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In this paper, we propose an efficient and stable agorithm for finding the
ray-surface intersections. Newton's method and Bézier clipping are adapted to form
the core of our algorithm. Ray coherence is used to find starting points for Newton itera-
tion. Weintroduce an obstruction detection technique to verify whether an intersection
point found by using Newton’s method isthe closest one.  When Newton’s method fails
to achieve convergence, we use Bézier clipping as the substitution to find the intersec-
tion points.  This combination achieves significant improvement in tracing primary rays.
A similar approach also successfully improves the performance in tracing secondary
rays.
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1. INTRODUCTION

Ray tracing is one of the most important techniques for realistic image generation. It
is capable of producing very impressive images for highly specular scenes. The kernel
of the ray tracing algorithm is an intersection finding routine for computing the
ray-surface intersection points. Whitted [1] estimated that a ray tracing agorithm will
spend up to 95% of its computation time on intersection tests for scenes of moderate
complexity. It takes plenty of time during the whole process, efficient intersection finding
isone of the greatest challengesin ray tracing.

Newton’s method is a popular numerical method because of its efficiency and
convenience in implementation. The critical task when using Newton's method is finding
a good initial point. Toth [2] proposed an elegant theoretical results to locate the initial
points. Lischinski and Gonczarowski [3] also proposed an improved technique based on
Toth's results [2]. Other researchers [4-10] subdivided surfaces into flat patches and lo-
cated the initial points from the intersections of rays and tighter bounding volumes that
enclosed the patches. However, the primary shortcoming of these methods is that they do
not use the ray coherence property finding the ray-surface intersection points. Taking the
intersection point of a previous adjacent ray as the initial point, Joy and Bhetanabhotla
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[11] concluded that the computation cost can be reduced by taking the ray coherence
property into consideration. Unfortunately, native utilization of ray coherence may lead
to an incorrect closest intersection point [3, 11]. We call this problem as the incorrect
solution problem. A very interesting but difficult phenomenon induced from thisissue is
that how can we verify whether an intersection point is the closest one or not without
checking every single one of the ray-surface intersection points.

The basic idea of subdivision methods is based on the prune-and-search technique,
surface subdivision, and convex hull property. These methods [1, 12, 13] are stable but
slow in calculating intersections. Bézier clipping is a well-known subdivision method
which was proposed by Nishita et a. [13] and has been applied in many topics [14, 15].
The novel achievement of this method is that the subdivision process can be performed
in a 2D space instead of a 3D space. However, the main drawback of subdivision meth-
ods is that ray coherence property cannot be used to assist calculation of ray-surface in-
tersection points. Campagna et al. [16] recently pointed out that the use of Bézier clip-
ping might lead to incorrect intersection points, so they have proposed a modification
scheme to solve this problem.

Kajiya [17] proposed an algebraic algorithm that reduces the ray-surface intersec-
tion problem to that of finding the exact roots of a high-degree polynomial. Manocha and
Demmel [18, 19] transformed the problem of finding ray-surface intersections into the
problem of finding the eigenvalues of high-order matrices. Both of these methods suffer
from high computation cost in dealing with high order matrices. The computation cost of
finding eigenvalues for such amatrix is quite high.

Since the performance of ray tracing parametric surfaces is dominated by the way of
calculating the ray-surface intersections, various methods have been proposed to improve
performance. The first one involves changing the computation base. Transforming the
computation base from a 3D space into a 2D space can effectively reduce the computa-
tion cost to a certain degree. As for Newton's method, the number of arithmetic opera-
tions can be reduced by 33%. As pointed out by Nishita et al. [13], the number of arith-
metic operations needed to subdivide a non-rational patch is reduced by 33% and that
needed for arational patch is reduced by 25%. The other consideration is that the method
use to find ray-surface intersections should be as simple as possible. Numerical methods,
especially Newton's method, could be considered as the simplest ones for finding inter-
sections. However, two problems remain to be solved.

The first one is selection of suitable initial points. Ray coherence is often an effec-
tive method, but it leads to the incorrect solution problem. The second one is that New-
ton's method is somehow unstable on finding the intersection point. In our practical ex-
periments, it unveils that Newton’s method fails to converge even if the initial point that
we take is quite near to the intersection point. That is, we may miss some intersection
points [7]. Fortunately, subdivision methods, especially Bézier clipping, can solve this
problem.

Based on the above considerations, we propose an efficient algorithm based on
combining Bézier clipping and Newton’s method. To verify whether an intersection point
is the closest one, we propose an obstruction detection technique. A regular grid with
uniform space subdivision [20] is constructed for each surface. The regular grid is an
axis-aligned parallelepiped, which encloses the surface and contains al of the patches
obtained by subdividing the surface. We construct the oriented-slab boxes [6] for each
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patch. Once an intersection point using Newton's method has been found, aray is traced
from the intersection point toward the traced ray’s origin through the tested surface's
regular grid. According to the intersections between the ray and the oriented-slab boxes
of the intersected patches, we can either verify whether an intersection point is the closest
one or we can use Bézier clipping to find the true closest intersection point.

An overview of the proposed algorithm is as follows. For a surface that will be
tested along a scan line, Bézier clipping is used to locate the first ray (along the scan line)
that intersects the surface and to find the closest intersection point between them. Then,
Newton’s method with ray-to-ray coherence is used to find the other intersection points
between the surface and the remaining rays along the scan line. That is, we take the in-
tersection point found by previous ray as the initial point. After an intersection point is
found in this way, we use the obstruction detection technique to verify whether this point
is the closest one or not. When Newton's method fails to converge, Bézier clipping is
applied to find the intersection points instead.

In addition, the regular grid can also be used to improve efficiency in tracing sec-
ondary (reflected, refracted and shadow) rays. Since the origin of a secondary ray lies on
a surface, the computations for finding the intersections between them should be per-
formed in order to detect self-shadowing or self-reflection. However, if the secondary ray
does not intersect the surface except at the origin of the ray, it is not necessary to perform
this computation. In this paper, we present a method based on the regular grids to avoid
this intersection computation. The idea is as follows. When tracing a secondary ray, we
first trace this ray through the regular grid. By examining the intersection conditions be-
tween the secondary ray and the intersected patches, we can verify whether or not the
secondary ray along the tracing direction will intersect the surface.

Experimental results show that the performance of our agorithm is 2 to 2.8 times
faster than that of Bézier clipping [13] on tracing primary rays. The method we use to
select the initial point for Newton’s method can result in rapid convergence. Furthermore,
by reducing the computation needed for secondary rays, our algorithm can reduce the
total rendering time by 20% to 50%.

The rest of this paper is organized as follows. In section 2, we review the projec-
tion process, Bézier clipping, and Newton's method. The obstruction detection tech-
nique used to solve the incorrect solution problem is presented in detail in section 3.
Our hybrid algorithm is described in section 4. The improvement achieved in tracing
secondary rays is presented in section 5, and experimental results are given in section 6.
Finally, conclusions are shown in section 7.

2. PROJECTION, BEZIER CLIPPING AND NEWTON'SMETHOD

Transforming the computation from 3D space to 2D space is important technique to
reduce the computation cost of finding ray-surface intersection points. Bézier clipping
[13] is a well-known method based on this technique. In this paper, we use Newton’'s
method to solve a two-dimensional nonlinear system reduced by means of the projection
process. In this section, we will first introduce the projection process and then review the
Bézier clipping approach. Finally, we will present our method, which applies Newton’s
method to solve the two-dimensional nonlinear system.
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2.1 Transformation of Ray-Surface | nter sections

Let P(u, v) be arational Bézier surface [21] in three-dimensional Euclidean space,
defined as

Y2 B (u) Bjm Ww; C;

P(u,v) =
w.v) Yo XL B(U)B (Vw;

@

where B (s) = (')(1—u)""'u' denotes the Bernstein basis functions and Cj; = (%;, Vi, Zj),
fori =0,.,nandj =0,.., m represents Bézier control points with corresponding
weights w;j. A ray L is defined by the intersection of two orthogona planes, P, and P,
and itsimplicit equation is as follows:

L:a X+ by+cz+e=0, 2
wherea? +b? + ¢ =1,k =1, 2. In order to find the intersections between ray L and P(u,

V), we substitute Eq. (1) into Eq. (2) and clear the denominator. The resulting equation is
written as follows:

$Emwermdi =0 k=12 ©
i=0 j=

where
d = w; (% +by; +¢.z +6). 4)

Since ax; + by + ¢z + & is the distance from the control point Cj; to the plane Py, we
can now project the rational Bézier surface into a two-dimensiona space by taking the
projected control point asp; = (X;,¥;) = (d;,d?). Note that the distances are signed

values. From Eq. (3) and Eq. (4), the projected surface is defined as follows:
P(u,v) = z ZOB.“ (WB](v) p;- ©)
i=0 j=

In this projection, the two-dimensional coordinate system is formed by these two
orthogonal planes, where plane P, corresponding to the X axis and plane P, correspond-
ing to theY axis. The origin O of the coordinate system is corresponding to the ray L. For
example, athree-dimensional Bézier surface with 9 control points and aray L defined by
planes P; and P, are shown in Fig. 1(a). The corresponding projected surface is shown in
Fig. 1(b).

By Eg. (3) and Eq. (5), we can transform the ray-surface intersection problem into
the following two-dimensional nonlinear system:

P(u,v) =0. (6)

That is, we need to find all of the (u, v) pairs such that P (u,v) = 0,where 0< u, v< 1.
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@ (b)

Fig. 1. The projection of aBézier surface. (a) shows a surface and aray in three-dimensional space.
(b) shows the corresponding projected surface.

2.2 Bézier Clipping

The idea behind Bézier clipping is to subdivide the parameter space of the
non-linear system (Eg. (6)) into regions that may contain solutions and regions that do
not contain solutions. All of the intersection points can be found by recursively applying
the process to the regions that may contain the solutions.

The first step in solving the problem is to define a line L that extends through the
origin O parallel to the vector V, + V;. The vectors Vy and V; are constructed using the
boundary control points of the projected surfaceP(u,v). For example, Fig. 2(a) illus-
trates these two vectors with the projected surface in Fig. 1(b). Let Ls be defined as ax +
by + c=0, wherea® + b* = 1.

@ (b)
Fig. 2. (a) The projected surface with vector Vy, V,, and line L. (b) Control point distances.

The projected surface P(u, V) can now be transformed into an explicit surface [13]
by replacing the control points p;; with the corresponding distance from p; to Ls (see Fig.
2(b)). Since this explicit surface is also a Bézier surface, the convex hull of the explicit
surface bounds the explicit surface and the intersections between the convex hull and the
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parametric space can be found. Hence, the parametric space can be classified into regions
that may contain the solutions and regions without solution. Then, the de Casteljau sub-
division algorithm [21] is applied to clip away the regions without solution. This is the
subdivision process of Bézier clipping. All of the solutions of the non-linear system (Eq.
(6)) can be found by recursively applying the process to the regions that may contain the
solutions.

2.3 Newton’'s M ethod

The ray-surface intersection problem, as in the above discussion, can be rewritten as
a two-dimensional nonlinear system (Eq. (6)). We apply Newton's method to solve this
two-dimensional nonlinear system instead of a three-dimensional nonlinear system, like
Toth [2], Lischinski and Gonczarowski [3], and Barth and Stiirzlinger [7].

Let f(xX) = 0 be anonlinear system in n-dimensional Euclidean space (in practical, n
=2or 3) and Y be anonsingular matrix; the Newton iteration is presented using

Xiee1 = X — YE(x). @)

The vector —Yf(x,) denotes the Newton step and Y is the inverse Jacobian matrix of f at x,.
For example, consider n = 2 and apply Newton's method to solve Eq. (6). Let f(X) =
(f,(X), f,(X)) = P(u,v) =0,where f, (X) =X, X7, B,”(u)Bjm(v)dijk,k =12,and X = (u,
V). The Jacobian matrix J(X) for f can be written as:

©)

J()():Ffl(u,v)/au of,(u,v) /9, }

of,(u,v)/a, df,(u,v)/o,

and Y = J%(X). Then the Newton iteration can be rewritten as:

Uea ] [u ] [3f /70, 3f,uv)/a, T f(uv) o
Ver |~ Lv Tt ia, oW, | | v ©)

Newton's method yields quadratic convergence while the matrix Y is updated at
each iteration. If the matrix Y is fixed during Newton’s iterations, then Newton’s method
isreferred to as simple Newton’s method [22] with only linear convergence.

3. INCORRECT SOLUTION PROBLEM

As pointed out by Joy and Bhetanabhotla [11], we can use ray coherence to acceler-
ate the speed of locating a suitable initial point for Newton's method. Unfortunately, we
will face the incorrect solution problem during applying this property. Taking the entire
view of the incorrect solution problem into our consideration very carefully, we find out
that the key to solving this problem is to determine whether there do exist obstructions
(intersection points) between the intersection point found by Newton’s method and the
origin of the traced ray. If we use any known algorithms to calculate the ray-surface in-
tersections, the computation time can be no more be reduced.
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To solve this problem efficiently, we use regular grids to enclose the flat patches
obtained by subdividing the surfaces and the construct the oriented-slab boxes [6] for
each patch. By examining the intersections of a ray and the oriented-slab boxes of the
tested patches, we can either verify whether an intersection point is the closest one or use
Bézier clipping to find out the exact closest intersection point. This is the core idea be-
hind the obstruction detection technique. In the following, we shall first introduce the
property of intersections between aray and an oriented-slab box. Secondly, we will dis-
cuss the criterion of deciding whether there exists one (or more) intersection point(s)
between aray and a patch. Finally, we will discuss the details of the obstruction detection
technique.

3.1 Intersection With an Oriented-Slab Box

The oriented-dlab box was proposed by Yen et a. [6]. The main feature of the ori-
ented-slab box is a very tighter bounding volume for flat patches. This property is very
informative and necessary for us to determine the intersection conditions between a ray
and a patch. Thisiswhy we take the oriented-slab boxes as the bounding volumes.

Let a Bézier surface be adaptively subdivided into flat patches. Each patch belongs
to two parameter intervals[u, u]x[v,V]. The oriented-slab box is constructed by calcu-
lating the min-max bounding volume along each of the three orthogonal slab normals n;,
Ny, and n, as shown in Fig. 3.

! u,v) R, ! E, n,

@ (b)

Fig. 3. An example of the oriented-slab box. (a) Shows the three orthogonal slab normals. Slab
normal ny is equal to V, +V,. uisequa tol, +U,and slab normal n, is obtained from
the eguation of cross product of n; and u. Slab normal ng is obtained from the cross product
of n, and n;. These three vectors are then normalized. (b) Shows the corresponding ori-
ented-slab box.

L et the oriented-slab box be defined by

E1 + ﬂlnl + Ianz + ﬁg,n3, (10)
where E; is a control point of the patch. The coefficients B, £ and S; are intervals.
These three intervals can be obtained by transforming the control points onto the local

coordinate system formed by these three slab normals. A traced ray intersected with the
oriented-slab box yields an interval along the ray. Let atraced ray be defined by
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O+1d, (12)

where O is the origin and d is the direction vector. To compute this interval, we intersect
the ray with the two planes containing opposite faces of the box. The solution of thisin-
tersection in terms of the ray parameter t is computed by using Eq. (10) and Eq. (11).
After some transformations were performed, we obtain

_(E1-0) N+ i
a-nk

ty , fork=1,2,3 (12

The intersection of the three intervals t, states the parameter subspace that the ray
may intersect with the patch. If this subspace is empty, the ray misses the oriented-sab
box completely. If the denominator in Eq. (12) is zero, the ray is parald to the pair of
opposite faces. Instead of using complicated rules for distinguishing the cases that the ray
lies either between or outside these two opposite faces, we use a very small value for the
denominator. If the ray is between these two faces, we get a very large interval t, con-
taining the interesting domain of t. In another case, ty is far away and intersection of the
threeintervalst, will yield an empty subspace.

There are three main reasons for us to adopt the oriented-slab box. First of al, we
can pre-calculate the numerator of Eq. (12) during the preprocessing stage for the cause
of all the primary rays starting from the view point. During the rendering step, there are
only 3 dot product operations needed for the denominator, 6 division operations for the t,
intervals, and the comparisons for Eq. (12) will be performed when the ray intersects the
oriented-slab box. Secondly, it is easily found that the computation will save three arith-
metic operations of dot product while calculating the numerator of Eq. (12) compared
with the calculation of a secondary ray and an enclosing parallelepiped [7].

Thirdly, the original purpose of the design of oriented-slab box is for parametric sur-
faces. The characteristic of oriented-slab box is a very tighter bounding volume for flat
patches. Such tighter bounding volume provides useful information to determine how
many intersection points between aray and a patch. We can consider a critical case: aray
is nearly tangentia to the patch, as shown in Fig. 4. It is likely that more than one inter-
section point exists. This critical case can be easily recognized because it appears only
when the ray passes through the box approximately parallel to the larger face.

S 4 Tees A
’ ’ ~o
Ray .-/ . o - L
> —_——_— _"(__ I g
P et w
‘_’—’ - ’ I/
/
nz ﬂj, : / L,
LY

F' N , ‘<__’— ——————————— _,/‘_‘ ///

,",,—"1’ “~~._h}|,

L P ) A 2l 7% 2

<« @ e

Fig. 4. A critical case that aray is nearly tangential to the patch. Assume the length of each side of
the oriented-slab box arew, h, and |, whereh << w<|.

To provide an efficient and precise measure of when this case may happen, we issue
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out acriterion as follows:
w

That is, it is likely that more than one intersection point exists. Hence, we assume
that there are more than one intersection point of aray and a patch when Eq. (13) holds.
Otherwise, we assume that a ray intersect with a patch at only one intersection point.
Thiscriterion is similar to the rule proposed by Barth and Sturzlinger [7].

3.2 The Obstruction Detection Technique

The theoretical groundwork of obstruction detection technique is based on the sur-
face subdivision [7], the uniform space subdivision [20], the oriented-slab box [6], and
Bézier clipping. During preprocessing step, we construct aregular grid, which is the core
of thistechnique and is designed to ensure that the ray-patch tests can be done efficiently.
Each surface is adaptively subdivided into flat patches according to the rules proposed by
Barth and Stirzlinger [7]. For each patch, we construct an oriented-slab box (as men-
tioned in the previous paragraph) instead of the enclosing parallelepiped. Then a regular
grid associated with each surface is constructed to organize these patches. The regular
grid is created by applying the uniform space subdivision technique [20] on the bounding
volume of each surface. The bounding volume that we used is an axis-aligned parallele-
piped.

In rendering step, assume that P is an intersection point between the traced ray L
and the surface S Let P be found by Newton's method. To verify whether the point P is
the closest one, we trace a detecting ray BL through the regular grid of the surface S The
detecting ray is started from the intersection point P toward the origin of ray L. Hence, a
list of patches will be visited by the ray BL. We could immediately locate the patch con-
taining the point P and calculate Eq. (13) for the ray BL and the patch. If this equation
does not holds, we have no need to compute the intersection points between BL and the
patch for any further. Otherwise, we use Bézier clipping to find the intersection points
between them.

For other patches in the visited list, we use Bézier clipping to find the intersection
points between the ray BL and the patches whose oriented-slab boxes are intersected with
BL. Using this detecting process, we can either determine whether an intersection point
isthe closest one or find out the closest intersection point for current traced ray.

For example, as shown in Fig. 5, the dotted grids represent the uniform space
subdivision and the curve segments represent the patches. Assume that P; is the point
found by Newton’'s method. The detecting ray BL; starting at P, is traced and SP; is the
tested patch. We can conclude that P; is the closest intersection point because BL;
intersects the patch SP, at only one intersection point and BL; does not intersect with
other patches oriented-slab boxes. No matter what, if P, is the intersection point found
by Newton's method, we will obtain the closest intersection point P; by applying Bézier
clipping on BL, and SP,, because of the intersection of BL, and oriented-slab box of the
patch SP,. On tracing ray Ls, we will obtain that Eq. (13) does hold no matter what Pg (or
P-) is found by Newton's method. The closest intersection point Pg will be obtained by
applying Bézier clipping on BL3z and SPy,.
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Fig. 5. The demonstration of obstruction detection technique.

The major problem of implementing the obstruction detection technique is the exe-
cution efficiency when tracing the detecting rays. The number of ray-patch intersection
tested and the number of voxels traveled play important roles in efficiency. The voxel
size is the dominating factor because large voxels will induce more ray-patch tests and
small voxelswill increase the voxel traveling time. In our implementation, the voxel size
is chosen asfollows.

Given aregular grid, let Py be the number of patches of the surface. Xien, Yen, @nd
Z are the length of the regular grid in X-axis, Y-axis, and Z-axis respectively. Our crite-
rion is that the number of patches should be less than or equal to the number of voxels.
Let Vien be the length of voxel width. We obtain the following inequality.

X Y, z

P < Ienxlerl>< len

num — V V V

len len len

Solving for Ve, in the above eguation, we have

Vlen <3 xIen ><YIerl leen .
PnUm
In our implementation, the voxel width that we used is 4| Xien X Yien X Zien
Prlle

4. AN EFFICIENT RAY TRACING ALGORITHM

The basic idea of our approach is to combine Bézier clipping and Newton's method
to find the ray-surface intersection points. Consider Fig. 6. The dash lines represent rays
passing through the current scan line. The black dots denote ray-surface intersection
points that obtained by either Bézier clipping (B) or Newton’s method (N). The crosses
represent the rays that do not intersect with the surface and B(N) denotes that the
ray-surface intersection test is performed by Bézier clipping (Newton’s method).
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The first intersection point surfuce §

The 3rd ray

Scan Line

View Point
Fig. 6. The general process for finding the ray-surface intersection points.

Initially, we use Bézier clipping to locate the first ray that intersects the surface S
and to find the intersections.  In this example, the closest intersection point between the
third ray and Sis found by Bézier clipping. Then, we apply Newton's method with the
previous intersection point as the initial point to find the next intersection point.  After
an intersection point is found in this way, we use the obstruction detection technique to
either verify whether this point is the closest one or obtain the closest intersection point
for current traced ray. If Newton’s method fails to converge, for instance, the fifteenth
ray in this case, Bézier clipping is performed again to find another intersection point. In
the following paragraphs, we will discuss only primary rays if not noted otherwise.

Surfuce §

Scan Line

View Point
Fig. 7. An improved method for selecting theinitial point.

To accelerate the speed of convergence of Newton's method, we use the previously
found intersection point as the initial point. Consider Fig. 7, given a scan line on the
view plane and a surface Sthat will be tested along the scan line. Assumethat L;.; isthe
first ray that intersects S and the intersection point P;_; is found by Bézier clipping. Let L;
be the next ray along the scan line. Newton’s method with P;.; as the initial point is
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performed to find the intersection point between L; and S Assume that Newton's
method converges to point P;.  For the next ray, say L., the selection rule of the initial
point will be different, since the ray coherence property provides another useful meaning:
a change of locations for adjacent intersection points on a surface will not be so appar-
ent. It seemsto be a better choice that taking P; + (P; — P;.;) astheinitial point with the
comparison of P;. Obviously, the advantage is that this new chosen initial point can
give rapidly convergence of Newton's method.

In general, the selection of the initial point for the next ray L;.; will be dependent on
the method of finding P,.  If P; isfound by Newton’s method, P; + (P; — P;_;) will be the
initial point. If P;isfound by Bézier clipping, P; istheinitial point.

In order to identify the convergence of Newton's method, two criteria should be
adopted: maxima number of iterations M,, and convergence tolerance value C,. Ac-
cording to Eq. (7), Newton’s method will not stop until one of the following conditionsis
satisfied:

(@) |uker— U + Mrr— Wi < Cyand k< My;
(b) k>Mp;
(c) Yisill-conditioned;

(d) u or v are outside the parametric intervals (i.e. u<0oru>1orv<0orv>1).

If the iteration is terminated by case (a), Newton’s method will be converged and
X1 Will be the solution.  If the iteration is terminated by case (b) or (c) or (d), we do not
find any solution.

5. THE IMPROVEMENT IN TRACING SECONDARY RAYS

Plenty of computational effort has been invested in tracing secondary (reflected, re-
fracted and shadow) rays on ray tracing parametric surfaces. The more light sources in
the environment or more transparent and specular surfaces, the higher computational
work shall be offered. Since the origin of a secondary ray must lie on a surface, the
computations for finding the intersections between them must be performed in order to
detect self-shadowing or self-reflection. Here, we assume that the shadow rays are
starting from the intersection points toward the light sources.  If the secondary ray along
the tracing direction does not intersect the surface at the other intersections except the
origin of the ray, we have no need to perform further computation anyway.

If we can determine this intersection condition, the unnecessary verification and
computation could be saved and performance could be improved. Thisis not only the
key point of this section but also the centrality of our origina thought. In this section,
we present a method based on the regular grids to detect this intersection condition.
The main advantage of this method is that it can be applied to almost all the existing ray
tracing algorithms nowadays to improve their performance. The details of this method
are presented in the following.
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Given a secondary ray L and a surface S containing the origin, we trace the secon-
dary ray through the regular grid of S.  Hence, alist of patches will be visited by the ray
L. Wefirst compute Eq. (13) of L and the patch containing the origin.  If this equation
does not hold (which means there is only one intersection point between the ray and the
patch), we continue the tracing process. Otherwise, we use Bézier clipping to find the
intersection points of L and the patch.

For other patches in the visited list, we use Bézier clipping to find the intersection
points between the ray L and the patches whose oriented-slab boxes are intersected with
L. Through this process, we can obtain either the condition which the secondary ray
aong the tracing direction does not intersect the surface at other intersections or the con-
ditions of self-shadowing and self-reflection.

6. EXPERIMENTAL RESULTS

We implement our proposed algorithm in C programming language. All the ex-
periments are executed on a Pentium |1 with a 300 MHz CPU and 128 MB RAM operat-
ing in the Windows NT 4.0 environment. We created four scenes (Figs. 8-11) to dem-
onstrate the computational efficiency for our algorithm. Each scene represents a typical
environment for testing the performance.  The resolution of the image in each scene was
1024 x 1024. The number of surfaces and the number of patches are indicated in the
caption for each figure. In addition, all of the images shown in this paper are generated
using our agorithm with anti-aliasing (four rays per pixel) and ray depth three. The
spectral sampling approach [23] is also employed to produce a more realistic color in
metals. Nine spectral samples are used in our implementation.

Fig. 8. Newell's teapot with 33 surfaces. These surfaces are subdivided into 4434 patches.
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Fig. 9. Twenty-four rings with 298 surfaces, where each ring is constructed using 12 Bézier sur-
faces. These surfaces are subdivided into 37104 patches.

Fig. 10. A highly reflective environment with 255 surfaces. Two flat mirrors and one specular floor
are perpendicular to each other.  These surfaces are subdivided into 38422 patches.

6.1 Performance Comparisons

It is difficult to make quantitative comparisons with existing ray-surface intersection
agorithms, because the performance of these algorithms are dependent on programming
style and the organization data structures, for example, the dimension of arrays particu-
larly. Since Bézier clipping [13] is a well-known agorithm, we will compare the per-
formance of our algorithm with that of Bézier clipping.

In our implementation we have modified Bézier clipping according to the schemes
proposed by Campagna et a. [16] and we use simple Newton’s method to find the
ray-surface intersection points. When Newton’s method was used, a smple look-up table
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Fig. 11. A more complex scene that contains 343 surfaces. The backdrop consists of fourteen
curved mirrors.  Two mirrors perpendicular to the floor and located on opposite sides of
the floor are not visible in the rendered image.  These surfaces are subdivided into 49506
patches.

scheme was employed. For each Bernstein polynomial B (u) and BJ"(v), the values
of C',C/",u',(1-u)™", v’ and (1-v)™ " are stored in separate arrays. Hence, the elements
in Newton's method, such asdf, (u,v)/d, or fi(u, ) in Eqg. (9), could be obtained with a
for-loop by using n, i and j as the indicesto these arrays.

Both Bézier clipping and Newton’s method require a tolerant value to check the
convergence of their agorithm. We choose the same tolerant value (10 in our imple-
mentation) for both methods to provide a fair level of comparison. Moreover, we adopt
the uniform space subdivision [20] and the simple min-max bounding volume
(axis-aligned parallelepiped) for both algorithms to reduce the unnecessary ray-surface
intersection tests. Tables 1 and 2 present the statistical characteristics for the performance
of our algorithm and Bézier clipping on rendering these four scenes. The data included
are the sum of rendering a whole scene with 512 x 512 resolutions with ray depth two,
but the method for improving the secondary rays is not employed. Nevertheless, this data
does not include the computations for finding the intersection points between aray and a
flat surface such as afloor and aflat mirror. The timing unit is given in seconds.

Table 1. The experimental results obtained when our algorithm was used to render the
test scenes.

Fig. 8 Fig. 9 Fig. 10 Fig. 11

Algorithms| Ray Depth 1st 2nd 1st 2nd 1st 2nd 1st 2

Newton's |  Conv./Call 97% | 94% | 92% | 72% | 93% | 90% | 95% | 85%
Method Closest 91089 | 44812 | 129964 | 28878 | 131316 | 108164 | 223081 | 126121
Not Closest 1352 | 15967 | 2050 | 16589 | 1285 | 25238 | 3999 | 49904
AV. Iterations/Pt.| 1.7 1.8 22 29 2.2 2.3 1.9 24
Bézier clipping 26226 | 188517 | 68154 | 471200| 68097 | 221076 | 349829 | 845348
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Table 1 presents the experimental results of our algorithm on rendering these four
scenes in ray depth two. Let sn be the number of Newton's method terminated success-
fully and tn be the number of Newton's method that have been called. The row
Conv./Call isthe ratio of sn to tn. For the intersection points found by Newton's method,
the row Closest indicates the number of points that are verified to be the closest points
and the Not Closest indicates the number of points are verified not the closest point. The
row Av. Iterations/Pt. indicates the average number of iterations that Newton’s method to
converge to an intersection point. The row Bézier clipping indicates the number of inter-
section points found by Bézier clipping.

According to Table 1, the method that we used to select the initial points enable
Newton’s method to converge rapidly. The most convincing finding is that an intersec-
tion point could be obtained in less than two iterations and that about 95% of Newton
iteration steps could be terminated successfully.

Table 2 presents a performance comparison between our algorithm and Bézier clip-
ping on rendering these four scenes. Our algorithm achieves a significant improvement
on tracing primary rays. The main reasons why our algorithm can achieve such signifi-
cant improvement are explained in the following. The first reason is the number of inter-

Table 2. A comparison of our algorithm and that of Nishita et. al. on rendering Figs. 7-10.

Fig. 8 Ray Depth 1st 2nd
Algorithms Tot. Pts Times Tot. Pts Times
Our Algorithm | Newton’s method 92441 14.9 60779 34.6
Bézier clipping 26226 188517
Nishitaet al. Bézier clipping 335335 32.9 288456 38.9
Speed Up 221 1.12
Fig. 9 Ray Depth 1st 2nd
Algorithms Tot. Pts Times Tot. Pts Times
Our Algorithm | Newton’'s method 132014 23.6 45467 69.7
Bézier clipping 68154 471200
Nishitaet al. Bézier clipping 439421 66.5 585129 72.0
Speed Up 2.82 1.03
Fig. 10 Ray Depth 1st 2nd
Algorithms Tot. Pts Times Tot. Pts Times
Our Algorithm |  Newton’'s method 132601 29.3 133402 535
Bézier clipping 68097 220176
Nishitaet al. Bézier clipping 297401 61.5 443766 69.3
Speed Up 2.10 1.30
Fig. 11 Ray Depth 1st 2nd
Algorithms Tot. Pts Times Tot. Pts Times
Our Algorithm | Newton’'s method 227080 735 176025 145
Bézier clipping 349829 845348
Nishitaet al. Bézier clipping 1170938 145 1443755 192
Speed Up 1.97 1.32
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section points that needed to be found in our algorithm is obviously less than that of Bé-
zier clipping. The more high curvature surfaces in the environment, the more significant
improvement will be. The second reason is that if we take the computation cost of find-
ing an intersection point as a measure, Newton's method is potentially lower in cost than
Bézier clipping. Hence, the more intersection points found using Newton’s method, the
more the execution time saved. For example, when the image shown in Fig. 9 was traced,
most of the traced rays intersected the ring surfaces at two intersection points. The num-
ber of intersection points found by our algorithm are at about half that found by Bézier
clipping. The performance of our algorithm is 2.82 times faster than that of Bézier clip-
ping. Thisisthe most noticeable result of our algorithm.

The performance of our agorithm on tracing secondary rays depends heavily on the
coherence property. If an environment provides good coherence in tracing secondary rays,
our algorithm can achieve a very significant improvement. For example, Fig. 10 and Fig.
11 are created to provide such environments, our algorithm did improve the performance
of Bézier clipping by 25%. Mirror or highly reflection effects are used in many practical
applications, such as movie film production and music television video (MTV). To ani-
mate parametric surfaces in such environments, our algorithm will be very helpful in
improving the performance efficiency.

To determine the performance of our algorithm in tracing secondary rays, we ap-
plied it to the above four scenes. The experimental results are presented in Tables 3 and 4.
For secondary and third ray depths, Table 3 presents a comparison of the total number of
intersection points found by using Bézier clipping and Table 4 presents the execution
time spent. For shadow rays, the experimental results counted for ray depth three. Table 3
shows the percentage of ray-surface pairs that did not require the determination of inter-
section points and Table 4 presents the execution time. Note that this data does not in-
clude the computations for dealing with flat surfaces such as floors and flat mirrors.

Table 3. Statistics for before and after the improvement of tracing secondary rays. The
row Avoid/Call indicates the percentage of shadow ray-surface pairs that did
not requirethe determination of intersection pointswith our proposed method.

Fig. 8 Fig. 9 Fig. 10 Fig. 11

Ray Depths 2nd 3rd 2nd 3rd 2nd 3rd 2nd 3rd

Before Improvement | 249296 | 111526 | 516667 | 247669 | 353589 | 266263 |1021373| 622589

After Improvement | 82510 | 11484 | 153661 | 75821 | 197254 | 110713 | 483597 | 223039

Shadow Rays Scene 1l Scene 2 Scene 3 Scene 4

Avoid/Call 91% 85% 91% 84%

The occurrence of the circumstances of self-shadowing or self-reflection is quite
seldom for the general case. Avoiding the unnecessary computation of ray-surface inter-
sections can be achieved by some simple and straight forward testing in our algorithm.
Obvioudly, the advantage of our proposed strategy is that the number of ray-surface in-
tersections that need to be found can be decreased. This is why our proposed agorithm
can achieve avery significant improvement on tracing secondary rays and shadow rays.
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Table 4. The speedup of our proposed method on tracing secondary rays.

Fig. Ray Depth 2nd 3rd Shadow Rays
8 Before Improvement |  34.6 21.9 193
After Improvement 23.6 10.2 113
Speed Up 1.47 2.15 1.71
9 Before Improvement | 69.7 37.6 284
After Improvement 44.8 22.6 125
Speed Up 1.56 1.66 2.27
10 Before Improvement | 53.5 54.4 326
After Improvement 44.2 40.1 211
Speed Up 1.21 1.36 1.55
11 Before |mprovement 145 135 1027
After Improvement 114 91.3 363
Speed Up 1.27 1.48 2.83

6.2 The Utilization of Newton’s Method on High Accuracy Environments

According to our experimental results, the method we used to select the initial
points enable Newton’s method to converge rapidly. In our implementation, the tested
environments are rendered by the simple Newton’s method with 10 as the tolerance
value. To evaluate the behavior of our algorithm when the high accuracy was require-
ment, we render the tested environments using both the simple and the original Newton’s
method with different tolerance values. Table 5 presents the results obtained when our
agorithm was used to trace primary rays with tolerance values of 10, 10°, 10® and
10™°.

Some constructive and meaningful results reveal to us. The method we used to
select the initial points provided stable convergence for the original Newton's method as
more significant digits are required. In addition, the performance of Newton's method
is better than that of the simple Newton's method. Hence, our algorithm is useful when
avery high level of accuracy isrequired. Under such environments, Newton’s method
isabetter choice than the simple Newton's method.

7. CONCLUSIONS

We have proposed an efficient and stable ray tracing algorithm for finding the
ray-surface intersection points. The experimental results indicate that the combination of
Bézier clipping and Newton’'s method can provide faster speed in finding the ray-surface
intersections. The improvement of our algorithm on primary rays is remarkable. Another
significant contribution is that we proposed a novel method to improve the performance
for tracing secondary rays. This approach introduces a 20% to 50% reduction in total
rendering time for tracing secondary rays.

Our algorithm is very helpful in curved surface design and animation of curved sur-
faces. For curved surface designed environment [24, 25], our ray tracing algorithm can
provide true view-dependent highlights efficiently. For animation of curved surfaces,
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our algorithm can save lots of computation time in simulating the reflections between
curved surfaces and the environment.
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