ

The reduced model (91a)–(91d) can hence be obtained as

_xx ¼ X1y þ f̂f ðx; y; z;wÞ; ð104aÞ
_yy ¼ �X2xþ ĝgðx; y; z;wÞ; ð104bÞ
_zz ¼ X3wþ r̂rðx; y; z;wÞ; ð104cÞ
_ww ¼ �X4zþ ŝsðx; y; z;wÞ: ð104dÞ

Here, ûuðx; y; z;wÞ :¼ uðx; y; z;w;Eg þ hðx; y; z;wÞÞ for u ¼ f ; g; r; s with Ei

given in (94)–(97) and h defined in (92). The values of hij are given in (77)–(79)
and (98)–(102), and the coefficients of the quadratic terms and cubic terms of
the functions f̂f ; ĝg; r̂r; ŝs expressed in terms of Ei and hjk are given in Appendix C.

A linear and/or quadratic feedback stabilizing control law readily follows
from Corollary 5 and the foregoing discussions.

Proposition 6. Let X1X2 6¼ aX3X4, for each a 2 f1
9
; 1

4
; 1; 4; 9g and b1i ¼ 0 for

i ¼ 1; . . . ; 4. The origin is asymptotically stable for control system (1a), (1b) if
S1; S2 < 0 and S3; S4 6 0 or S3 and S4 are nonzero and of opposite sign, where Si
are given in (45)–(48) with coefficients uij;uijk replaced by ûuij; ûuijk, respectively,
for all u ¼ f ; g; r; s. Here, f̂f ; ĝg; r̂r; ŝs are defined above and the control input is
given by (90).

Note that a stability criterion for the uncontrolled model of (1a), (1b) can
also be obtained from Proposition 6 by letting u ¼ 0. Next, consider a special
case in which n is a scalar. Referring to Eqs. (93), (77)–(79) and (98)–(102), we
can determine hij from the quadratic gains of the control input. A purely
quadratic stabilizing control law is hence obtained as follows.
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Lemma 12. Let n be a scalar, X1X2 6¼ aX3X4, for each a 2 f1
9
; 1

4
; 1; 4; 9g and

b1i ¼ 0 for i ¼ 1; . . . ; 4. A purely quadratic feedback

uðx; y; z;wÞ ¼ uxxx2 þ xðuxyy þ uxzzþ uxwwÞ þ uyyy2

þ yðuyzzþ uywwÞ þ uzzz2 þ uzwzwþ uwww2 ð105Þ

exists guaranteeing the asymptotic stability of the origin for (1a), (1b), if
fxn þ gyn 6¼ 0, rzn þ swn 6¼ 0 and either of the following two conditions hold:

(i) fxn 6¼ gyn and rzn 6¼ swn,
(ii) X1gxn þ X2fyn 6¼ 0 and X3szn þ X4rwn 6¼ 0.

Proof. In the following, we check the stability conditions of Proposition 6
under the hypotheses of Lemma 12. Suppose n is a scalar, b1i ¼ 0, i ¼ 1; . . . ; 4,
fxn þ gyn 6¼ 0 and rzn þ swn 6¼ 0. Then the values of S3 and S4 (given in (47) and
(48)) can be made equal to any real numbers by a proper choice of
X1hxx þ X2hyy and X3hzz þ X4hww.

If condition (i) holds, then the value of S1 (given in (45)) will be determined
by hxx and hyy , independent of the value of S4. Similarly, the value of S2 is
determined by hzz and hww, irrespective of the value of S3. The values of S1 and
S2 can also be adjusted by the choice of hxy and hzw when condition (ii) holds.

According to Eqs. (77)–(79), (93) and (98)–(102), the values of hij can be
directly determined by the quadratic feedback gains when n is scalar. The
conclusion is hence implied. �

A similar stabilizing control law can also be designed as follows.

Lemma 13. Suppose n is a scalar, X1X2 6¼ aX3X4, for each a 2 f1
9
; 1

4
; 1; 4; 9g and

b1i ¼ 0 for i ¼ 1; . . . ; 4. A purely quadratic feedback as given in (105) can be
designed to guarantee the stability of the origin for (1a), (1b) if fxn 6¼ agyn and
rzn 6¼ aswn for a ¼ �3 and a ¼ �1

3
and either of the following conditions holds:

(i) X2fwnsyn � X1gwnsxn 6¼ 0 or X2fznryn � X1gznrxn 6¼ 0,
(ii) X4fwnrxn � X3fznsxn 6¼ 0 or X2X4fwnryn � X1X3gznsxn 6¼ 0, or
(iii) X1X4gwnrxn � X2X3fznsyn 6¼ 0 or X4gwnryn � X3gznsyn 6¼ 0.

Proof. The proof is very similar to that of Lemma 12. Suppose fxn 6¼ agyn and
rzn 6¼ aswn for a ¼ �3 and a ¼ �1

3
. The values of S1 and S2 (given in (45) and

(46)) can then be adjusted by hxx (or hyy) and hzz (or hww). Moreover, the values
of S3 and S4 (given in (47) and (48)) can be any real numbers by a proper choice
of hxw, hyw, hxz or hyz, when either of conditions (i)–(iii) holds. Since the values of
hij can be directly determined from the quadratic control gains when n is a
scalar, the conclusion is hence implied. �
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5.2. The case b1 6¼ 0

In this section, we consider the case in which one of b1i, i ¼ 1; . . . ; 4 is
nonzero. It is known that b11 6¼ 0 or b12 6¼ 0, and b13 6¼ 0 or b14 6¼ 0 imply the
controllability of system (1a). Similar to Section 2, the control law, here, is also
restricted to be a purely nonlinear function of x; y; z;w and has the form as
given in (32).

Let A22 be stable. Then according to the discussions in [2], the stability of
(1a), (1b) is determined from the reduced model (104a)–(104d), where

f̂f ðx; y; zÞ ¼ b11uðx; y; zÞ þ f ðx; y; z; hðx; y; zÞÞ; ð106aÞ
ĝgðx; y; zÞ ¼ b12uðx; y; zÞ þ gðx; y; z; hðx; y; zÞÞ; ð106bÞ
r̂rðx; y; zÞ ¼ b13uðx; y; zÞ þ rðx; y; z; hðx; y; zÞÞ; ð106cÞ
ŝsðx; y; zÞ ¼ b14uðx; y; zÞ þ sðx; y; z; hðx; y; zÞÞ; ð106dÞ

and h is the solution for (67) with boundary conditions hð0Þ ¼ 0 and
Dhð0Þ ¼ 0.

Suppose h is given by Eq. (92) and let

Hðx; y; z;wÞ :¼ b2uðx; y; z;wÞ þ Gðx; y; z;w; 0Þ
¼ x2Hxx þ xyHxy þ xzHxz þ xwHxw þ y2Hyy þ yzHyz þ ywHyw

þ z2Hzz þ zwHzw þ w2Hww þ Oðkðx; y; z;wÞk3Þ: ð107Þ

hij are hence obtained as given in (77)–(79) and (98)–(102) with K2 ¼ 0 and Hij

given in (107). A stability criterion for control system (1a), (1b) in the case
b1 6¼ 0 readily follows from Corollary 5.

Proposition 7. Suppose X1X2 6¼ aX3X4, for each a 2 f1
9
; 1

4
; 1; 4; 9g and b1i ¼ 0 for

i ¼ 1; . . . ; 4. The origin is asymptotically stable for control system (1a), (1b) if
S1; S2 < 0 and S3; S4 6 0 or S3 and S4 are nonzero and of opposite sign, where Si
are given in (45)–(48) with coefficients uij;uijk replaced by ûuij; ûuijk, respectively,
for all u ¼ f ; g; r; s. Here, f̂f ; ĝg; r̂r; ŝs are defined in (106a)–(106d) and the control
input u is a purely nonlinear function and has the form as given in (32).

A purely cubic stabilizing control law is obtained as follows.

Lemma 14. Let A22 be stable, but the full system need not be stable. If b11 6¼ 0
or b12 6¼ 0, and b13 6¼ 0 or b14 6¼ 0, then the stability of the origin of (1a), (1b) can
be guaranteed by a purely cubic state feedback

uðx; y; z;wÞ ¼ uxxxx3 þ ðuxxyy þ uxxzzþ uxxwwÞx2

þ ðuxyyxþ uyyyy þ uyyzzþ uyywwÞy2

þ ðuxzzxþ uyzzy þ uzzzzþ uzzwwÞz2

þ ðuxwwxþ uywwy þ uzwwzþ uwwwwÞw2: ð108Þ
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6. Conclusions

The center manifold reduction technique proposed in [2], along with the
normal form reduction recalled in Section 2, are applied in this paper to study
the stability and stabilization of smooth, nonlinear autonomus systems in
doubly critical cases. Specifically, the linearized model of the system has two
zero eigenvalues with geometric multiplicity 1; one zero eigenvalue and a pair
of nonzero pure imaginary eigenvalues; or two distinct pairs of nonzero pure
imaginary eigenvalues. The feedback stabilizing control laws are proposed for
both linearly controllable and linearly uncontrollable cases, while a purely
nonlinear feedback design is considered in the former case and linear and/or
nonlinear control designs are obtained for the latter case.

Some of the results given in this paper agree with those obtained by Behtash
and Sastry [3]. However, the results obtained in this paper cover more detailed
design for general high-dimensional systems. For instance, the stability criteria
and stabilizing control laws are given in terms of the original system dynamics
before normal form reduction. Moreover, there is no restriction on the number
of the noncritical modes and the stabilizing control algorithms proposed in this
paper can be coded easily.
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Appendix A

The polynomial functions P2 and P3 for deriving the normal form for the
case in which A11 has exactly one zero eigenvalue and a pair of nonzero, pure
imaginary eigenvalues are given below.

Let P2ðx; y; zÞ ¼ ðP 1
2 ; P

2
2 ; P

3
2 Þ

0
, where P i

2ðx; y; zÞ has the form as

u ¼ uxxx
2 þ uxyxy þ uxzxzþ uyyy

2 þ uyzyzþ uzzz
2;

for all u ¼ P i
2, i ¼ 1; . . . ; 3.

The coefficients of polynomial functions P i
2 are

P 1
2;xx ¼

ð2gyy þ fxyÞX2 þ gxxX1

3X1X2

;

P 1
2;xy ¼ � ðgxy þ 2fxxÞX1 � 2fyyX2

3X1X2

;
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P 1
2;xz ¼

fyzX2 þ gxzX1

4X1X2

;

P 1
2;yy ¼ � ðfxy � gyyÞX2 � 2gxxX1

3X2
2

;

P 1
2;yz ¼ � fxzX2 � gyzX1

2ðX2
2 þ X1X2Þ

;

P 1
2;zz ¼

gzz
X2

;

P 2
2;xx ¼ � 2fyyX2 þ ðfxx � gxyÞX1

3X2
1

;

P 2
2;xy ¼

ð2gyy þ fxyÞX2 � 2gxxX1

3X1X2

;

P 2
2;xz ¼ � fxzX2 � gyzX1

2ðX2
1 þ X1X2Þ

;

P 2
2;yy ¼ � fyyX2 þ ðgxy þ 2fxxÞX1

3X1X2

;

P 2
2;yz ¼ � fyzX2 þ gxzX1

4X1X2

;

P 2
2;zz ¼ � fzz

X1

;

P 3
2;xx ¼

rxy
4X1

;

P 3
2;xy ¼

ryy � rxx
X2 þ X1

;

P 3
2;xz ¼

ryz
X1

;

P 3
2;yy ¼ � rxy

4X2

;

P 3
2;yz ¼ � rxz

X2

;

P 3
2;zz ¼ 0:

Next, let P3ðz1; z2; z3Þ ¼ ðP 1
3 ; P

2
3 ; P

3
3 Þ

0
, where P i

3ðz1; z2; z3Þ has the form as

u ¼ u111z
3
1 þ ðu112z2 þ u113z3Þz2

1 þ ðu122z1 þ u222z2Þz2
2

þ u223z
2
2z3 þ u123z1z2z3 þ ðu133z1 þ u233z2 þ u333z3Þz2

3

for all u ¼ P i
3, i ¼ 1; . . . ; 3.
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The coefficients are given as follows.

P 1
3;111 ¼

ð�3 ~ff222 þ 2 ~ff112ÞX2
2 þ ð~gg122 � 2~gg111 þ ~ff112ÞX1X2 þ ~gg111X

2
1

4X1X
2
2 þ 4X2

1X2

;

P 1
3;112 ¼ � fð�3~gg222 þ 3~gg112 � ~ff122 þ 9 ~ff111ÞX2

þ ð�9~gg222 þ ~gg112 � 3 ~ff122 þ 3 ~ff111ÞX1g
=f6X2

2 þ 4X1X2 þ 6X2
1g;

P 1
3;113 ¼

ð2~gg223 þ ~ff123ÞX2 þ ~gg113X1

3X1X2

;

P 1
3;122 ¼ 0;

P 1
3;123 ¼

2 ~ff223X2 þ ð�~gg123 � 2 ~ff113ÞX1

3X1X2

;

P 1
3;133 ¼ 0;

P 1
3;222 ¼ �

~ff122X
2
2 þ ð�2~gg222 þ ~gg112 þ 3 ~ff111ÞX1X2 � 3~gg222X

2
1

3X3
2 þ 2X1X

2
2 þ 3X2

1X2

;

P 1
3;223 ¼

ð~gg223 � ~ff123ÞX2 þ 2~gg113X1

3X2
2

;

P 1
3;233 ¼ �

~ff133X2 � ~gg233X1

X2
2 þ X1X2

;

P 1
3;333 ¼

~gg333

X2

;

P 2
3;111 ¼ fð�3~gg222 þ 3~gg112 � ~ff122 þ 3 ~ff111ÞX2

2

þ ð�3~gg222 þ ~gg112 � ~ff122 � ~ff111ÞX1X2 þ 2~gg112X
2
1g

=f6X1X
2
2 þ 4X2

1X2 þ 6X3
1g;

P 2
3;112 ¼

ð�3 ~ff222 þ ~ff112ÞX2 þ ð~gg122 � 3~gg111ÞX1

2X1X2 þ 2X2
1

;

P 2
3;113 ¼ � 2 ~ff223X2 þ ð ~ff113 � ~gg123ÞX1

3X2
1

;

P 2
3;122 ¼ 0;

P 2
3;123 ¼

ð2~gg223 þ ~ff123ÞX2 � 2~gg113X1

3X1X2

;

P 2
3;133 ¼ 0;
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P 2
3;222 ¼

� ~ff222X
2
2 þ ð�~gg122 � 4 ~ff222 þ ~ff112ÞX1X2 � 3~gg111X

2
1

4X1X
2
2 þ 4X2

1X2

;

P 2
3;223 ¼ �

~ff223X2 þ ð~gg123 þ 2 ~ff113ÞX1

3X1X2

;

P 2
3;233 ¼

� ~ff233X2 � ~gg133X1

2X1X2

;

P 2
3;333 ¼ �

~ff333

X1

;

P 3
3;111 ¼

2X2~rr222 þ X1~rr112

3X2
1

;

P 3
3;112 ¼ � ~rr111

X2

;

P 3
3;113 ¼

~rr123

2X1

;

P 3
3;122 ¼

~rr222

X1

P 3
3;123 ¼

~rr223 � ~rr113

X2 þ X1

;

P 3
3;133 ¼

~rr233

X1

;

P 3
3;222 ¼ � X2~rr122 þ 2X1~rr111

3X2
2

;

P 3
3;223 ¼ 0;

P 3
3;233 ¼ � ~rr133

X2

;

P 3
3;333 ¼ 0:

Appendix B

The polynomial functions P2 and P3 for deriving the normal form for the
case in which A11 has exactly two distinct pairs of nonzero, pure imaginary
eigenvalues are given below.

Let P2ðx; y; z;wÞ ¼ ðP 1
2 ; P

2
2 ; P

3
2 ; P

4
2 Þ

0
, where P i

2ðx; y; z;wÞ has the form as

u ¼ uxxx
2 þ uxyxy þ uxzxzþ uxwxwþ uyyy

2

þ uyzyzþ uywywþ uzzz
2 þ uzwzwþ uwww

2

for all u ¼ P i
2, i ¼ 1; . . . ; 4. The coefficients are given as follows:
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P 1
2;xx ¼

ð2gyy þ fxyÞX2 þ gxxX1

3X1X2

;

P 1
2;xy ¼ � ðgxy þ 2fxxÞX1 � 2fyyX2

3X1X2

;

P 1
2;xz ¼

fxwX3X4 þ X1ðð�2gyw � 2fxwÞX2 � gxzX3Þ � fyzX2X3

X2
3X4 � 4X1X2X3

;

P 1
2;xw ¼ � X1ðgxwX4 þ ð�2gyz � 2fxzÞX2Þ þ fxzX3X4 þ fywX2X4

X3X
2
4 � 4X1X2X4

;

P 1
2;yy ¼ � ðfxy � gyyÞX2 � 2gxxX1

3X2
2

;

P 1
2;yz ¼

X3ðfywX4 þ ðfxz � gyzÞX1Þ � 2fywX1X2 þ 2gxwX
2
1

X2
3X4 � 4X1X2X3

;

P 1
2;yw ¼ ððfxw � gywÞX1 � fyzX3ÞX4 þ 2fyzX1X2 � 2gxzX

2
1

X3X
2
4 � 4X1X2X4

;

P 1
2;zz ¼

2gwwX
2
4 þ ð2gzzX3 þ fzwX2ÞX4 � gzzX1X2

4X2X3X4 � X1X
2
2

;

P 1
2;zw ¼ 2fwwX4 � 2fzzX3 � gzwX1

4X3X4 � X1X2

;

P 1
2;ww ¼ 2gwwX3X4 þ 2gzzX

2
3 � fzwX2X3 � gwwX1X2

4X2X3X4 � X1X
2
2

;

P 2
2;xx ¼ � 2fyyX2 þ ðfxx � gxyÞX1

3X2
1

;

P 2
2;xy ¼

ð2gyy þ fxyÞX2 � 2gxxX1

3X1X2

;

P 2
2;xz ¼

X3ðgxwX4 þ ðfxz � gyzÞX2Þ þ 2fywX
2
2 � 2gxwX1X2

X2
3X4 � 4X1X2X3

;

P 2
2;xw ¼ � ðgxzX3 þ ðgyw � fxwÞX2ÞX4 þ 2fyzX

2
2 � 2gxzX1X2

X3X
2
4 � 4X1X2X4

;

P 2
2;yy ¼ � fyyX2 þ ðgxy þ 2fxxÞX1

3X1X2

;

P 2
2;yz ¼

gywX3X4 þ X1ðgxzX3 þ ð�2gyw � 2fxwÞX2Þ þ fyzX2X3

X2
3X4 � 4X1X2X3

;
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P 2
2;yw ¼ � X1ðð�2gyz � 2fxzÞX2 � gxwX4Þ þ gyzX3X4 � fywX2X4

X3X
2
4 � 4X1X2X4

;

P 2
2;zz ¼ � 2fwwX

2
4 þ ð2fzzX3 � gzwX1ÞX4 � fzzX1X2

4X1X3X4 � X2
1X2

;

P 2
2;zw ¼ 2gwwX4 � 2gzzX3 þ fzwX2

4X3X4 � X1X2

;

P 2
2;ww ¼ � 2fwwX3X4 þ 2fzzX

2
3 þ X1ðgzwX3 � fwwX2Þ

4X1X3X4 � X2
1X2

;

P 3
2;xx ¼ � 2X2

2syy � X3X4sxx þ 2X1X2sxx þ X2X4rxy
X3X

2
4 � 4X1X2X4

;

P 3
2;xy ¼ ��X3sxy þ 2X2ryy � 2X1rxx

X3X4 � 4X1X2

;

P 3
2;xz ¼

X4ð2X3syw þ X1rxwÞ þ X1X3sxz þ ð2X3X4 � X1X2Þryz
4X1X3X4 � X2

1X2

;

P 3
2;xw ¼ �2X2

3syz þ X1X3ðsxw � rxzÞ þ ð2X3X4 � X1X2Þryw
4X1X3X4 � X2

1X2

;

P 3
2;yy ¼

X3X4syy � 2X1X2syy � 2X2
1sxx þ X1X4rxy

X3X
2
4 � 4X1X2X4

;

P 3
2;yz ¼

X3ðX2syz � 2X4sxw � 2X4rxzÞ þ X2X4ryw þ X1X2rxz
4X2X3X4 � X1X

2
2

;

P 3
2;yw ¼ ��X2X3syw � 2X2

3sxz þ X2X3ryz þ 2X3X4rxw � X1X2rxw
4X2X3X4 � X1X

2
2

;

P 3
2;zz ¼

2X4sww þ X3szz þ X4rzw
3X3X4

;

P 3
2;zw ¼ � X3szw � 2X4rww þ 2X3rzz

3X3X4

;

P 3
2;ww ¼ ��X4sww � 2X3szz þ X4rzw

3X2
4

;

P 4
2;xx ¼

X3ð�X2sxy � X4rxxÞ þ 2X2
2ryy þ 2X1X2rxx

X2
3X4 � 4X1X2X3

;

P 4
2;xy ¼ � 2X2syy � 2X1sxx þ X4rxy

X3X4 � 4X1X2

;
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P 4
2;xz ¼ � X1ðX2syz � X4sxw þ X4rxzÞ � 2X3X4syz þ 2X2

4ryw
4X1X3X4 � X2

1X2

;

P 4
2;xw ¼ X4ð2X3syw � X1rxwÞ � X1X2syw � X1X3sxz þ 2X3X4ryz

4X1X3X4 � X2
1X2

;

P 4
2;yy ¼ ��X1X3sxy þ ðX3X4 � 2X1X2Þryy � 2X2

1rxx
X2

3X4 � 4X1X2X3

;

P 4
2;yz ¼ � X4ð2X3sxz � X2sywÞ � X1X2sxz þ X2X4ryz � 2X2

4rxw
4X2X3X4 � X1X

2
2

;

P 4
2;yw ¼ � X3ðX2syz þ 2X4sxw þ 2X4rxzÞ � X1X2sxw þ X2X4ryw

4X2X3X4 � X1X
2
2

;

P 4
2;zz ¼ ��X3szw þ 2X4rww þ X3rzz

3X2
3

;

P 4
2;zw ¼ 2X4sww � 2X3szz þ X4rzw

3X3X4

;

P 4
2;ww ¼ � X3szw þ X4rww þ 2X3rzz

3X3X4

:

Let f :¼ ðz1; z2; z3; z4Þ0 and P3ðz1; z2; z3; z4Þ ¼ ðP 1
3 ; P

2
3 ; P

3
3 ; P

4
3 Þ

0
, where P i

3ðz1; z2;
z3; z4Þ has the form

u ¼ u111z
3
1 þ ðu112z2 þ u113z3 þ u114z4Þz2

1

þ ðu122z1 þ u222z2 þ u223z3 þ u224z4Þz2
2

þ u123z1z2z3 þ u124z1z2z4 þ u134z3z1z4 þ u234z2z3z4

þ ðu133z1 þ u233z2 þ u333z3 þ u334z4Þz2
3

þ ðu144z1 þ u244z2 þ u344z3 þ u444z4Þz2
4

for all u ¼ P i
3, i ¼ 1; . . . ; 4. The coefficients of P i

3 are given as follows.

P 1
3;111 ¼

~ff222X
2
2 þ ð~gg122 þ ~ff112ÞX1X2 þ ~gg111X

2
1

4X2
1X2

;

P 1
3;112 ¼ f2 ~ff122X

2
2 þ ð�~gg222 � ~gg112 þ ~ff122 � 3 ~ff111ÞX1X2

þ ð3~gg222 � ~gg112 þ 3 ~ff122 � 3 ~ff111ÞX2
1g=f6X1X

2
2 þ 4X2

1X2 þ 6X3
1g;

P 1
3;113 ¼ f ~ff114X3X

2
4 þ ðX2ðð�2~gg124 � 7 ~ff114ÞX1 � ~ff123X3Þ � ~gg113X1X3;

� 2 ~ff224X
2
2ÞX4 þ ð6~gg223 þ 3 ~ff123ÞX1X

2
2 þ 3~gg113X

2
1X2g

=fX2
3X

2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;
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P 1
3;114 ¼ � fð ~ff113X

2
3 þ ~ff124X2X3 þ ~gg114X1X3ÞX4 þ X2ðX1ð�2~gg123X3

� 7 ~ff113X3Þ � 3~gg114X
2
1Þ þ X2

2ðð�6~gg224 � 3 ~ff124ÞX1

� 2 ~ff223X3Þg=fX2
3X

2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 1
3;122 ¼

~ff222X
2
2 þ ð~gg122 þ 4 ~ff222 � ~ff112ÞX1X2 þ 3~gg111X

2
1

4X1X
2
2 þ 4X2

1X2

;

P 1
3;123 ¼ f ~ff124X3X

2
4 þ ðX1ð2 ~ff113X3 � ~gg123X3Þ þ X2ðð�4~gg224

� 5 ~ff124ÞX1 � 2 ~ff223X3Þ þ 4~gg114X
2
1ÞX4 þ 6 ~ff223X1X

2
2

þ ð�3~gg123 � 6 ~ff113ÞX2
1X2g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 1
3;124 ¼ � fð ~ff123X

2
3 þ 2 ~ff224X2X3 þ ð~gg124 � 2 ~ff114ÞX1X3ÞX4

þ X2ðX1ð�4~gg223X3 � 5 ~ff123X3Þ þ ð3~gg124 þ 6 ~ff114ÞX2
1Þ

þ 4~gg113X
2
1X3 � 6 ~ff224X1X

2
2g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 1
3;133 ¼

ð ~ff244X2 þ ~gg144X1ÞX4 þ ð ~ff233X2 þ ~gg133X1ÞX3 þ ð~gg234 þ ~ff134ÞX1X2

4X1X2X3

;

P 1
3;134 ¼ fð2 ~ff144X2 � 2~gg244X1ÞX2

4 þ ððð2 ~ff144 � 2 ~ff133ÞX2

þ ð2~gg244 � 2~gg233 þ 4 ~ff144 � 4 ~ff133ÞX1ÞX3

� ~ff234X
2
2 þ ð�~gg134 � ~ff234ÞX1X2 � ~gg134X

2
1ÞX4

þ ð2~gg233X1 � 2 ~ff133X2ÞX2
3 þ ð� ~ff234X

2
2 þ ð�~gg134

� ~ff234ÞX1X2 � ~gg134X
2
1ÞX3 þ ð�2~gg244 þ 2~gg233

� 2 ~ff144 þ 2 ~ff133ÞX1X
2
2 þ ð�2~gg244 þ 2~gg233

� 2 ~ff144 þ 2 ~ff133ÞX2
1X2g=fð4X2 þ 4X1ÞX3X

2
4 þ ðð4X2 þ 4X1ÞX2

3

� 4X1X
2
2 � 4X2

1X2ÞX4 þ ð�4X1X
2
2 � 4X2

1X2ÞX3g;

P 1
3;144 ¼ fð ~ff244X2 þ ~gg144X1ÞX3X4 þ ð ~ff233X2 þ ~gg133X1ÞX2

3

þ ð~gg234 � ~ff134ÞX1X2X3 � 2 ~ff244X1X
2
2 � 2~gg144X

2
1X2g

=f4X1X2X3X4 � 4X2
1X

2
2g;

P 1
3;222 ¼ 0;

P 1
3;223 ¼ f ~ff224X3X

2
4 þ ðX1ð ~ff123X3 � ~gg223X3Þ � 7 ~ff224X1X2

þ ð2~gg124 � 2 ~ff114ÞX2
1ÞX4 þ ð3~gg223 � 3 ~ff123ÞX2

1X2

þ 6~gg113X
3
1g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;
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P 1
3;224 ¼ � fð ~ff223X

2
3 þ ð~gg224 � ~ff124ÞX1X3ÞX4 þ X2ðð3 ~ff124

� 3~gg224ÞX2
1 � 7 ~ff223X1X3Þ þ X2

1ð2~gg123X3 � 2 ~ff113X3Þ

� 6~gg114X
3
1g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g

P 1
3;233 ¼ fð2 ~ff234ðX2 þ X1ÞX3 � 2 ~ff144X1X2 þ 2~gg244X

2
1ÞX2

4 þ ð2 ~ff234ðX2 þ X1ÞX2
3

þ ðð2~gg244 � 2~gg233ÞX1X2 þ ð2 ~ff133 � 2 ~ff144ÞX2
1ÞX3

� ~ff234X1X
2
2 þ ð~gg134 � ~ff234ÞX2

1X2 þ ~gg134X
3
1ÞX4

þ ð2 ~ff133X1X2 � 2~gg233X
2
1ÞX2

3 þ ð� ~ff234X1X
2
2 þ ð~gg134

� ~ff234ÞX2
1X2 þ ~gg134X

3
1ÞX3g=fð4X2 þ 4X1ÞX2

3X
2
4 þ ðð4X2 þ 4X1ÞX3

3

þ ð�4X1X
2
2 � 4X2

1X2ÞX3ÞX4 þ ð�4X1X
2
2 � 4X2

1X2ÞX2
3g;

P 1
3;234 ¼ fð ~ff244X2 þ ~gg144X1ÞX2

4 þ ððð3 ~ff244 � 3 ~ff233ÞX2

� ~gg144X1 þ ~gg133X1ÞX3 þ ð ~ff134 � ~gg234ÞX1X2ÞX4

þ ð� ~ff233X2 � ~gg133X1ÞX2
3 þ ð ~ff134 � ~gg234ÞX1X2X3

þ ð2 ~ff233 � 2 ~ff244ÞX1X
2
2 þ ð2~gg144X

2
1 � 2~gg133X

2
1ÞX2g

=f4X2X3X
2
4 þ ð4X2X

2
3 � 4X1X

2
2ÞX4 � 4X1X

2
2X3g;

P 1
3;244 ¼ 0;

P 1
3;333 ¼ f6 ~ff444X

3
4 þ ð3 ~ff334X3 � 2~gg344X1ÞX2

4 þ ð�7~gg333X1X3

� ~ff334X1X2ÞX4 þ ~gg333X
2
1X2g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g

P 1
3;334 ¼ � f6~gg444X1X

2
4 þ ð9 ~ff333X

2
3 þ X1ð3~gg334X3 þ 2 ~ff344X2ÞÞX4

� 3 ~ff333X1X2X3 � ~gg334X
2
1X2g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 1
3;344 ¼ f9 ~ff444X3X

2
4 þ ð�3~gg344X1X3 � 3 ~ff444X1X2ÞX4 � 6~gg333X1X

2
3

þ X2ð2 ~ff334X1X3 þ ~gg344X
2
1Þg=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g

P 1
3;444 ¼ � fð3 ~ff344X

2
3 þ 7~gg444X1X3ÞX4 þ 6 ~ff333X

3
3 þ X1ð2~gg334X

2
3

� ~ff344X2X3Þ � ~gg444X
2
1X2g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g

P 2
3;111 ¼ � f2 ~ff122X

3
2 þ ðð�~gg222 � ~gg112 þ ~ff122 þ 3 ~ff111ÞX1ÞX2

2

þ ð�3~gg222 � ~gg112 þ ~ff122 þ ~ff111ÞX2
1X2 � 2~gg112X

3
1g

=f6X2
1X

2
2 þ 4X3

1X2 þ 6X4
1g;

P 2
3;112 ¼ f ~ff222X

2
2 þ ð~gg122 � 2 ~ff222 þ ~ff112ÞX1X2

þ ð2~gg122 � 3~gg111ÞX2
1g=f4X2

1X2 þ 4X3
1g;

352 D.-C. Liaw, C.-H. Chen / Appl. Math. Comput. 130 (2002) 317–360



P 2
3;113 ¼ f~gg114X3X

2
4 þ ðX2ð�~gg123X3 þ ~ff113X3 � 7~gg114X1Þ

þ ð2 ~ff124 � 2~gg224ÞX2
2ÞX4 � 6 ~ff223X

3
2 þ ð3~gg123 � 3 ~ff113ÞX1X

2
2g

=fX2
3X

2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 2
3;114 ¼ fðð ~ff114 � ~gg124ÞX2X3 � ~gg113X

2
3ÞX4 þ X2

2ð2~gg223X3 � 2 ~ff123X3

þ ð3~gg124 � 3 ~ff114ÞX1Þ þ 7~gg113X1X2X3 � 6 ~ff224X
3
2g

=fX2
3X

2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 2
3;122 ¼ �

~ff122X
2
2 þ ð�2~gg222 þ ~gg112 þ 3 ~ff111ÞX1X2 � 3~gg222X

2
1

3X1X
2
2 þ 2X2

1X2 þ 3X3
1

;

P 2
3;123 ¼ f~gg124X3X

2
4 þ ðX2ð�2~gg223X3 þ ~ff123X3

þ ð�5~gg124 � 4 ~ff114ÞX1Þ þ 2~gg113X1X3 þ 4 ~ff224X
2
2ÞX4

þ ð6~gg223 þ 3 ~ff123ÞX1X
2
2 � 6~gg113X

2
1X2g

=fX2
3X

2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 2
3;124 ¼ � fð~gg123X

2
3 þ ð2~gg224 � ~ff124ÞX2X3 � 2~gg114X1X3ÞX4

þ X2ðX1ð�5~gg123X3 � 4 ~ff113X3Þ þ 6~gg114X
2
1Þ

þ X2
2ð4 ~ff223X3 þ ð�6~gg224 � 3 ~ff124ÞX1Þg

=fX2
3X

2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 2
3;133 ¼ � fð2 ~ff144X2 � 2~gg244X1ÞX4 þ ð2 ~ff133X2 � 2~gg233X1ÞX3

þ ~ff234X
2
2 þ ð ~ff234 � ~gg134ÞX1X2 � ~gg134X

2
1g

=fð4X1X2 þ 4X2
1ÞX3g;

P 2
3;134 ¼ fð ~ff244X2 þ ~gg144X1ÞX2

4 þ ððð ~ff233 � ~ff244ÞX2

þ 3~gg144X1 � 3~gg133X1ÞX3 þ ð ~ff134 � ~gg234ÞX1X2ÞX4

þ ð� ~ff233X2 � ~gg133X1ÞX2
3 þ ð ~ff134 � ~gg234ÞX1X2X3

þ ð2 ~ff244 � 2 ~ff233ÞX1X
2
2 þ ð2~gg133X

2
1 � 2~gg144X

2
1ÞX2g

=f4X1X3X
2
4 þ ð4X1X

2
3 � 4X2

1X2ÞX4 � 4X2
1X2X3g;

P 2
3;144 ¼ � fð2 ~ff144X2 � 2~gg244X1ÞX3X

2
4 þ ððð2 ~ff144 þ 2 ~ff133ÞX2

þ ð�2~gg244 � 2~gg233ÞX1ÞX2
3 þ ð ~ff234X

2
2 þ ð~gg134

þ ~ff234ÞX1X2 þ ~gg134X
2
1ÞX3 � 4 ~ff144X1X

2
2 þ 4~gg244X

2
1X2ÞX4
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þ ð2 ~ff133X2 � 2~gg233X1ÞX3
3 þ ð ~ff234X

2
2 þ ð~gg134

þ ~ff234ÞX1X2 þ ~gg134X
2
1ÞX2

3 þ ðð2~gg244 � 2~gg233

� 2 ~ff144 � 2 ~ff133ÞX1X
2
2 þ ð2~gg244 þ 2~gg233

� 2 ~ff144 þ 2 ~ff133ÞX2
1X2ÞX3g=fð4X1X2 þ 4X2

1ÞX3X
2
4 þ ðð4X1X2 þ 4X2

1ÞX2
3

� 4X2
1X

2
2 � 4X3

1X2ÞX4 þ ð�4X2
1X

2
2 � 4X3

1X2ÞX3g;

P 2
3;222 ¼ 0;

P 2
3;223 ¼ f~gg224X3X

2
4 þ ðX2ð ~ff223X3 þ ð�7~gg224 � 2 ~ff124ÞX1Þ

þ ~gg123X1X3 � 2~gg114X
2
1ÞX4 � 3 ~ff223X1X

2
2 þ ð�3~gg123

� 6 ~ff113ÞX2
1X2g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g

P 2
3;224 ¼ fð�~gg223X

2
3 þ ~ff224X2X3 þ ~gg124X1X3ÞX4 þ X2ðX1ð7~gg223X3

þ 2 ~ff123X3Þ þ ð�3~gg124 � 6 ~ff114ÞX2
1Þ þ 2~gg113X

2
1X3

� 3 ~ff224X1X
2
2g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g

P 2
3;233 ¼ fð2~gg234X3 � ~ff244X2 � ~gg144X1ÞX4 þ ð ~ff233X2

þ ~gg133X1ÞX3 þ ð�~gg234 � ~ff134ÞX1X2g=f4X2
3X4 � 4X1X2X3g;

P 2
3;234 ¼ � fð2 ~ff144X2 � 2~gg244X1ÞX2

4 þ ððð�4~gg244 þ 4~gg233

� 2 ~ff144 þ 2 ~ff133ÞX2 þ ð2~gg233 � 2~gg244ÞX1ÞX3

� ~ff234X
2
2 þ ð�~gg134 � ~ff234ÞX1X2 � ~gg134X

2
1ÞX4

þ ð2~gg233X1 � 2 ~ff133X2ÞX2
3 þ ð� ~ff234X

2
2 þ ð�~gg134

� ~ff234ÞX1X2 � ~gg134X
2
1ÞX3 þ ð2~gg244 � 2~gg233

þ 2 ~ff144 � 2 ~ff133ÞX1X
2
2 þ ð2~gg244 � 2~gg233

þ 2 ~ff144 � 2 ~ff133ÞX2
1X2g=fð4X2 þ 4X1ÞX3X

2
4 þ ðð4X2 þ 4X1ÞX2

3

� 4X1X
2
2 � 4X2

1X2ÞX4 þ ð�4X1X
2
2 � 4X2

1X2ÞX3g;

P 2
3;244 ¼ 0;

P 2
3;333 ¼ f6~gg444X

3
4 þ ð3~gg334X3 þ 2 ~ff344X2ÞX2

4 þ ð7 ~ff333X2X3

� ~gg334X1X2ÞX4 � ~ff333X1X
2
2g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 2
3;334 ¼ f6 ~ff444X2X

2
4 þ ðX2ð3 ~ff334X3 � 2~gg344X1Þ � 9~gg333X

2
3ÞX4

þ 3~gg333X1X2X3 � ~ff334X1X
2
2g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;
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P 2
3;344 ¼ f9~gg444X3X

2
4 þ ð3 ~ff344X2X3 � 3~gg444X1X2ÞX4 þ 6 ~ff333X2X

2
3

þ X1ð2~gg334X2X3 � ~ff344X
2
2Þg=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 2
3;444 ¼ fð7 ~ff444X2X3 � 3~gg344X

2
3ÞX4 � 6~gg333X

3
3 þ X2ð2 ~ff334X

2
3

þ ~gg344X1X3Þ � ~ff444X1X
2
2g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g:

P 3
3;111 ¼ fX2

2ð3X1~rr112 � 2X3~ss122Þ þ ðX2
3X4 � 7X1X2X3Þ~ss111

þ 6X3
2~rr222 � X2X3X4~rr112g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 3
3;112 ¼ fX3ðX2ð�3X1~ss112 � 2X4~rr122Þ � 6X2

2~ss222Þ
þ X2

3X4~ss112 þ ð3X1X3X4 � 9X2
1X2Þ~rr111g

=fX2
3X

2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 3
3;113 ¼ � fX3ðX2~ss223 þ X4ð�~ss124 � ~rr123Þ � X1~ss113Þ

þ X2X4~rr224 þ 2X1X2~rr123 � X1X4~rr114g=f4X1X3X4 � 4X2
1X2g;

P 3
3;114 ¼ � fX3ð�2X2~ss224 � 2X1~ss114Þ þ X3X4ð~ss123 � ~rr124Þ

þ X2
3~ss123 þ 2X2X4~rr223 � X2

4~rr124 þ 2X1X4~rr113g
=f4X1X

2
4 þ 4X1X3X4g;

P 3
3;122 ¼ � fX4ð�X2

3~ss122 þ 3X2X3~rr222 � 2X1X3~rr112Þ þ 3X1X2X3~ss122

þ 6X2
1X3~ss111 � 9X1X

2
2~rr222g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 3
3;123 ¼ fX4ðX2

3ð2~ss224 � 2~ss114Þ þ X3ðX2ð~ss123 þ ~rr124Þ

þ X1ð~ss123 þ ~rr124ÞÞÞ þ X2
4ðX3ð2~ss224 � 2~ss114Þ

þ X2~rr124 þ X1~rr124Þ þ X3ð2X2
2~ss224 þ X1X2ð2~ss114

� 2~ss224Þ � 2X2
1~ss114Þ þ X2

3ðX2~ss123 þ X1~ss123Þ

þ ð2X3X
2
4 þ ð2X2

3 � 2X2
2 � 2X1X2ÞX4 � 4X1X2X3Þ~rr223

þ ð�2X3X
2
4 þ ð�2X2

3 þ 2X1X2 þ 2X2
1ÞX4 þ 4X1X2X3Þ~rr113g

=fð4X2 þ 4X1ÞX3X
2
4 þ ðð4X2 þ 4X1ÞX2

3 � 4X1X
2
2 � 4X2

1X2ÞX4

þ ð�4X1X
2
2 � 4X2

1X2ÞX3g;

P 3
3;124 ¼ fX3ðX2ðX1ð~ss223 � ~ss113Þ þ X4ð~ss124 � ~rr123ÞÞ

� X2
2~ss223 þ X1X4ð~ss124 � ~rr123Þ þ X2

1~ss113Þ

þ X2
3ð2X4~ss113 � 2X4~ss223Þ þ ð2X3X

2
4 � X2

2X4 � 3X1X2X4Þ~rr224

þ ð2X3X
2
4 þ 3X1X2X4 þ X2

1X4Þ~rr114g=fX3ð4X2X
2
4

þ 4X1X
2
4Þ � 4X1X

2
2X4 � 4X2

1X2X4g;
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P 3
3;133 ¼ fX2X4ðX3ð�2~ss234 � 7~rr233Þ � X1~rr134Þ þ X2

4ð6X3~ss144

� 2X2~rr244 þ 3X3~rr134Þ þ ð3X2
3X4 � X1X2X3Þ~ss133 þ X1X

2
2~rr233g

=f9X2
3X

2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 3
3;134 ¼ � fX4ðX2X3ð4~ss244 þ 5~rr234Þ þ 3X2

3~ss134 þ 2X1X2~rr144Þ
� 4X2X

2
3~ss233 þ X1X2X3~ss134 � X1X

2
2~rr234 � 6X3X

2
4~rr144

þ ð6X2
3X4 � 2X1X2X3Þ~rr133g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 3
3;144 ¼ fX2ðX2

3ð2~ss234 � 2~rr233Þ � X1X3~ss144 þ X1X3~rr134Þ
þ X4ð3X2

3~ss144 � 7X2X3~rr244 � 3X2
3~rr134Þ þ 6X3

3~ss133

þ X1X
2
2~rr244g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 3
3;222 ¼ � fX3ð7X1X2~ss222 þ 2X2

1~ss112 � X1X4~rr122Þ � X2
3X4~ss222

þ 3X2
1X2~rr122 þ 6X3

1~rr111g=fX2
3X

2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 3
3;223 ¼ 0;

P 3
3;224 ¼ � fX4ðX2

3ðX1ð�2~ss224 � 2~ss114Þ � 4X2~ss224Þ � X3X1ðX1 þ X2Þð~ss123

þ ~rr124ÞÞ þ X3ðX2
1X2ð2~ss224 þ 2~ss114Þ þ 2X1X

2
2~ss224

þ 2X3
1~ss114Þ þ X2

4ðX1X3ð2~ss114 � 2~ss224Þ � X1X2~rr124;

� X2
1~rr124Þ � X2

3ðX2 þ X1ÞX1~ss123 þ ðð4X2 þ 2X1ÞX3X
2
4

þ ð2X1X
2
3 � 2X1X

2
2 � 2X2

1X2ÞX4Þ~rr223 þ ð2X1X3X
2
4

þ ð�2X1X
2
3 � 2X2

1X2 � 2X3
1ÞX4Þ~rr113g=fð4X2 þ 4X1ÞX3X

3
4

þ ðð4X2 þ 4X1ÞX2
3 � 4X1X

2
2 � 4X2

1X2ÞX2
4 þ ð�4X1X

2
2 � 4X2

1X2ÞX3X4g;
P 3

3;233 ¼ fX2
4ðX3ð6~ss244 þ 3~rr234Þ þ 2X1~rr144Þ þ X4ð3X2

3~ss233

þ 2X1X3~ss134 � X1X2~rr234Þ � X1X2X3~ss233 þ ð7X1X3X4 � X2
1X2Þ~rr133g

=f9X2
3X

2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 3
3;234 ¼ � fX2ðX3ðX1~ss234 � 2X1~rr233Þ þ X2

1~rr134Þ þ X4ðX2
3ð3~ss234

þ 6~rr233Þ � 4X1X3~ss144 þ 2X1X2~rr244 � 5X1X3~rr134Þ
þ 4X1X

2
3~ss133 � 6X3X

2
4~rr244g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 3
3;244 ¼ fX4ðX2

3ð3~ss244 � 3~rr234Þ þ 7X1X3~rr144Þ þ X1X2X3ð~rr234

� ~ss244Þ þ 6X3
3~ss233 � 2X1X

2
3~ss134 � X2

1X2~rr144

þ 2X1X
2
3~rr133g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 3
3;333 ¼ � fX3X4ð2~ss333 � ~ss344Þ � X2

3~ss333 þ 3X2
4~rr444

þ ð�2X2
4 � X3X4Þ~rr334g=f4X3X

2
4 þ 4X2

3X4g;

356 D.-C. Liaw, C.-H. Chen / Appl. Math. Comput. 130 (2002) 317–360



P 3
3;334 ¼ fX3ð9~ss444 � ~ss334Þ þ X4ð3~ss444 � 3~ss334Þ

þ ðX4 þ 3X3Þ~rr344 þ ð�9X4 � 3X3Þ~rr333g=f6X2
4 þ 4X3X4 þ 6X2

3g;

P 3
3;344 ¼ 0;

P 3
3;444 ¼ ��3X2

3~ss444 þ X4ðX3ð~ss334 � 2~ss444Þ þ X2
4~rr344 þ 3X3X4~rr333

3X3
4 þ 2X3X

2
4 þ 3X2

3X4

:

P 4
3;111 ¼ � f�6X3

2~ss222 þ X2
2ð�3X1~ss112 � 2X4~rr122Þ þ X2X3X4~ss112

þ ðX3X
2
4 � 7X1X2X4Þ~rr111g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 4
3;112 ¼ fX4ðX2ð3X1~rr112 � 2X3~ss122Þ þ 6X2

2~rr222Þ þ ð3X1X3X4 � 9X2
1X2Þ~ss111

� X3X
2
4~rr112g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 4
3;113 ¼ fX4ðX3ð2X2

1~ss114 � 2X2
2~ss224Þ þ ðX2

3 � 2X1X2ÞðX1 þ X2Þ~ss123Þ
þ X2

4ðX1X2ð2~ss114 � 2~ss224Þ þ X3ðX1 þ X2Þð~ss123 � ~rr124ÞÞ
þ X3ðX2

2ð�2X1~ss123Þ � 2X2
1X2~ss123Þ þ ð2X2

2X
2
4 þ 2X1X2X3X4Þ~rr223

þ X3
4ð�X2~rr124 � X1~rr124Þ þ ð�2X2

1X
2
4 � 2X1X2X3X4Þ~rr113g

=fð4X1X2 þ 4X2
1ÞX3X

2
4 þ ðð4X1X2 þ 4X2

1ÞX2
3

� 4X2
1X

2
2 � 4X3

1X2ÞX4 þ ð�4X2
1X

2
2 � 4X3

1X2ÞX3g;
P 4

3;114 ¼ � fX3ðX2~ss223 þ X4ð�~ss124 � ~rr123Þ þ X1~ss113Þ
þ X2X4~rr224 þ X1X4~rr114g=f4X1X3X4g;

P 4
3;122 ¼ fX3ð�3X2X4~ss222 þ 2X1X4~ss112 � X2

4~rr122Þ þ 9X1X
2
2~ss222

þ 3X1X2X4~rr122 þ 6X2
1X4~rr111g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 4
3;123 ¼ � fX3ðX2ðX1ð3~ss223 � 3~ss113Þ þ X4ð~rr123 � ~ss124ÞÞ

þ X2
2~ss223 þ X1X4ð~rr123 � ~ss124Þ � X2

1~ss113Þ
þ X2

3ð2X4~ss113 � 2X4~ss223Þ þ ð2X3X
2
4 þ X2

2X4 � X1X2X4Þ~rr224

þ ð�2X3X
2
4 þ X1X2X4 � X2

1X4Þ~rr114g=fX2
3ð4X2X4

þ 4X1X4Þ þ ð�4X1X
2
2 � 4X2

1X2ÞX3g;
P 4

3;124 ¼ fX4ðX2
3ð2~ss224 � 2~ss114Þ þ X1X2ð4~ss114 � 4~ss224Þ

þ X3ðX2ð�~ss123 � ~rr124Þ þ X1ð�~ss123 � ~rr124ÞÞÞ
þ X2

4ðX3ð2~ss224 � 2~ss114Þ � X2~rr124 � X1~rr124Þ
þ X3ð�2X2

2~ss224 þ X1X2ð2~ss114 � 2~ss224Þ þ 2X2
1~ss114Þ

þ X2
3ð�X2~ss123 � X1~ss123Þ þ ð2X3X

2
4 þ ð2X2

3 þ 2X2
2 � 2X1X2ÞX4Þ~rr223

þ ðð�2X2
3 þ 2X1X2 � 2X2

1ÞX4 � 2X3X
2
4Þ~rr113g

=fð4X2 þ 4X1ÞX3X
2
4 þ ðð4X2 þ 4X1ÞX2

3

� 4X1X
2
2 � 4X2

1X2ÞX4 þ ð�4X1X
2
2 � 4X2

1X2ÞX3g;
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P 4
3;133 ¼ � fX2

4ðX2ð2~ss244 � 2~rr234Þ � 3X3~ss134Þ þ X4ð7X2X3~ss233

þ X1X2~ss134Þ � X1X
2
2~ss233 þ 6X3

4~rr144 þ ð3X3X
2
4

� X1X2X4Þ~rr133g=f9X2
3X

2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 4
3;134 ¼ � fX2X4ðX3ð5~ss234 þ 4~rr233Þ þ 2X1~ss144 � X1~rr134Þ

� X1X
2
2~ss234 þ X2

4ð�6X3~ss144 � 4X2~rr244 � 3X3~rr134Þ
þ ð6X2

3X4 � 2X1X2X3Þ~ss133g=f9X2
3X

2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 4
3;144 ¼ � fX4ðX2X3ð7~ss244 þ 2~rr234Þ þ 3X2

3~ss134 � X1X2~rr144Þ

� X1X
2
2~ss244 þ 2X2X

2
3~ss233 � X1X2X3~ss134 þ 3X3X

2
4~rr144

þ 6X2
3X4~rr133g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 4
3;222 ¼ � fX4ð�X1X3~ss122 � 7X1X2~rr222 � 2X2

1~rr112Þ þ 3X2
1X2~ss122

þ 6X3
1~ss111 þ X3X

2
4~rr222g=fX2

3X
2
4 � 10X1X2X3X4 þ 9X2

1X
2
2g;

P 4
3;223 ¼ 0;

P 4
3;224 ¼ � f2X2

3X4~ss223 þ X3ð�X1X2~ss223 þ X1X4ð~rr123 � ~ss124Þ

� X2
1~ss113Þ þ ð2X3X

2
4 � X1X2X4Þ~rr224 � X2

1X4~rr114g

=f4X2
3X

2
4 � 4X1X2X3X4g;

P 4
3;233 ¼ fX2

4ðX3ð3~ss234 � 3~rr233Þ þ 2X1~ss144 � 2X1~rr134Þ

þ X2X4ðX1~rr233 � X1~ss234Þ þ ð7X1X3X4 � X2
1X2Þ~ss133

� 6X3
4~rr244g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 4
3;234 ¼ fX2

4ðX3ð6~ss244 þ 3~rr234Þ � 4X1~rr144Þ þ X4ðX1X2ð~rr234

� 2~ss244Þ � 6X2
3~ss233 þ 5X1X3~ss134Þ þ 2X1X2X3~ss233

� X2
1X2~ss134 þ 4X1X3X4~rr133g=f9X2

3X
2
4

� 10X1X2X3X4 þ X2
1X

2
2g;

P 4
3;244 ¼ fX2ðX1X3~ss234 � X2

1~ss144Þ þ X4ðX2
3ð�3~ss234 � 6~rr233Þ

þ 7X1X3~ss144 þ X1X2~rr244 þ 2X1X3~rr134Þ þ 2X1X
2
3~ss133

� 3X3X
2
4~rr244g=f9X2

3X
2
4 � 10X1X2X3X4 þ X2

1X
2
2g;

P 4
3;333 ¼� fX4ðX3ð3~ss444 � ~ss334ÞÞ þ X2

4ð3~ss444 � 3~ss334Þ
� 2X2

3~ss334 þ ðX2
4 þ X3X4Þ~rr344 þ ðX3X4 � 3X2

4Þ~rr333g
=f6X3X

2
4 þ 4X2

3X4 þ 6X3
3g;

358 D.-C. Liaw, C.-H. Chen / Appl. Math. Comput. 130 (2002) 317–360



P 4
3;334 ¼ � X3ð3~ss333 � ~ss344Þ þ 3X4~rr444 � X4~rr334

2X3X4 þ 2X2
3

;

P 4
3;344 ¼ 0;

P 4
3;444 ¼ � X4X3~ss344 þ 3X2

3~ss333 þ ðX2
4 þ 4X3X4Þ~rr444 � X3X4~rr334

4X3X
2
4 þ 4X2

3X4

:

Appendix C

The coefficients of the quadratic terms and cubic terms of functions f̂f ; ĝg; r̂r; ŝs
are as follows:

ûuii ¼ uii þ uinE½i þ E0
½iunnE½i;

ûuij ¼ uij þ uinE½j þ ujnE½i þ 2E0
½iunnE½j;

ûuiii ¼ uiii þ uiinE½i þ E0
½iuinnE½i þ unnnðE½i;E½i;E½iÞ þ uinhii þ 2E0

½iunnhii;

ûuiij ¼ ujnhii þ uinhij þ 2E0
½junnhii þ 2E0

½iunnhij þ uiij þ uijnE½i

þ uiinE½j þ E0
½iujnnE½i þ 2E0

½iuinnE½j þ 3unnnðE½i;E½i;E½jÞ;
ûuijk ¼ uijk þ uinhjk þ ujnhik þ uknhij

þ 2E0
½iunnhjk þ 2E0

½junnhik þ 2E0
½kunnhik:

Here, i; j; k are distinct, u 2 ff ; g; r; sg, and i; j; k 2 fx; y; z;wg with E½x ¼ E1,
E½y ¼ E2, E½z ¼ E3, E½w ¼ E4, .
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