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Model-Based Channel Estimation for OFDM Signals in Rayleigh Fading
Ming-Xian Chang and Yu T. Su

Abstract—This paper proposes a robust pilot-assisted channel function. The 2-D function takes into account the correlations
estimation method for orthogonal frequency division multiplexing  of the fading process in time and frequency domains. We can
(OFDM) signals in Rayleigh fading. Our estimation method is 5150 yse a one-dimensional (1-D) function to model the channel

based on nonlinear regression channel models. Unlike the linear L .
minimum mean-squared error (LMMSE) channel estimate, the variation on each subchannel. Our method is simpler than

method proposed does not have to know or estimate channel those of previous LMMSE proposals. Every symbol in each
statistics like the channel correlation matrix and the average Subchannel needs less than four complex multiplications in the
signal-to-noise ratio (SNR) per bit. Numerical results indicate that equalization process, and no information about the channel
the performance of the proposed channel estimator is very close to correlation and noise power level is needed. Furthermore,
the theoretical bit error propagation lower bound that is obtained although the LS method is more sensitive to noise than the
by a receiver with perfect channel response information. LMMSE method, our second-stage algorithm is very effective
Index Terms—Equalizers, frequency-division multiplexing, gain reducing the LS estimation error.
control. The rest of this letter is organized as follows. Section Il pro-
vides a mathematical model of an OFDM system in Rayleigh
|. INTRODUCTION fading and gives a brief description of earlier algorithms. Sec-
ILOT-ASSISTED channel estimation for single- and multi:[?on . presents the new channel estimation algorif[hm. S_ec-
carrier systems has received considerable attention H)orn v gives some r_numerlcal examples and related discussions,
many years [1]-[6]. Often, an estimate of the multiplicativg:lnd Section V provides a short summary.
channel response (CR) at pilot locations (i.e., those time or time—
frequency positions where pilot symbols are inserted) is obtained
first by either the least square (LS) or the linear minimum Consider an OFDM system that uses multiple carriérs?,
mean-squared error (LMMSE) method. Those estimated CRs = 1,2,..., N for parallel transmission. These modulated
(i.e., fading factors) at pilot locations are then used to estimatarriers are orthogonal over a symbol intervalfofseconds.
the CRs at data locations by linear or polynomial interpolatiowithout loss of generality, we shall assume that = 27rm/T
[3], [5]. Van de Beeket al. [1] suggested that small entriesand denote byX,,,, the data symbol of thexth subchannel
in the channel correlation matrix be eliminated to reduce the the nth time interval. The transmitted baseband waveform
matrix dimension. They also proposed [2] the use of singulgy obtained by: 1) taking the inverse discrete Fourier transform
value decomposition (SVD) to reduce the LMMSE estimatioiDFT) of { an}ﬁ;;(l); 2) making a parallel-to-serial transform;
complexity. 3) inserting a cyclic prefix (guard interval) @, seconds so that
This letter proposes a new pilot-assisted channel estimatig “extended” symbol period becom®&s = T + T, seconds,
algorithm for orthogonal frequency division multiplexingand then 4) performing a digital-to-analog conversion.
(OFDM) signals. Our algorithm is based on a nonlinear two- | the receiving end, the received baseband waveform is
dimensional (2-D) regression model for Rayleigh fadinghatched-filtered and sampled at a rate (. Removing those

channels that characterize either broadcasting or mobile cogamples in guard intervals and performing DFT {oi}, we
munication environments. Like those earlier proposals, we fifggizin

obtain initial estimates of the CRs at those pilot locations by

Il. SYSTEM MODEL AND CHANNEL ESTIMATE

a simple LS method [1]. In the second stage, we divide the Yo = Hpn Xonn + Nonn (1)
time—frequency plane into blocks of the same basic structure. ) ,
Within each block, we find a 2-D surface function such th&¥"€"€ Nomn = Nimn + iNgmn iS @ zero-mean com-

its weighted Euclidean distance to the LS-estimated CRsR4gX Gaussian random variable with independent in-phase and
the pilot locations is minimized. Then the CRs at other (daf/adrature phase components and identical varien¢&V;) =

symbol) locations are estimated by using this regression surfa@&(Ne) = No/2T" £ o7 In the above model (1), we have
assumed that the equivalent baseband channel is given by
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represents the corresponding channel effect (response). Ec
tion (1) implies that, ifH,,, is perfectly known, the maximum-
likelihood (ML) receiver would make its decision based on th

statistic X, = Yyun/Hpmn for it is the ML solution to|Y;,,,, — 7\
H,in Xmn|® = 0. When the true CR is not known, the receive . .
would need a CR estimaté,,,,, to make a symbol decision. s

i n o7 . T

A common practice for estimatinid,,.,, is to insert pilot sym- g 4 ‘%@%@

bols at some predetermined (pilot) locations in the time—frsg 3d..

quency plane (see Fig. 2) where the time—frequency location § , | ..-\s e

. . . ooy S

themth channel and theth time interval is denoted b, n). >

One obvious CR estimate at a pilot locatipn, n) is the LS
estimate [1]

1T

channe!

S ann Nrnn 2N
Hrnn,LS = X =Hpy + X = Hpn + Vinn (4) RER

whereV,,,,, is the error term due to the presence of Gaussit 0.008

noise and its conditional variance B[V, |?|Xmn] =
202 /| Xmn|®. A more elaborate method that is capable o
reducing the effect ol/,,,,, is the LMMSE method [1], [2],

[5]. Based on the estimated channel autocorrelation mRtgjx time (sec) frequency (Hz)
and noise variancé?, this method results in the following CR
estimates at the pilot locations [2] Fig. 1. Two typical OFDM channel responses. They are plotted in the same

figure for the convenience of comparison. The vertical coordinate does not
represent the absolute magnitude of each CR surface.

N L. 1.
hivvske = Ra |:Rh + 5,2,,(XXH)_1} hrg (5)

R N . . time
whereh, hrs, andhm\qu_;E are, respectively, the trge, LS—e§t|- It
mated, and LMMSE-estimated vector of CRs at pilot location e — t r
X is a diagonal matrix whose diagonal elements are the pi ****t 00000000000 000000000 f
symbols andX ¥ represents its Hermitian. 0000000008000 0000008
After the CRs at pilot locations are obtained, either by tt #e¢s¢ 00000/00000000000000600
: 0000|6000 0COO000D0O®0OO00O0C®
LS or LMMSI_E mgthod, the_CRs at data locations can be es 00000000000000000000 0 §’
mated by various interpolation methods [5]. Therefore, the C 000000000080 00080000® g
estimate at a data location is also a linear combination of LS-¢ 00000/0000000000000000| | &
timated CRs at pilot locations 9€00008#000000000000000
000000000000 0O00O000OD0OD0O0O0O0CO
7 LJHY, 0000000000000 00000
H=a"hs (6) 000000000000000000000
X X ) ) . 0000000080000 @€00OQO0CEe
where the weighting vectar is a function of both the pilot CR tttt 00 00000000000000000O0D0
estimation algorithm and the interpolation method. €00008#8000080000€€0000®
[ll. ESTIMATION BASED ON REGRESSIONMODEL . .
The discrete CH{,,,,, can be viewed as a sampled version ¢ ) ) )
the 2-D continuous complex baseband fading prodégs t); teses 90000000000000060000C0
. . . Q0000000000 O0Q0OQQQOO0O0O0QO
two typical examples of locdl,,,,, obtained by computer sim-

ulation, are shown in Fig. 1. We first select an operating block
the time—frequency plane in whidéy x M, pilot symbols are
umformly inserted at evewf subchannel and every symbol; Fig. 2. A typical pilot symbol distribution in the time—frequency plane of an
see Fig. 2. Then the receiver models the true sampled fadigbm signal.

processH,,,,, in this region by a quadrature surface

¢ Pilot symbol © Data symbol

F(m,n) =am® +bmn+cn’ + dm +en+ f that tEe ML estihmar:es of the coefficients, b, ¢, d, ¢, f) = ¢!
are chosen such that

r 2
where g(m,n) represents the modeling error. For Rician or Z Yon = £ (0, 1) X |

Rayleigh fading channel4/.,..,. is a complex Gaussian process{™"™<?
hence g(m,n) is also complex Gaussian-distributed. The = Z | X 2| Honn s — F(m,n)|? (8)
frequency-domain model of the received samples (1) implies (m,n)cP
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is minimized, wheref'(m, n) is the estimator of"(m,n) in
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tions. Hence, on the average, the number of real multiplications

noise. The seP in (8) contains the pilot locations in the operfor eachH,,,,, is

ating block (region)

m=0,77,2rp,...,(Mo— L)ry

P = {(m,ﬂ) n=0,r,2r,...,(No— 1)y

}. ©

Rewriting (7) as F(m,n) = cfq, where q,, =
(m?

the ML solution of (8) as solving

2

mjn Z |Y’rnn - équnannn (10)

(m,n)cP

A. Algorithm Description

Taking the derivative of (10) with respect éoand invoking
the definitions

QL D> qmadl X, PEQT
(m,n)epP

B é Z qrnannnY:ln
(m.n)eP

9 A
= § Q| Ximn H:;ln,LS
(mn)cP

(11)

(12)

where X  is the complex conjugate oX,,,,, we obtain the
solution
¢=Ph= Z (qun|an|2) A:;ln,LS' (13)
(m,n)eP
Our final CR estimate,,,.,, for the position(m, n) is
I;[rnn :F(m,n) = qslné*
=q},, Z (Paw|Xu|?) Hitrs. (14)

(k,HyCcP

The above algorithm can be modified to estimate the CRs

12Mo N + 12(Mp Ny — MoNo)
My Ny — MoNg

12Mg Ny
MyN, — MyNy
if the pilot densityMoNy /(M Ny) < 0.25, M, N, being the
total number of (data plus pilot) symbols in a given block. In

=12+ <16 (15)

,mn,n* m,n,1), we restate the problem of findingother words, less than four complex multiplications are needed

for each estimaté,,,.,.

Note that enlarging the operating block size or the pilot den-
sity increases only the summation terms in (13) [or (14)]; the
average complexity (15) is not affected. For the LMMSE solu-
tion, however, this means increasing the dimension of the corre-
lation matrix in (5) and the complexity in matrix inverse opera-
tion. Therefore, the operating region of the LMMSE algorithm
is usually 1-D.

C. Estimation Error Analysis

A linear pilot-assisted channel estimate, including ours, has
the form of (6), which can be expressed as

H=a"hs=a’h+a'v=H +W

=H+G+W (16)

wherev is the vector of noise terms in (44’ £ a'’h, G =
H — H' = H —a'h, andW = a"v. G is the error resulting
from the interpolation process whil& is due to the presence
of channel thermal noise.

For the proposed method, the varianc&ioat(m, n), Wo,,,
is given by

E[[Wail] = 3 |dbh,PauXy| (202)
(k,hHcP

:qZLnP Z qqu{l|Xk1|2 qunn (20—721)
(k,HeP
qunPQqun (2‘7721)
IQmeqmn (2‘7721) -
Assuming all pilot symbols are the same, i.&,,, = X, for
all (m,n) € P, we obtain the average (ové{, NV, positions)
\g%riance ofWin

17

either a single-carrier system or a subchannel of an OFDM o2 2 1 Z | X | 2var(Winn )
system. This 1-D scheme models the fading process by a  * MoNo|X|? (myep
single-variable regression function, e §(n) = an? + bn + c. 952 ’
The corresponding parameters are givendly £ (a,b,¢), = __ Z & P Xonl?
T A& (2 _ — 0 ) MoNo|X |2 o
ql = (n*,n, ) andP = {njn = 0,r,...,(Ng — 1)re}, (m,m)EP
respectively. 2,2
=—— b Xrnn 2 mn L P
) ) M0N0|X|2 Z r(| | q //q'rn'n, )
B. Complexity Analysis (mn)CP
2 2
Since all time—frequency blocks have the same size and pilot __ 20 tr(QP) = 6 20, (18)
symbol distribution, if all the pilots are the same, the matrix MoNo| X |? MoNo | X |2

P = Q! is fixed. Moreoverg; anddy; £ Pqu|Xwu|? are
real constant vectors. Computing the coefficient veator=
E(k nep Aty 15, requires 2x 6 x Mo No real multiplica-

A

tions and eact,,,, = qZ,,¢* requires 2 6 real multiplica-

wheretr(A) denotes the trace of the matrik. On the other
hand, the interpolation err@¥, which is independent dfV’, is

due to the modeling erraf(m,n) in (7). Equation (18) does
imply that, for fixed pilot densityr:, r;), 2, can be reduced by
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Fig. 3. BEP performance of the OFDM-16QAM system with the 2-0Fig. 4. BEP performance of the OFDM-16QAM system with the 2-D
regression channel estimatgi;7’ = 6.9 x 10—, regression channel estimatgi; 7' = 4.16 x 103,

increasingM, Ny ; however, so doing also leads to a larger op-
erating block and hence largefm, ). The situation becomes
worse if Doppler frequency is large. On the other hand, we cai
cut back the modeling error by using a smaller operating blocl
or a higher pilot density. Numerical examples supporting suct
conclusions are given in Section V.

--&--regression, (5,5)

0~ LMMSE + poly. interp., (5,5)
-0 regression, (5,10)
—0—LMMSE + poly. interp., (5,10)

0.1

0.01

IV. NUMERICAL RESULTS AND DISCUSSION

Numerical examples obtained from computer simulations& 1E3
are provided in this section to demonstrate the effectivenes® :
of the proposed CR estimate. We consider the multipath time s
variant Rayleigh-fading channel based on (3), using= 4, 1E-4 :
7;[n] = 7, andh,;[n] = c;u,[n]. All u;’s are independent
stationary complex zero-mean Gaussian processes with ur
variance whilec; = 0.5938, 0.7305, 0.3175, 0.1137 and &5
7; =0, 0.1, 0.5, and Ls, respectively.

Figs. 3 and 4 show the bit-error probability (BEP) perfor-
mance of an OFDM-16QAM system whose 1-MHz bandwidth
is divided into 32 subchannels. The effects of the Doppler shifi Average E/N, (dB)
and the 2-D pilot distributioQNg, Mo, 7+, 7 ) are examined. As
expected, with all other system parameters fixed, the error floag. 5. BEP performance comparison for the LMMSE polynomial-
is an increasing function of the normalized Doppler frequendyterpolation and 1-D regression estimatgfs] = 2.76 x 10~°.

(f4T). Let 5, denote the average SNR per bit. At lowgys

(<30 dB) when the BEP performance is dictated by the noise

error W [see (16)], the performance of our method is less sethis estimator is plotted in Figs. 5 and 6, assuming perfect
sitive to the pilot symbol density or number and is very clodenowledge about the channel correlation matrix and SNR. The
to that (curves labeled by perfect CE) of the theoretical lowperformance of our algorithm (the 1-D regression estimator
bound obtained by assuming that CR is perfectly known. Whamthis case) that has the same operating block size and pilot
7, is high, however, the modeling err6rdominates the system distribution( Ny, r;) is also shown in the same figure. It can be
performance, hence the performance degrades for those estien that both estimators yield very close BEP performance.
mates using a larger operating block or low-density pilots. The modeling error is an increasing function of the inter-pilot

For comparison, we consider an estimator that uses fthistancer, and becomes the limiting factor at higfj’s. The
LMMSE method and then polynomial interpolation to obissue of the worst-case pilot distribution is discussed in [7]. We
tain the data CRs in each subchannel. The performancesbbw the worst-case behavior of both 1-D and 2-D estimators
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regression channel estimatgy; = 80 Hz.

in Figs. 7 and 8. For the 2-D case, the system uses the same
channel parameters as [7], i.e., 1024 subchannels and 5-MHg
total bandwidth. As expected, the performance is improved
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Fig. 8. BEP performance of the OFDM-16QAM system with the 2-D
regression channel estimatgy; = 240 Hz except for the lowest curve which
assumeg, = 80 Hz.

V. CONCLUSION

We have proposed a new robust OFDM channel estimation
scheme with excellent BEP performance. The proposed scheme
is based on a nonlinear regression on the local time—frequency
domain; itis of low complexity and does not need channel statis-
tics or matrix inversion. Furthermore, with a proper pilot density,
it achieves performance that is not far from the theoretical lower
bound, and, within a wide range &f, the performance of its
1-D version is very close to that of an LMMSE-based estimate.
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