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Performance of Service-Node-Based Mobile
Prepaid Service
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Abstract—in the recent years, mobile prepaid service has be- In summary, prepaid service improves the cash flow for the op-
come an important mobile application with rapid growth of sub-  erators, reduces the time of cost reclamation and increases the
scription rate. The most widely deployed prepaid solution today is capability of competition.

the service node approach that deducts and updates the prepaid = id . K foll To initiate th id
credit during a phone call. Implementation of the service node ap- IEpaid SEIVICE WOIKS as 101ioWS. 10 Infiate e prepaid Ser

proach may generate large number of credit checks that signifi- ViC€, @ customer purchases a prepaid card from the operator.
cantly degrades the performance of a service node. We investigate The prepaid card includes an associated directory number and
how the number of credit checks affects the workload of the service the credit. The prepaid service is usually activated immediately
node and the bad debt that a service provider may bear. We pro- o \vithin a certain number of days after the initialization. When

pose an analytic model to derive the optimal credit checking/up- . g .
dating frequency for the service node approach. The analytic anal- the customer originates a prepaid call, the corresponding charge

ysis is validated against simulation experiments. Our study indi- IS decremented from the remaining prepaid credit. Most prepaid
cates that the number of credit checks increases rapidly when the systems have configured credit thresholds [4]. If customer’s bal-
call pattern is irregular. We also observe that in order to reduce ance is below the threshold, the customer will hear a whisper
the checking cost of the service node, the prepaid service provider y,nq yaminging this person to recharge while he/she is talking.
should encourage the customer to make long calls by giving them L
discounts. Once the balance reaches zero, the customer cannot originate
calls, but may be allowed to receive phone calls for a period
(e.g., six months). Prepaid service can be reactivated by pur-
chasing a top-up card to recharge the prepaid credit. The top-up
card is like a scratch card with a secret code inside it. The cus-
|. INTRODUCTION tomer dials a toll-free number and follows the instructions of an
ECENTLY, the mobile prepaid service has become poglteractive voice response (_IVR) to input _the phone number and
ular. In USA, the prepaid calling market grew 56% t he secret code. Th,e prepaid system verifies the sepret code and
about two billion US dollars in 1998 and is expected to mair{gafres_hes customer's account. On thg other hand, if the balan_ce
tain & high growth rate to 2005 [1]. By 2001, it is predicte&emams zero for a period without being recharged, the prepaid
that more than 40% global system for mobile communicatiof¥Stem deletes the customer record and the customer cannot

(GSM) customers will subscribe to prepaid service [1]. At thgrlgmate orreceive any phone calls. . . .
Four billing technologies are used in prepaid service: hot

end of 2003, mobile prepaid service will account for 62% j‘f

Index Terms—Global system for mobile communications
(GSM), mobile phone network, prepaid service, service node.

the cellular user base [2]. In Australia, Telstra started prep ling appro;lch, dsﬁrv'ge nct))de a;jpproach, r:ngalll_glj_ﬁnthnetgyl?rk
service with 100 000 customers and had exceeded the sys approach and handset-based approach [5]. The hot billing

capacity in early 1999 [3]. In Taiwan, FarEastone reported th%?proach uses call detail records (CDRs) produced by the

more than 40% of their customers subscribed to prepaid serv‘l'}f'éele_'SS switch (i.e., mobile switching center) to process the
in May 1999. prepaid usage. These records are generated after call comple-

From the customer’s point of view, prepaid service provid%ﬁ‘gscart‘d tﬁre trans_p()jorted _from tr:e nl]—|0bt |I§_”§W|tch|ng Cer? tgr

an immediate service without a long-term contract or regul ¢ )ﬁ Ot' etE)repa| gte(;wce cetn er. hot bifing ﬁpproac. Iti

bills. From the system provider’s point of view, prepaid servicg?St eliective because It does not require major changes in the
8 ork infrastructure [6]. However, since a CDR can only be

enlarges the customer base and reduces operation overhead itted until th i leted. th id credit
as printing monthly bills and checking customer’s credit befofgnsmitted until the call s complieted, the prepaid credit may

providing service. In prepaid service, the revenue is receivgfcOMe negative at the end of a phone call. This incurs the one

typically one and half month earlier than the postpaid servic%?gvfggrzsure problem that may cause large loss to the service

In the handset-based approach, the prepaid credit and
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Fig. 1. Service node architecture for prepaid service.

Similar to the hot billing approach, the handset-based approaww signaling protocol is required in the IN approach to sup-
does not incur major modification to the carrier’s infrastructur@ort prepaid services. Upgrading all MSCs to support the new
However, the prepaid system requires GSM phase-Il-compliaignaling protocol is expensive. Such a new protocol is not re-
handsets. This requirement restricts the market penetrationgliired in the service node approach.

addition, security is a serious problem with this approach. ToWe have studied the hot billing approach in [9]. The com-
eliminate the possibility of fraud, network needs to act asgarison of the four prepaid approaches can be found in [10].
backup to keep track of the prepaid credit usage. This paper investigates the performance of the service node ap-

The intelligent network approach is considered as a complé’c@"?‘Ch gnd is organized as foIIow;. Section Il describes thle call
solution for the prepaid service. It migrates the service contf@figination procedures of the service node approach. Section Il
and service development functions from the MSCs to the pf€Sents the analytic model for the service node approach. Nu-
paid service control point (P-SCP). The SCP contains servigirc resglts are presented in Section IV, and the conclusions
logic programs (SLPs) and associated data to provide IN s@f€ given in Section V.
vices [7]. When an MSC encounters a prepaid call, it communi-
cates with the P-SCP through SS7 links, asking the P-SCP to de- II. THE SERVICE NODE APPROACH
cide how the call should be processed. The P-SCP performs thgve use the GSM network as an example to illustrate the ser-
service control functions (e.g., checking credit and activatingyéce node architecture and the prepaid call origination proce-
countdown timer) based on the customer’s credit and sends ad@re. Fig. 1 depicts the architecture of the service node ap-
sponse message back to the MSC. After receiving the messaggach. The service node, which controls the call processing for
the MSC performs the P-SCP instructions to accept or rejgftepaid calls, can be viewed as an extended platform from the
the prepaid call. Since the P-SCP is not on the voice path, @gsting telecommunication network. Customer billing and ac-
intelligent network solution allows real-time call control withcountinformation is stored in the prepaid billing platform (PBP)
low capacity expansion cost. However, not all carriers are integ support real-time call rating. When a customer subscribes to
ested in implementing this approach because of the investmgi# prepaid service, the prepaid billing platform creates the sub-
on P-SCP and the necessity for software modifications in glriber record including the MS identities, amount of the pre-
MSCs. paid credit, the date of initialization and related authentication

The service node approach is the most W|de|y dep|oyed pi@tormation. Prepaid service is activated within a short time after
paid solution today and is viewed as a stepping-stone to the infélé service is subscribed. In the service node approach, the cus-
ligent network approach. Compared with the intelligent netwofRmers can interact with the IVR for service query and credit
approach, the service node approach integrates the functionségharging. The IVR can also communicate with a customer
the MSC and service control point (SCP) in a closed configurghen the prepaid credit is low.
tion [8]. The service node usually collocates with an MSC and The prepaid call origination procedure is illustrated in Fig. 2
is connected to the MSC using high-speed T1/E1 trunks. Fd is described in the following steps.
each prepaid call, the MSC routes the call to the service nodeStep 1) A prepaid customer originates a prepaid call by di-

for call processing. After the service node performs the service aling the called party’s phone number.

control functions, the prepaid call is routed back to the MSC andStep 2) The MSC identifies that the call is a prepaid call and
then to the called party. If the called party is a wire-line tele- routes the call to the service node.

phone, then the MSC sets up a trunk to the switch (i.e., centralStep 3) The service node requests the prepaid billing plat-
office) in the PSTN. The PSTN switch performs call switching form to verify if the customer has sufficient credit to
and connects to the wire-line telephone. Thus, to set up a mobile make this call.

prepaid call, it requires two ports on the service node and fourStep 4) If the call is granted, the service node activates a
ports on the MSC. Since the service node is on the voice path, countdown timer for charging and sets up a trunk
this approach allows real-time call control. However, the cost of back to the MSC. Eventually, the call is routed from
capacity expansion in the service node approach is higher than the MSC to its destination. During the conversation,

that of the intelligent network approach. On the other hand, a the prepaid credit is decremented in real time at the



CHANG et al. PERFORMANCE OF SERVICE-NODE-BASED MOBILE PREPAID SERVICE 599

5 5
wse |2 ‘g\
45 1 1
5 Mobile

: 6 ’ Station
P{epald Service 2 4
Billing 3 Node
Platform
4 gH
-l [—
HH
Telephone
Fig. 2. The prepaid call origination procedure.
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Fig. 3. Case i): The charges for prepaid calls where the last call is forced to terminate by the service node.

service node according to the carrier-defined rate [ll. THE ANALYTIC MODEL
plan.

Step 5) If the prepaid credit becomes negative before them this section, we propose an an*alytic model to derive the ex-
end of the conversation, the call is forced to termi2ected numbgr of cred|tlcheckE[ ou]) and the expected bad
nate by the service node. In this case, the call m ,bt (E[B,E]) in the service node approach. LBtbe the pre-
be rerouted to the IVR to play announcements r jaid credit andK be the number of calls that a customer has

minding the customer to recharge the prepaid credmade when the prepaid credit runs out. We assume that a cus-

Step 6) After the prepaid call completes, the credit is uéﬁmerwill_gonsu_me z\a/l\l/rt]he prepaid creqlit_before hEIShe gi\;]es up
dated at the prepaid billing platform. In the low e prepaid service. When a customer is in conversation, the ser-

credit case, the IVR may also be instructed to play\ﬁCe noge pg1|oq;::allyhdecrtlalmentslthe cust?]mer N dc.rid't by the
warning message to the customer. amount/ until either the call completes or the credit becomes

The service node checks and decrements the prepaid Crggﬁatlve. . .
periodically during the conversation to avoid potential large b?gste(}[ ag (:h;(lt’hf’c.ai". {é r:nilrza?:st?r? gﬂgrgﬁﬁ;t{'ﬁg g;!el-he
debt. However, the capability of the service node may be lim-="""" '
ited since all service control and call-switching functions are €asei) The service node discovers that the prepaid credit
implemented on the service node. Theoretically by upgrading ~ "uns out by periodic checks and the call is forced to ter-
the processing power of the switch or service node, the service Minate (see Fig. 3).
node will permit a real-time credit monitoring. However, in a Caseii) The last call completes before the service node dis-
real mobile phone network operation, the processing budget for ~ COVers that the credit becomes negative (see Fig. 4).
aservice node should be accurately planned. An example of pioFigs. 3 and 4, the horizontal line is the “prepaid credit line”
cessing budget planning for a telecommunication node canthat illustrates the decrement of the prepaid credit due to peri-
found in[11]. In real operation, a service node may process ovalic credit checks during the calls (the vertical lines). For the
10000 prepaid calls simultaneously. To support real-time moterivation purpose, letx be the charge of the last call if the
itoring for so many simultaneously calls, the cost for upgradirgervice node would not terminate the call when the credit be-
processing power is too high, and is not justified. Thus, the opemes negative. We assume that: = 1, 2, ..., K) areinde-
erators always ask the following question: “What is the crediendent and identical random variables and the expected value
checking frequency so that the sum of the credit checking cdsz;] = 1/v. Let B be the loss of the service provider aBd
and the bad debt is minimized?” This paper utilizes analytic ate the corresponding value if the last call were allowed to com-
simulation models to investigate the performance of the servigkete (i.e., the amount between when the credit is exhausted and
node, and answers the above question. After the answer is fountien the call completes). Note tha} equals ta5;, in Caseii).
the operator can choose the appropriate processing power for thBince the call holding times are independent and identically
service node so that it can support, say, over 10 000 simultadestributed, the call completion in the service node approach
ously prepaid calls at the selected credit checking frequencycan be modeled by a renewal process [12]. EEV.;,] be the
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Fig. 4. Caseii): The charges for prepaid calls where the last call completes before the service node discovers that the credit becomes negative.

expected number of credit checks assuming that the total credit' ~*e=™17% and f.(y,) = [(m1y)™"/(min — 1)1]
is B + Br. In this case, theth call is allowed to complete 4™~ Le="17%=), Then,E[n.;] can be expressed as
normally. LetF[n.] be the expected number of credit checks

for a call. Based on the Wald’s equation [1Z][N.;] can be
expressed as Elne] = Z / f(#;) dw;
=0- 1)1
E[NCh] - E[K]E[TLCh] (1) = /.I |: (mI’Y)Tnl :| 7471171 —MLYE o
Let E[N%,] be the expected number of credit checks in the w=0 Lma = 1)1
service node approach (i.e., the expected number of credit 2 9 (may)™ | im1 e J
checks when the total prepaid credit/®. From (1), E[N%] + ] Titoo
can be approximated as o my—1 I il
miy) !
B[] AP IPD [ } (4)
E[N3) = ElNa] = =5
EB
= E[K]E[na] - [I L]- (2) From (3),E[K] can be expressed as

Let y,, be the accumulated charge of the firstalls. That - N , 5
iS, yn = Doy @i Let fu(y,) and Fr(y) = Pr{y, < y} be EIK = 1 N~ [ mayBY e 1
the density and distribution functions gf, respectively. From K] Z Z 4! e
the renewal theory [12, p. 100], the expected valll&’] can be
derived as

n=1 7=0

When B is sufficiently large, an approximation fdf[K] has

E[K] = Z Fo(B) + 1. 3) been derived in [9]

2nvyB+mi +1
2m1 )

EK] = ©)

We consider two cases for prepaid crefitfixed credit and
recharged credit. In the fixed credit cage,is fixed. In the
recharged credit case, a customer may recharge the pregatsin (5) and the Wald's equation, witB sufficiently large,
credit several times before the customer gives up the prep@gBL] can be expressed as
service.

. . mi + 1
A. Fixed Credit Case E[Br] = E[z;]E[K] - B ~ ST

Inthe fixed credit case, the prepaid credit is a constant. In PCS
services, the call holding times are usually assumed to be exppom (2) and (4)—(6)E[N
nentially or Erlang distributed [13]-[15]. Erlang distribution is
used so that we can obtain close form for the analytical model. -
Furthermore, Erlang distribution is more general than the exp "1~ Z
nential distribution, and it can be used to investigate the cas o
when the variance of the call holding time distribution is small.
Note that the effect of call dropped due to handover is already
considered in the call holding times in our model. In a real PCS

network, the measured call holding times include both complete _ ) )
calls and dropped calls. Next, we derive the expected loss of the service provider

Since the charge of a call is proportional to its calf![B1] as follows. Letp; andp; be the probability that Case
holding time, z; can be assumed to have an Erlang def-and Case ii) occur, respectively. Thei,B] | is expressed as
sity function f(x;) with meanE[z;] = 1/~ and variance
Varle] = 1/min? (e f(z) = [(may)™ f(my — 1] E[B}] = pLE[B}| Case i) + po E[B}| Case ii).  (7)

(6)

*.] Is approximated as

ch

"

i |: ml’YJI k —7711"/]]:|
k=0

N 2mivyB+m1 +1 my +1
2m1

j=1

2myyl
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Let! be the number of credit checks of the last call. The expected
bad debt of the service provider in Case i) can be expressed asd2 =

E[B}| Casei) =2,(B)

~ (U [71-2)

o~ [B/I-1

><fa:1 da:l—i—z Z /
n=1

B—(1-1)I
Yyn=B—1I

Tpp1=U1

X f(@nt1) dyn d$n+1+2/ i
Tpt+1=

B—([B/N-DI /[ p
()
Yn=0 I

X fn(yn) f(xn-l—l) dyn dxn-l—l}

=A; + A+ Az 8

where f,.(y,) is the density function of the charge ofaccu-
mulated calls and

A= <pi1> /a:ifB/ﬂI <[?—‘ - B) flan)dmy ()

oo [B/I1-1 B—(I—-1)T
<p1> E:I Z /Tnﬂ_lr /n_B ir

n=

X (U + yn — B) fr(yn) f(@nt1) dyn dzpgr  (10)
and

1 o0 oo B—([B/TI-1T
1= G
D1 —1 Jrn1=[B/1T Jy,=0

n=1

(o)

X fn(yn)f(xml-l) Y, Ty (11)

The termA; represents a trivial situation in Case i) where the

first call consumes all prepaid credit (i.es > [B/I]I). The

loss of the service providds; is [B/I]1 — B. The termsA;

and A3 represent the situation where a customer has made

(n > 1) complete calls before prepaid credit runs out. Since the

last call is forced to terminate at ttith credit check, the bad

debt of the service provideB; is I 4+ y,, — B. The termA,

represents the situation in Case i) wherel | < [B/I] — 1.

The call charge of the last call, |, is larger thard! and the total

charge of priom callsy,, satisfiesB —I1 <y, < B—(I—1)I.

The term A3 represents the special situation in Case i) where
= [B/I] and the total charge of priof calls y,, satisfies

0 <y, <B-—([B/I]l-1)I. From (28)—(30) in Appendix |,

Ay, A; and Az are expressed as

e )y [

p1 =0

% e—rnl'ny/ﬂI (12)

As =

601

min—1

% Z |: ml’Y lI)J+ :|e—rn1'yB

oy [u}

k=0

min—1
X {my([B (l — DIy o A (B+I)

Jj=

Q[

k=0

() e ()

5~ [M}

~ k!
L { {mu[B = (L= DY } ew<B+f>}
J=0 7
(13)
G ([7]r-+)

B k
(o219
% Z e—nn'ny/I]I

k!
4 B J
e oo ((5]-)1)
« 3 ;
j=0
B k
e o [2])
—myy(B+I) _ "
e <’7> kZ:o k!
B J
we | {mr |- ([7]1) 1}
«3 ;
§=0
x 7V (BHD & (14)
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Using a similar approach as above, the expected bad debt in

Case ii) can be expressed as

E[Bj| Caseii) = ®2(B)

G

oo [B/I1- 1/11 /B—(l—l)l
Zpp1=(-1)I Jy,=B—z, 11

X (xn-l-l +Yn — B)fn(yn)f(xn-l-l) dyn,
B/

X dznq1 + /
nz::l znp1=([B/T1-1)I

B—([B/IN1-1)I
X/ ($n+l +yn_B)
Y

Yn=0

B)f(xl) d.l’l

X fn(yn)f(xn-l—l) dyn dxn-l—l}
=B+ B>+ B3 (15)

whereB;, B, and Bs are

[B/1r
Bl = <i> / (.Z‘l - B)f(xl)dxl (16)

D2 z1=R

[B/11-1

=SS B—(1-1)I
< ) Z Z \/3977,+1—(l—1)1 /yn—B—acn+1

X ($n+1 +yn — B)fn(yn)f($n+l) Ay drpyr  (17)
and

. < 1 ) i /[B/I]I /B—([B/H—I)I
3=1|—
P2/ "3 Jewp=([B/I-1I Jy,=0

X (-Tn-i—l + Yn — B)fn(yn)f(xn-l—l) dyn d-Tn-l—l- (18)

From (31)—(33) in Appendix IIB;, B2, and B3 are expressed
as

1 % (ml’YB)k — B
B — - my1y
' <p2’Y> Z [ k! ‘

k=0

B k
. [ [
_ Z —I e—miy[B/ 1T

~ <§> nl1—1|:(m1’yB) :| —m B
P2 =0 k!
B k
ool
_ o e—nn'ny/I]I (19)
k=0 ’

k=0

k+1
e—™mYB Z k+1 <k + 1)

y BY (lI)ml+kﬂ+l - "’12"51 (myy)™tE
mi+k—j7+1 (m1 — DIK!

k=0

k+1
77711"/B Z k+J <k + 1)

J

e

k=0

oL I — DIy 1
3 [mw("' )] n <_
= J! o

mlznz—l {{mw[B _k(!z — DI}* } o~ (B+I)

k=0

— uy
2:9@1J_+B

=

IS (AmoB— (= DIFY
> K ’

k=0 '
Ei3@£ﬂ;i£ﬂ_3

: J!

j=0

mf:_l { {min[B _kgz — DI}* } (B

k=0

j=0 k=0

k J 07Ty ke
—rnl'yB Z k—l—] BJ(ZI) i
J my+k—j

|

o[t
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5= () 2 (6)2

n=1

w e~ mY([B/N-DT _ <l>
v

k
B
my—1 |:m1’7 <’77—‘ - 1) I:|
% e~™Y[B/II _ B Z

k!
k=0
k
B
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k=0

sl
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k=0

Whenm, = 1, z; is exponentially distributed. From (7), (8),
(12)~(15), (19)(21) withn, = 1, E[B;] can be expressed as

1 1
-~ - 7 EBil=(=)e B (=) I8/
j! [L] <7>6 <fy>e

[l Q)
SRl

g ol

x "M (B .
bl

603

2_2 ma (17]-3) Ir

k!

x ¢~ (IB/N-11
B k
<n>"’1‘1 <m” [ﬂ I)
—{ = Z -
v) & k!
X e—ml"/[B/HI — <E>
y

e [ fo - (210

[l

—my~y(B+T)

X e

mp—1

x 2
=0

(21)

(]

oo {[B/ﬂ—l
" =1
n— 1{’7k 1
0[ = (T 1) Hl}c_w}

. {,y l—l)I]"} B _ <%> e—wB}
A )]

w ¢~ (TB/T=DI _ <1) e IB/I
8

3
Il

l— HI* }6—"/(3"’[)

:,—/H

"‘II




604 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 51, NO. 3, MAY 2002

. ( S {B B <[§w B 1) I} Y Thus,E[K|Ng = n,] can be expressed as
- I
—"/B
t F ‘ EK N = n]
my—1 min+k
\ ] o o _ Z n+1) Z [m1v(Br + n.B,)]
— B — (min + k)!
n—1 ’Yk 1 B — —|—-1}1 = k=0
_ Z L ! - —B
— k! € wx e~ ™7V (Brtn.Br) . (24)
4 r - Tk
A B = < B 1) I From (24),E[BL] can be expressed as
\- I
L J —~(B+I)
2 i o
k=0 E[Br] = Z {E[K|Ng = n,|E[z;] — E[B; + n.B,]}
\ / n,=0
( B » oo
n k=11pB— —|—-1)7 1
(0] ) e
N Z k! ¢ : 7/ =0 nr=0
k=0 my— min+k
[ X 21:1 [m1y(Bi + n,. B ™"
(22) — (min+k)!
oo\ (5,0 2 5,
B. Recharged Credit Case 1-p
In the recharged credit case, a customer may recharge his/her (25)

prepaid card before the credit runs out. At the beginning, a cus-

tomer purchases an initial cred#; and then recharges his/heFrom (2), (4), (24), and (25§ [N,

credit several times. LeB,. be the amount of single recharged

credit andNg be the number of recharges that a customer has {
EREE

* ] can be approximated as

ch

oo mi—1 (ml,yj_[)ke—ml"/ji
2 i

made before he/she gives up the prepaid service. We assume tpaiy

Npg is a geometric random variable with the parametére., p

is the recharge probability). Then, the probability mass function {
X

of Ng is expressed as

n=0 Ny=
Pr{Ng =n,} = (1 —p)p", n-=0,1,2, ..., 00. N et [m1vy(Br + n,,B,,)]mln"'k
— (min + k)!
The prepaid crediB equals toB; + n,.-B, and its expected 5 5 1
value E[B] equals toBr + (p/(1 — p))B,.. First, we consider x T Brne B 4G <—7>
the case where the call chargehas an Erlang distribution with
meankE[z;] = 1/~ and varianc& ar[z;] = 1/m1~?. To derive 1 i
E[K|Ng], we assume that the last call is allowed to complete “1\5 Z n+1) Z P
normally. The probability that calls are completed before total ) n=0 =0
credit runs out giveriVg = n,. can be expressed as « "’21: [m1y( BI +n, B R
(min + k)!
Pr{yn < Br+n.B. < Yn + $n+l|NR = nr}
—m Br+n. B, p
/BI+TLTBT/OO X e v(Brt )}} — <BI + 1 _po) } .
n=0 Tpi1=Br+n,. B, —uyn

Using a similar approach as the fixed credit case [see (8)], the

X Jn(Yn ) (@nt1) s dyn- (23) expected bad debt in Case i) can be expressed as
From (36) in Appendix lIl, (23) can be expressed as E[B}| Casei) = p™ (1 — p)®1(B; + n.B,). (26)
Pr{y, < By + 1B, < yp + Tpnt+1|Nr = n,.} Similar to the fixed credit case [see (15)], the expected bad debt

in Case ii) can be expressed as

_ "lzlil { [mlfy(BI + 717,B7x)]nhn+k e—rnl'y(BI-l—anr)
(min + k)! '

= E[Bj| Case (i] = p" (1 — p)@2(B; +n,B,).  (27)
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TABLE | 1000 o : Blz;) = NT$38
COMPARISON OFANALYTIC AND SIMULATION MODELS (FIXED CREDIT CASE, 90.0 4 + : Ela;] = NT$37.2 4
Elx;] = NT$36,Var[xz;] = 1296, T = NT$12) *: Elz] = NT$37

80.07 4: Elx;] = NT$36
x : Elz] = NT$35

E[V E[B]] ElNa] - 7007
B | Simulation | Analytic | Error || Simulation | Analytic | Error 60.0 -
== = — = X
100 | 1037 10.33 [ 0.39% || 5.78 5.7 0.0% |
300 | 29.95 20.93 | 007% | 5.67 5.67 0.0% 50.0 4 4 i B Y
100 | 39.75 3973 0.05% | 5.67 567 0.0% L
500 | 49.55 1952 | 0.06% | 5.67 567 0.0% 40.0 T T
107 102 107 10° 10
Ce
TABLE I
COMPARISON OFANALYTIC AND SIMULATION MODELS (RECHARGED 11.0 < E[5] = NT5%
= = P = . o — : Blz;] = NT$37.2
CREDIT CASE, E[B] = NT$500,B; = NT$100,p = 2/3, E[x;] = 9.0 *;:E[[;,]]:NTW

NT$36,V ar[x:] = 1296) 4 Efr;] = NT$36

E|[B;) 7.0 * x @ E[z;] = NT$35
. BNy, E[B}] (NT$) . ] I
I Simulation | Analytic | Error || Simulation | Analytic | Error o
35.88 35.84 0.11% || 8.25 8.25 0.0% 3.0
12 | 49.55 49.52 0.06% || 5.71 156.71 0.0%
0.2 | 2507.05 250745 | 0.02% | 0.098 ‘ 0.098 | 0.0% 1.0 T — T T T
10-% 102 107t 10° 10!

From (7), (8), and (15) and (26) and (2#[B;] can be ex-

pressed as Fig. 5. Effects ofC, in the fixed credit caseff = NT$500, = NT$12).
* - n 100.0 o:p=1/3, B, = NT$800, Var[B] = 4.8 x 10°
E[Br] = Z p"(1-p) 90.0 |+ P o5 By = NTS600, Var[B] — 4.0 x 10° ]
— *:p=2/3, B, = NT$200, Var[B] = 2.4 x 10°
=0 80.04 @:p=4/5, B, = NT$100, Var[B] = 2.0 x 10°
X [p1®1(Br +neBy) + p2®2(Br + n,B)]. BINY] 700+
60.0 4
50.0 4
IV. NUMERIC EXAMPLES
40.0 s R ALY
This section investigates the performance of the service node 107 1072 1o~ 10" 10t
approach based on the analytic model developed in the previous C
section. Simulation experiments have been conducted to vali- 100 -
date the analytic results. Each simulation experiment was re- oo S T a0 venig — o
peated 500 000 times to ensure stable results. To reflect the situ- *:p=2/3, B, = NT$200, Var[B] = 2.4 x 10°
. . . . . 8.0 4 <:p=4/5, By = NT$100, Var[B] = 2.0 x 10°
ation of prepaid service in Taiwan, the expected charge of a call %%
is assumed to be NT$36, and the expected prepaid dbedite 7.0 |
NT$100, NT$300, NT$400 and NT$500. Tables | and Il com- 6.0
pare the results of analytic and simulation models. The tables 5o
. . . . . . B T T T T T T T T
indicate that the analytic results are consistent with the simula- 107 102 1071 10° 10"
tion results. G

o Fig. 6. Effects ofC,, in the recharged credit cas&|B] = NT$500,B; =
A. Effects of the Variation of Call Charges NT$100,E[r;] = NT$36 and/ = NT$12).

This subsection studies the effect of the variation of call
charges onE[Ny,] and E[B; | for fixed credit and recharged | poth fixed credit (see Fig. 5) and recharged credit (see
credit cases. The call charge is assumed to have a Gam#i g) cases, the service node periodically checks and updates
distribution. The Gamma distribution is selected because it %%paid credit withl = NT$12. The coefficient of variatiof'
been widely used in the PCS studies [14] and can be shapgfges from 10% to 10'. In the fixed credit case, the prepaid
to represent many distributions. A Gamma distribution has the, it equals to NT$500. The call charges have a gamma dis-

density function tribution with mean&[z,;] = NT$38, NT$37.2, NT$37, NT$36
B L and NT$35, respectively. In the recharged credit case, the ini-
f) = e e, fort>0 tial prepaid credif; = NT$100 and the mean of prepaid credit

E[B] is NT$500. The number of recharges is assumed to have
wherec (>0) is the shape parametgr(>0) is the scale param- a geometric distribution and the recharge probabjlitsaries as
eterand’(q) = f::o 29 te™* dz. The mean of Gamma distri- 1/3, 2/5, 2/3 and 4/5. In this experiment, we only present the
bution is«/3 and the standard derivation g« /3. Let C, be results where the call charges have a gamma distribution with
the coefficient of the variation of call charg€’. equals to the meanFE[x;] = NT$36. Similar conclusions can be drawn fgr
ratio of the standard derivation to the mean of the distributiowith various means.

For Gamma distribution?,, = 1/4/c. In our experiment(, Both figures show that for?, < 5 x 102, E[N%,] and
ranges froml0—3 to 10. A largeC, represents that there areE[Bj] are sensitive t&[z;], but insensitive ta”,.. We explain
more short calls and long calls. this phenomenon in Appendix Ill. The figure also shows that
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125 -
55 55
100
EB/T | EB/T | ¢ c
w ) e (NTS) (NT$) T
50
454 45 -
A
40 T T T T T T T 40 T T ' T T T T
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40 :
1 (NT$) 1 (NTS) I (NT$) I (NT$)
(a) B = NT$400 (b) B = NT$500 (a) B = NT$100 (b) B = NT$500
. 150 *:¢=005 150 *:p=005
Fig. 7. Effects off on E[B;]/I (E[x;] = NT$36). +1 g :8.01 +: ﬁ :8.01
* = U. * = U

001 001
whenC, > 5, E[N},] increases sharply in both fixed creditand »
recharged credit cases. The reason is that whencreases, the (N9 1
number of short calls, whose call charges are lessthalso in-
creases. For each short call, a small amount of credi([) is
consumed and a credit check is required. As a result, the numb RS e =
of credit checks increases as the number of short calls increast 0 2 4 6 8
We call this the short call effect. To avoid this effect, the prepaic () B{5] ~ WT8e00, p = 1/2
service provider can implement billing policies to discourage

short calls (e.g., higher rates in the first minute of a prepaid c&ll. 8. The cost function CE[x;] = NT$36,Var[z;] = 1296).
and lower rates for the remaining call holding time).

(NT$)

T 0 T T
10 12 0 2 4 6 8

T
10 12

1 (NT$)
(d) E[B] = NT$500, p = 2/3

Consider the fixed credit case wheBe— NT$500. Forg =
B. Effect off on E[B}]/1 0.05, the credit checking cost is high adid= NT$6 should be
Fig. 7 plotsE[B;]/I as a function off in the fixed credit Selected. Fop = 0.001, the credit checking cost is low atfd=
case. The mean of call chargéz;] is NT$36 and/ ranges NT$1 should be selected. In addition, for the samehe value
from NT$0.2 to NT$36. In this experiment, we consider tw@f Optimal [ increases a® increases. Although the above re-
scenarios wher® = NT$400 and NT$500, respectively. sul_ts are i_ntuitive, our analysis quantitat_ively computes the pre-
Intuition suggests thak[B}] would be equal td /2. How- paid service overhead to select the qptlmal checking intdrval
ever, the figure shows th##[B; /I is equal to 1/2 whel, < gccprdmg to.the capab|I|'Fy of the.serwce node. For the examples
1.41 and [ is sufficiently small (e.g.J = NT$0.2). It is inter- N Fig. 8 (which are consistent with the real network operation),
esting to note that whe@, < 1.41, E[B;]/I almost linearly acceptabld values range from NT$1 to NT$6.
decreases akincreases. The reason is that/amcreases, the
probability that theX'th call terminates normally (rather than V. CONCLUSION

be forced to terminate by periodical checks) increases. ThusThis paper studied the service-node based approach for the
the expected losB[B} ] becomes smaller thaly2. We also ob-  prepaid service. We described the system architecture and the
serve that when’; is large (e.g.C’, > 2.24), E[Bj]/I appears procedures for call origination. An analytical model was pro-
to vary with an irregular pattern. XS, increases, the numberofposed to analyze the performance in the fixed credit and the
small and larger; also increases. Whef; is large, the proba- recharged credit cases. The analytic results were validated by
bility that the last call depletes all or most of the credit becomegmulation experiments. We observed the following results:

large. For the samé’, the bad debis; depend_s on the v_alues « If the call pattern of a prepaid customer is very irregular
of B andi. We can see that the pattern of variation in Fig. 7(a) (i.e., many short calls and many long calls), it is desir-

and (b) are different whe@, > 2.24. able that more credit checks will be needed on the ser-
vice node. To avoid large number of credit checks on the
service node, the service provider can implement billing
policies to discourage short calls (e.g., higher rates in the
first minute of the prepaid call and lower rates for the re-
maining call holding time).

Intuition suggests that the expected bad debt approximates

C. The Cost Function

Two costs are associated with the service node: the credit
checking/updating cost and the bad debt. The credit checking
cost and the bad debt are two conflicting factors, since smaller
I represents smallér[B;} ] and largetE’[N%,]. Consider acost

functionC = E[Bj|+¢E[N},], whereg is the credit checking
cost of the service node. The cdstprovides the net effect of
credit checking cost and bad debt. Fig. 8 pl6tas a function
of ¢ andI, whereE[z;] = NT$36 andV ar[z;] = 1296. Both

fixed credit and recharged credit cases are considered in this ex-
periment. The triangle in the curves represents the cost for the

optimal 7.

to half of the amount of one credit check. However, our
results show that it is incorrect when the variation of call
charge is high or the amount of single credit check is large.
» A costfunction was used to determine the minimal cost for
the service-node-based approach. The minimal cost can be
achieved by properly setting the credit checking/updating
interval to balance the workload of the service node with
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the bad debt. This optimal interval of credit checking can y /Oo { { (myy)™ } gl - mwan}
be determined by using our modeling technique. wnpa=tr LL(m1 —1)! ntl

e, B — LD} e—muv(B—I)
APPENDIX | X Z A )7.],
DERIVING E[Bj]| CAsE I)] FOR THEFIXED CREDIT AND J=0 <
ERLANG CALL CHARGE CASE & [ {mny[B (l )NV
This appendix derive&|[ B} | Case i) for the fixed credit and - Z { }
Erlang call charge case. From (9); is expressed as
% C—rnl'y[B—(l—l)I} dxn-l—l
1 e B
=G [ ([ 7]272)
D1 z1=[B/II I 1 oo [B/I1-1
(mlf}/)nll mi—1 _—myyaz = <_> Z
* {|:(ml - ! 1 S =
k mq—1 k
B (my ) }
X —
g [y L E
n = IS [ (B s
X z_: i e
% e—rnl'ny/ﬂI' (28) =0
mq—1 k
s
+(B-1I) Z {%}
From (10),A4, is expressed as k=0 )
min—1 7
{miy[B = (1= DITY } —miv(B+T)
oo [B/I1-1 X ¥ e
< ) Z Z ; { 7
mq—1 k
myyll
B—(1-1)I +<_> Z [( 1/31 ) }
{ / / (I - B) 7/ k=0 '
AN (SR BoIDPY i (.
« (ml,y Umln—le—ml"/yn P J' v
(min — 1)1 7" ’ )
my— k
(m17) ml} 11 —myy } N [(mﬂ”) }
X ™ teT ™Iy dxy, X 5
Hm o g S 2 r
00 B—(-1)I e i
+/ / 2 fan[B = (= DIY s
acn+1—ll Yyn=B—1I X Z{ J' = B+
ml’Y rnln rnln — M1 YYn g=0
y ml,y ym ey R T From (11),A3 is expressed as
m1 — 1
1 o
1 o [B/I1-1 AgI <_> Z
= {5 >y n/) =
n=1 I=1 oo B—([B/IN-1I B
- ST (I7]-#)
/ (I - B) Epp1=[B/IT Jy,=0 1
Loy g1 =T r min
mlfy Tnl X { M} y;"lﬂ 16—7771"/J }
« { :| rn_|1-1 1 —rnl'ya;n+1} (mln — 1)
_ 1 n m
ml X (ml’Y) ! xnn—l —IM YT 1 dy dr
mln 1 _1) n+1 n GLn+1
ml’Y [my(B — L)) } —myy(B—II) _(m1
(¢ oo B—([B/I-1)I
J:
“Locrornt ),
min—1 N Tyqp1=[B/TT Jy,=0
< {mlry[ — (l — 1) )]}J '+ min
- Z B (ml,}/) ML —MM1YYn
A X< ||y e ™Y
§=0 7 | (man — 1)1 "
{ [ (ml’}/)nll mi—1 _—myivye, 1

% C—mw[e—(z—nr}} dznir + <ﬁ)
v

}
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2 e ([7]2)
=1 @n1=[B/I1 I

% { |:((m17)7]7-l)1 :| ;L'Zl_'l_l 16—7711"/39 1 }
my — .

Lo ol (29

1
=0 I
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X e dz 41

()1
ac +1_[B/I]I
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| )
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e[l (210

j=0
x e~muV(BHD 4 (30)

From (8) and (28)—(30)E[Bj | Case i) can be obtained.

APPENDIX I
DERIVING E[Bj| CASE II)] FOR THE FIXED CREDIT AND
ERLANG CALL CHARGE CASE

This appendix deriveB[B;} | Case ii] for the fixed credit and
Erlang call charge case. From (18, is expressed as

1 [[B/T1I
Bl = <—> / (.’L’l — B)
D2 r1=B
my
5]

(B[

k=0

B k
m miy | 5 I)
- < [IW g=mivB/nr <§>

D2

k
B
x| (o[ 7]1)
e—rnl'ny/I]I ) (31)

From (17),B; is expressed as

n-(H)E S

173 B—(1—1)I
Tpr1=(—1)1 Jy,=B—x, 11

(mlr}/)nhn min—1 _—nqy;
($n+l ) { |:(7’TL17’L — 1)' Un ! 16 R

mlry m1 my—1 _—miyas,
X{{ Tty €IS dy, dap g

ml—l

B—(1-1)T

7n n
% mlry ! nnn —nn'yJ
(min — 1)!

+
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X { |: ml"/l‘n+1}

X dyn da:n_H}
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From (18),B5 is expressed as
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APPENDIX IlI
DERIVING Pr{y,, < Br +n,.B, <y, + z,t1|Nr = n,.} FOR
x e~ mv(B+D) THE RECHARGED CREDIT CASE
B i This appendix derivesPr{y, < By + n.B, <
il <m” [7} I) Yn + zny1|Nr = n,.} for the recharged credit case. From (23),
X Z f + B Pr{y, < Br + n.B, < yn + z,+1|Nr = n,.} is expressed as
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% C—nn"/(BI-l-anr—yn) dyn}
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From [9], [16]
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From (35), (34) can be rewritten as
Pr{yn < Br+n.B, < Yn + -Tn+1|NR = nr}
_ rnzlil [m1’Y(BI + nTBT)]mq n+k
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APPENDIX IV
EXPLAINING THE PHENOMENON THAT E[N% ] AND E[Bj]

ARE INSENSITIVE TO THEVARIATION OF CALL CHARGE WHEN
C, < 5x1073

This section explains thdf[ N, ] and E[B}] are insensitive
to C;. in the fixed credit and recharged credit cases whignr<

5x1073 (i.e., see Figs. 5 and 6). First, we illustrate the effect

C, on E[N} ] in the fixed credit case. Whe#i, is sufficiently
small, the call charges can be considered as fixedzlgebe
the remaining credit after a customer has made 1 complete

calls. Then, we observe thB{ NV, | can be approximated by the

following equation
EIN3) = Elna] + (BIK] - )+ |[TF]. @7)

WhenC,, is sufficiently small,F[K] equals to| B/ E[z;]] + 1
and zg can be approximated b — (E[K]| — 1)E[xz;]. If

I cannot divide E[z;], then E[n.;] can be approximated
by [E[x;]/I]. Otherwise, E[n.;] can be approximated by

E[z;]/I+0.5. The reason is that whef, is sufficiently small,

the values ofz; fall in a small interval which is symmetric to
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call charges are larger tha[x;] require E[z;]/ + 1 credit
checks. From (37)F[NZ,] can be approximated as

alt=i
E[N7,] ~ if I cannot divideE ;] (38)
| (e [
n v {E@JJ Eled ’
if I dividesE[x;].

\

Next, we illustrate the effect of;, on E[Bj] in the fixed
credit case. Whe@,, < 5x 1073, if I cannot divider g, E[B}]
can be approximated by: /I — x . Otherwise, ifl divides
g, the zero credit line falls into either just before the service
node is going to check the credit or after a credit check has just
occurred. The bad del##; approximates 0 of, accordingly.
Thus, E[B}] can be approximated as

VTﬂ I — zg, if I cannotdividerg
BB}~ (39)
> if I divideszg.

One can verify that the approximations in (38) and (39) are con-
sistent with the results shown in Fig. 5.

In the recharged credit case, let the number of recharge of a
customer be:,. and the number of credit checks B&; (n,.).
Then, the prepaid credi® equals taB; + n,.B,.. WhenC,, <
5 x 102, N* (n,.) can be approximated by (38). We observe

ch

that the expected number of credit checks in the recharged credit
Let Bj(n,) be the bad debt of the customer who has

recharged fom,. times. WhenC,, < 5 x 1073, Bi(n,) can

be approximated by (39). Thus, in the recharged credit case,

E[B}] can be approximated by " _, p" (1 — p)Bj(n,).

These approximations are consistent with the results in Fig. 6.

§@se can be approximated py"” _, p" (1 — p) NJj,(n,.).
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