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Passive Earth Pressure with Critical State Concept

Yung-Show Fang?; Ying-Chieh Ho? and Tsang-Jiang Chen®

Abstract: This paper presents experimental data of earth pressure acting against a vertical rigid wall, which moved toward a mass of dry
sand. The backfill had been placed in lifts to achieve relative densities of 38, 63, and 80%. The instrumented retaining-wall facility at
National Chiao Tung University in Taiwan was used to investigate the effects of soil density on the development of earth pressure. Base
on the experimental data, it has been found that the Coulomb and Terzaghi solutions calculated with the peak internal friction angle
significantly overestimated the ultimate passive thrust for the retaining wall filled with dense sand. As the wall m&exceeded 12%

of the wall heightH, the passive earth thrust would reach a constant value, regardless of the initial density of backfill. Under such a large
wall movement, soils along the rupture surface had reached the critical state, and the shearing strength on the surface could be prope!
represented with the residual internal-friction angle. The ultimate passive earth pressure was successfully estimated by adopting th
critical state concept to either Terzaghi or Coulomb theory.
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Introduction a logarithmic spiral. The analytical results using this revised fail-
ure surface will be termed the Terzaghi method, and it will be

The most widely accepted theories of earth pressure among praccompared with experimental data.

ticing engineers are those of Coulomb and Rankine. However, Valuable experimental work associated with passive earth

considerable doubt has been expressed regarding the validity ofressure has been conducted by Schofig/#6); Rowe and

these theories. Several investigations have been conducted to ef?eaker(1969; Mackey and Kirk (1967; Narain et al.(1969;

timate the passive soil thru®,. Morgenstern and Eisenstein James and Bransby1970, Matsuo et al.(1978, Fang et al.

(1970 compared the passive earth pressure coeffitigntalcu- (1994; 1997, and Duncan and Mokwé2001). Mackey and Kirk
lated with theories proposed by Caquot and Keri€e948), (1967 reported that if the backfill is loose, the passive earth pres-
Brinch-Hansen(1953, Janbu (1957, Sokolovski (1960, and sure obtained experimentally compared well with those obtained

Terzaghi and Peck1967. It was concluded that Coulomb's from Coulomb’s theory. However, if the backfill is dense, the
theory overestimated passive resistance, and noticeable differCoulomb solution is approximately 100% higher than the experi-
ences exist between the theories. It should be noted that most ofnental results. Narain et &l1969 reported that the passive pres-
the design charts and tables based on theoretical solutions lacisure coefficientk, calculated with Coulomb theory is 127%
experimental justification. higher than the experimental value. Fang e &894 concluded

In Coulomb’s theory, it is assumed that the failure surface in that the passive pressure distribution is linear and in good agree-
the backfill is planar. However, Terzagtl941) and Terzaghi ment with Terzaghi’s solution. However, the experimental work
et al. (1996 indicated that, due to the influence of wall friction, by Fang et al(1994 had been limited to loose cohesionless back-
the real surface of the sliding in the backfill consists of a curved fill only. In most specifications for earthwork, the contractor is
lower part and a straight upper part. As a wall pushes toward therequired to densify the backfill to 90-95% of its maximum dry
retained backfill, the straight portion of the sliding surface rises at unit weight determined by the standard Proctor test. For granular
an angle of 45° /2 with the horizontal, as shown in Fig(a). soils, achieving a relative density of 70—75% is generally recom-
The material within the areADF is in the passive Rankine state. mended(see the NAVFAC Design Manua(US Navy 1982 by
The curved part of the surface of slidiBCD was assumed to be  Vibratory compaction. To reduce compaction induced pressure,
hand tampers or lightweight equipment are commonly By
1998. Therefore, in most cases, the backfill in the field would be
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Behavior of Sand during Shear
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Fig. 1. (a) Passive wedge calculated with Terzaghi's log-spiral metfidvariation ofK , obtained from Coulomb’s theory; arfd) variation of
K, obtained from Terzaghi's theofyc) redrawn after Das 1990

value as shown in Fig. (8). Concurrently, the volume of the When a dense specimen is sheared, the principal stress differ-
specimen decreases fram (loose down to a value very close to  ence reaches a peak value and subsequently decreases to a value
the critical void ratioe,;;. Casagrand€1936 called the ultimate very close tdo; —o3),; for loose sand as shown in Figia@ The

void ratio, at which continuous deformation occurs with no void ratio—stress curve in Fig.(l® shows that the dense sand
change in principal stress difference, the critical void ratio. This contracts slightly at first, then dilates up to a value very close to
condition is referred to as the ultimate, constant volume, or re- e;. It should be mentioned that the critical void ratio of soil is a
sidual condition(Lambe and Whitman 1969Lambe and Whit- function of the confining pressure. It is clear in FigbRthat, as

man stated that, in most problems encountered in engineeringdense sand dilates with increasing strain, the dense specimen is no
practice, it is not possible to tolerate large strains within a sand longer “dense.”

mass. Thus for most problems the valuepdbased upon the peak The experimental work by Narain et @969 indicates that,

of the stress—strain curve is properly used to represent theconsidering the translation mode, wall movements needed to
strength of the sand. However, there are some problems in whichreach a passive state for loose and dense fills are as high as 8.9
large strains occur. For such problems, it would be appropriate toand 6.8% of the wall height, respectively. Under such large wall
use ¢, or &, to represent the strength of the sand, where the deformations, the soil along the rupture surface most probably has
subscript cv and stand for constant volume and residual, respec- reached the critical state. It would be reasonable to expect that,
tively. under the passive condition, the shearing resistance of soil along
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% The movable model retaining wall and its driving system are
© illustrated in Fig. 3. The model wall is a 1,000-mm-wide, 550-
.g" . & mm-high, and 120-mm-thick solid plate, and is made of steel.
& °‘gcd Note that in Fig. 3, the effective wall heighi (or height of
7% backfill above wall baseis only 500 mm. The retaining wall is
> vertically supported by two unidirectional rollers, and is laterally
/ supported by four driving rods. The 1,000-mm-wide, 337-mm-
ef—_ Demse high, and 120-mm-thick steel plate on top of the movable wall is

designed to resist the uplift component of passive earth pressure.
To investigate the distribution of earth pressure, SPTs were at-
(b) tached to the model retaining wall as shown in Fig. 4. Ten strain-
gage-type earth pressure transducers have been arranged within
Fig. 2. Triaxial tests on loose and dense specimens of typical sand: the central zone of the wall. Another three transdu¢8RT10,
(a) stress—strain curves afig) void ratio changes during she@ifoltz SPT11, and SPT1have been mounted between the central zone
and Kovacs 1981 and sidewall to investigate the sidewall effect. Fang et094
éeports that when the sidewalls of the soil bin are lubricated, earth
pressures measured at different distances from the sidewall are in
Eairly good agreement. However, because the lubrication of the
Sidewall does not completely eliminate friction, the passive resis-

Principal stress difference, (G- G)

the rupture surface has reached the ultimate strength, irrespectiv
of its initial density. If the inference above is correct, it could be
expected that the ultimate passive pressure for loose and dens

fills would be identical. However, in most earth pressure theories,

, . ance measured at SPT12 is slightly greater than those measured
h | h he sh h of soil . .
fs%ezsc%?\l;tgmbm eory, the shear strength of soil was assume%t SPT6, SPT10, and SPT11. To reduce the soil-arching effect,

This paper presents experimental data of passive pressure

against a vertical rigid wall, which moved toward a mass of dry @

sand with a stress-free horizontal surface. To limit the scope of T 1570 1o

this study, only the translational wall movement was performed to 100 spT1 ' @

investigate the effect of soil density on passive pressure. Air-dry I @ |sp12 100

Ottawa sand had been placed in lifts to reach relative densities of 100/ SPT3! @ 4

38, 63, and 80%. All of the experiments mentioned in this paper T @ |sp14 |100

were conducted in the National Chiao Tung UniNCTU) 550 Model Retaining 100| SPT5 | @ »E‘L

retaining-wall facility. Horizontal earth pressure against the wall Wall re ‘ SPT6 1%?3“0 SPTi1  SPTi2

was measured with the soil pressure transdut®PS's mounted 00 P17 @ 1 @ ® L]

on the wall. Test data were compared with the well-known Rank- @ |SPT8 |jpo

ine, Coulomb, and Terzaghi theories. Based on the critical state 100 sprg | @

concept, a more rational approach to estimate the passive pressure | i @ \ 100

is proposed. o 450 50,50, 130 130 130 g0
\ " 1000 ’ T

National Chiao Tung Univ. Retaining-Wall " Front—view ’

Facility Unit : mm

The entire facility consists of four components: model retaining

wall, soil bin, driving system, and data acquisition system. Fig. 4. Locations for soil-pressure transducers
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Fig. 5. Soil pressure transducer

earth-pressure transducers with a stiff sensing face are installed
flush with the face of the wall. The Kyowa model BE-2KRS17
(196 kN/n? capacity transducer shown in Fig. 5 was used for
these experiments.

Dunnicliff (1988 described that, if measurement accuracy
must be maximized, each cell should be calibrated in a large
calibration chamber, using the soil in which it will be embedded.
The chamber should be at least three times, and preferably five
times the diameter of the cell. Following Dunnicliff’s recommen-
dation, a special device was designed for the calibration of the
SPT used for this study. The calibration device is a shallow cy-  Fig. 6. National Chiao Tung Univ. model retaining wall
lindrical chamber with an inner diameter of 400 mm and a height
of 30 mm. The chamber is made of a solid steel plate, which is the
same material as the model retaining wall. The surface of the Backfill and Interface Characteristics
sensor was installed flush with the bottom plate of the chamber
and covered with a 10-mm-thick sand layer. A 0.2-mme-thick rub- Air-dry Ottawa sand(ASTM C-109 was used throughout this
ber membrane was placed on top of the sand and a uniform dis-investigation. Physical properties of the soil incluGg=2.65,
tributed air pressure was applied on the membrane. The outputen,;,=0.76, €,,,,=0.50, Dg=0.36 mm, andD,,=0.23 mm. To
voltage measured by the data acquisition system was found toinvestigate the effects of soil density on passive pressure, the
increase linearly with the increase of applied pressure. backfill was prepared at three different densities. The relative den-

The soil bin is fabricated of steel members with inside dimen- sity obtained for loose, medium dense, and dense backfill was 38,
sions of 2,000 mnx1,000 mnmx1,000 mm(see Fig. 3. Both 63, and 80%, respectively. To achieve the loose condition, the
sidewalls of the soil bin are made of 30-mme-thick transparent backfill was deposited by air pluviation from the slit of a hopper
acrylic plates through which the behavior of backfill can be ob- into the soil bin. The drop distance was approximately 1.0 m from
served. The bottom of the soil bin is covered with a layer of the soil surface throughout the placement process.

SAFETY WALK, which is an antislip frictional material, to pro- As illustrated in Fig. 3, the total thickness of backfill in the soil
vide adequate friction between the soil and the base of the bin.bin was 613 mm. To obtain the expected medium dense and dense
According to the general wedge thedierzaghi 194}, the pas- conditions, the loose backfill was placed in five lifts. Each lift was

sive failure surface developed in the backfill would extend below pluviated into the soil bin, carefully leveled, then compacted with

the base of the wall. As shown in Fig. 3, the fixed bed located a vibratory compactor. The soil surface was divided into several
below the wall serves to hold the bottom 113 mm of soil to lanes and each lane was densified with the soil compactor with a
accommodate the entire log-spiral failure surface. 90 s pass. The soil compactor shown in Fig. 7 was made by fixing

As illustrated in Fig. 3, the variable speed motors M1 and M2 an electric motokMikasa Sangyo, KJ75-2Ro a steel plate. The
(Electro, M4621AB are employed to compel the upper and lower total mass of the soil compactor is 12.1 kg. A number of steel
driving rods, respectively. The shaft rotation compels the worm plates were attached eccentric to the central rotating shaft of the
gear linear actuators, while the actuator would push the model motor to control the vibratory compaction applied to the soil sur-
wall. Since only the variation of earth pressure caused by the face. Based on the results from density control tests, six and six-
translational wall movement is investigated, the motor speeds atteen eccentric plates were used to achieve the medium dense and
M1 and M2 were kept the same for all experiments in this study. dense backfill, respectively.

Due to the considerable amount of data collected by the soil-  Density control cups were used to evaluate the variation of soil
pressure transducers, a data acquisition system was used. Adensity in the soil mass. The cylindrical cup was made of acrylic
analog-to-digital converter digitized the analog signals from the with an inner diameter of 100 mm and height of 50 mm. For the
sensors. The digital data were then stored and processed by aensity distribution experiment, the cups were buried in each lift
microcomputer. A general view of the NCTU model retaining before compaction. After the entire backfill had been densified,
wall is shown in Fig. 6. For more details regarding the NCTU the cups were extracted and the unit weight of soil in the cup was
retaining-wall facility, the reader is referred to W0992a and determined. It was found that the soil density was quite uniform
Fang et al(1994). in the soil mass. Data obtained from five dense backfill tests in-
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Fig. 7. Vibratory soil compactor

dicated that the standard deviation of relative density with depth

backfill and model wall was obtained by replacing the lower shear
box with a smooth steel plate, to simulate the surface of the model
wall. Uesugi and Kishid&1986 investigated the friction between
steel and air-dry sands with a simple shear apparatus. It was found
that the peak and residual interface friction angles are the same
because the model wall had a smooth surface. For the case of a
rough wall surface, a peak friction angle higher than the residual
angle was reported. The andd angles determined from the tests
were adopted to calculate earth pressures from the Coulomb and
Terzaghi theories in the following sections.

Based on Coulomb and Terzaghi theories, the variation of pas-
sive earth-pressure coefficiel, computed with varyingb ands
angles are shown in Figs(dand ¢ for the case of a level ground
surface and a vertical wall. Considering relatively lévangles,
the values ofK, determined from both theories are nearly the
same. However, considering relatively highangles, the values
of K, determined from Coulomb and Terzaghi theories, are very
different. In this study, the model wall is made of steel anddhe
angle adopted in this study varies from 9.8 to 14.0°. Thus the test
results and conclusions obtained are only applicable for relatively
low values of wall friction angles.

To reduce the friction between sidewall and backfill, a lubri-
cation layer was furnished for the earth-pressure experiments. The
layer consists of a 0.2-mm-thick latex rubber membrane and a
thin layer of silicone greaséShin-Etsu KS-63& Tatsuoka and
Haibara(1985 found that, if the normal stress is greater than 40
kN/m?, the friction angle at the interface could be successfully
reduced to less than 1°. The rubber membrane-grease method has
been used by W(1992h; Huang et al(1994), Fang et al(1994;
1997; and other researchers for large-scale model tests.

Test Results

This section reports on the effects of soil compaction on passive
earth pressure against a rigid wall. For all experiments, the sur-
face of backfill was horizontal and the height of the backfill above
the wall baseH was 0.5 m.

was only 0.3%. However, it should be mentioned that the upper- \yai with Loose Backfill

most cup was placed at 123 mm below the soil surface. It is

possible that low unit weight might exist in the top lift due to the
vibration and lack of confinement in the sand.

The variation of lateral earth pressure as a function of passive
wall movement was investigated. After the loose backfill had

Direct shear tests were conducted to determine the internalb€en placed into the soil bin, the model wall slowly moved to-

friction angle of the loose, medium dense, and dense backfill.

ward the soil mass in translational mode at a constant speed of

The entire shear box was placed in the soil bin, pluviated with 0-24 mm/s. No compaction was applied to the loose backfill.
Ottawa sand, subjected to the compaction effort, extracted from  Distributions of horizontal earth pressusg measured at dif-
the soil mass, and tested in the laboratory. The peak and residuaferent stages of wall displaceme®tHare illustrated in Fig. 8. As
¢ angles determined for the sand at different densities are sum-the wall started to move, the earth pressure increased, and even-

marized in Table 1. The interface friction andgiebetween the

Table 1. Parameters for Loose, Medium Dense, and Dense Backfill

Residual
Peak internal internal
Relative  friction friction  Wall
Unit weight density angle angle friction
Backfill, v D, b peak b, angle
condition (kN/m®) (%) (deg (deg 3 (deg
Loose 15.7 38 33.0 31.5 9.8
Medium dense 16.3 63 38.3 315 12.6
Dense 16.8 80 42.1 31.5 14.0

tually a limiting passive pressure was reached. The pressure dis-
tributions are essentially linear at each stage of wall movement.
Passive earth pressure calculated with Coulomb and Terzaghi
theories is also indicated in Fig. 8. The ultimate experimental

passive pressure distribution is in fairly good agreement with that
estimated with Coulomb and Terzaghi theories.

The variation of horizontal earth-pressure coefficigptas a
function of wall displacement is shown in Fig. 9. The coefficient
K, is defined as the ratio of the horizontal component of total
trust toyH?/2. The horizontal thrusP, was calculated by sum-
ming the pressure diagram shown in Fig. 8. The coefficient
increased with increasing wall movement until a maximum value
was reached, then remained approximately constant. The ultimate
value of K,, is defined as the horizontal passive earth-pressure
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. N Fig. 10. Distribution of lateral earth pressure for medium dense sand
Fig. 8. Distribution of lateral earth pressure for loose sand 9 P

coefficientK, ,. In Fig. 9, the passive condition was reached at ever, the earth pressure measured by the transducers near the top
approximaterS/H=O.17. It may be observed from Fig. 8 that of the backfill(SPT1 and SPTj2did not decrease with increasing

both Coulomb and Terzaghi theories provide a good estimate ofwa!I movt_ament. _Th_|s IS probgbly because I(_)ose sdaw unit

the passive thrust against the retaining wall with a loose backfill. Weight might exist in the top lift of the backfill ,
However, Rankine theory tends to underestimate the passive earth 19 11 shows the variation of coefficiek, as a function of
pressure. This is most probably due to the fact that Rankine wall movement. Thg Iaterallson thrust increases with increasing
theory discounts the friction effect between the wall surface and Wall movement until a maximum value is reached, tfénde-
backfill. In Fig. 9, data points obtained from Tests 2262L, 3042L, Creases with further wall movement. The peak value is slightly

and 3043L indicate that the experimental results were quite repro-10Wer than the passive coefficierity , estimated with the Terza-
ducible. ghi theory with the peak friction angk e However, with fur-

ther wall movement, the coefficiet, decreases, then reaches an
] ] ] ultimate value. The ultimate condition for the medium dense
Wall with Medium Dense Backfill backfill is reached at approximate/H=0.10. Under such a

After the backfill had been compacted to the relative density of 12rge wall displacement, it is reasonable to expect that the soil
63%, the model wall moved as a solid block toward the backfill. €lements at point€, D, E, andF in Fig. 1(a) have dilated and
Fig. 10 illustrates the distributions of earth pressure at different '€ached the critical state. For this reason, the passive earth-
stages of wall movement. The earth pressure measured near thBreéssure coefficients, , based on Coulomb and Terzaghi theo-
base of the wal{SPT7, SPT8, and SPThcreased with increas-  'l€S were c_alculat_ed Wlth the re3|dual_|nternal fr!ct|on angle

ing wall movement before reaching a peak value. After the peak, @nd are indicated in Fig. 11. The experimental ultiméfevalues

o, decreased with further wall displacement. The wall movement @€ in fairly good agreement with Coulomb and Terzaghi's pre-

needed fokr,, to reach a peak value was ab@iH = 0.03. How- dictions calculated with the residual friction angle.

10.0 - R 10.0
Loose Sand Medium Dense Sand
8.0 — —r- Test 22621
~E—  Test3o42L
—A—  Test3043L
6.0 -
M": Coulomb M‘
—5—  Test3151M
20 ———  Test3161M
’ - A Test3311M
0.0 ‘ T
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
S/H S/H
Fig. 9. Variation of K, with wall movement for loose sand Fig. 11. Variation ofK}, with wall movement for medium dense sand
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Fig. 12. Distribution of lateral earth pressure for dense sand

Wall with Dense Backfill

The distributions of earth pressure at different stages of wall
movement are shown in Fig. 12. The horizontal pressure mea-
sured at Transducer SPT9 initially increased with increasing wall
movement. A peak pressure was reached at approxim&tély

=0.01, then the pressure decreased with further wall movement.
Eventually, a stable earth pressure was achieved. Similar pressur

sive pressure distribution under a large wall movement, for ex-
ample S/TH=0.20, was much less than that estimated with the
classic Coulomb and Terzaghi theories.

In Fig. 13, the earth-pressure coefficiéqy initially increased
with increasing wall movement. After reaching a peak vakig,
decreased with increasing passive wall movement, and finally
reached an ultimate value. The traditional Coulomb and Terzaghi
solutions calculated with a constant,..,x angle significantly
overestimated the ultimate passive thrust. However, at a large
wall movement, the ultimaté&,, value could be properly esti-
mated by introducing the critical state concept to the traditional
Coulomb and Terzaghi theories.
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6.0 i
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Fig. 13. Variation ofK;, with wall movement for dense sand
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Fig. 14. Variation of K;, with wall movement for loose, medium
dense, and dense backfill

Effect of Soil Density on Earth Pressure

The effects of soil density on earth pressure can be easily inter-
preted with the help of Figs.(d and Fig. 2. Fig. (&) shows the

retaining wall, passive soil wedge, and failure surface. Based on
Terzaghi's general wedge theory, as the retaining wall would push
toward the dense backfill, the dense sand along the logarithmic—

change could be observed at Transducers SPT3—-SPT8. The pa;%-pIraI curveBC would be sheared, and the soil density would

decrease. After passing the peak strength, as indicated in Fig. 2,
the shearing resistance would decrease with volume expansion.
Eventually, an ultimate strength would be reached. Under a large
shear strain condition, the initially “dense” sand would no longer
be dense, and the friction angl,c. would no longer be an
appropriate strength parameter.

With the reduction of shearing resistance alongBi:surface,
the passive earth pressure against the wall would decrease. With
continued wall movement, the rupture surface would extend pro-
gressively through point€, D, E, andF. In the process, soil
elements along the rupture surface would dilate, change strength,
and eventually reach a critical state.

Fig. 14 shows the variation of experimental earth-pressure co-
efficient K, with wall movement for loose, medium-dense, and
dense backfill. For the dense backfill, the soil thrust initially in-
creased rapidly with small increments of passive movement. After
reaching a peak value, the coefficidtt dropped down until a
constant value was reached. For the loose backfjlincreased
with increasing wall displacement until a steady state was
reached. For the medium-dense backfill, the pressure value varied
between that for loose and dense backfill. The wall movement
needed forK, to reach a peak value was about 0.084 for
dense sand, and about 0.@2H for medium dense backfill. It
should be noted that, as the passive wall moverSédiexceeded
0.12, the passive soil thrust would approach a constant value re-
gardless of the initial density of backfill. It may be concluded that
the soils along the rupture surface had reached the critical state,
and the shearing strength on the surface could be properly repre-
sented with the residud, angle.

Fig. 15 shows the theoretical and experimental passive earth-
pressure coefficients, , versus soil density. Two groups of ex-
perimentalK,, , are plotted in this figure. One group represents
the peak thrust, and the other represents the ultimate passive
thrust obtained at a large wall displacement. For comparison pur-
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10.0 , lomb and Terzaghi solutions calculated with #hg.,cangle
i & significantly overestimated the ultimate passive thrust.
3. As the wall movemen$§/H exceeded 0.12, the passive soil
¢ wfo thrust would reach a constant value, regardless of the initial
P ‘«f? density of backfill. It may be deduced that soils along the
60 | / rupture surface had reached the critical state, and the shear-
' A b ing strength on the surface could be properly represented
Wg .- g Coutom ; .
B oA e with the residuakh, angle.
40 — T peraght @) ; 4. For the wall with a loose backfill, Coulomb and Terzaghi's
theories slightly underestimated the passive thrust. For walls
with medium dense and dense backfill, the peak experimen-
20 — O TeatData (Peak) tal results were in good agreement with Terzaghi’s solution
L] Test Data (Residual) calculated with ¢peqa Considering the relatively lows
angles adopted in this study, the Coulomb and Terzaghi theo-
0.0 — ; T ‘ ries were found to be in relatively good agreement with the
20 20 60 %0 100 experimental ultimate thrusts, when passive earth pressures
Relative Density, D; (%) were computed on the basis of the residual shear strength
parametekb, .
Fig. 15. Variation of K, as a function of soil density 5.  When calculating the passive earth pressure, it is recom-
mended that one considers the dilation and the strength re-
duction of dense backfill. The ultimate passive earth pressure
could be successfully approximated by introducing the criti-
cal state concept to either Terzaghi or Coulomb theory.

8.0 —

Kp’h

poses, the classic Coulomb and Terzaghi solutions are also plotted
in this figure. For the loose backfill, the Coulomb and Terzaghi
theories slightly underestimated the passive thrust. For walls with
medium dense and dense backfill, the peak experimental results
were in good agreement with Terzaghi’s solution calculated with Acknowledgments
bpear- If the residualh, angle was considered with the Coulomb
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sive thrusts.
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