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A robust active controller using spatially feedforward structure is proposed for broadband
attenuation of noise in ducts. To meet the requirements of performance and robust stability in the
presence of plant uncertainties, & cost function and arH.. constrain are employed in the
synthesis of the controller. The design is then converted into a convex programming problem using
Q-parametrization and frequency discretization. An optimal controller that satisfies the quadratic
cost functions and linear inequality constraints can be found by sequential quadratic programming.
The optimal controller was implemented via a digital signal proce$B@P and verified by
experiments. Experiment results showed that the system attained 16.5 dB maximal attenuation and
5.9 dB total attenuation in the frequency band 200-600 Hz.2@®2 Acoustical Society of
America. [DOI: 10.1121/1.1460926

PACS numbers: 43.50.KIMRS]

I. INTRODUCTION and require special modifications, e.g., direct truncation of
Active noise control(ANC) offers numerous advan- Impulse response, before practmql .|mplementat|on. There-
(I}ore, an optimization method combining &h, performance

tages, e.g., compact size and low-frequency performance, .’ " . A .
over conventional passive technologies. Although the adapc-),b]ect've with arH,, consraint is proposed for the design of

tive feedforward control, e.g., the filtered-X algorithm is a spatially feedforward controller for duct. Using this ap-

widely used, fixed controllers based on optimal control anaDroaCh‘. nominal performf:l_nce can be achieved underithe
robust control are gaining research attention in the field ofonstraint of robust stability. i ) _

ANC. Many design techniques have been applied to the duct MFJCh work has been addressed in the literaftiré on
ANC problem for synthesizing fixed controllers. Hoagal ! the mixedH,/H.. control. The controllers can be synthe-

and Wuet al? investigated the duct ANC problem using the Sizéd by the Riccati equation approach, the convex optimi-
linear quadratic GaussiafLQG) control. Along the same zation approach or the dynamic game approach, etc. In Ref.

line, robust controllers are designed using combined pold®: @ duct ANC system was developed using mikgdH..

placement and loop shaping methodsing model matching €ontrol. The work: incorporated afi..-constrained, LQG
approach, Bai and Wusolved the problem via linear pro- feedback controller with an internal model to attenuate a

gramming in the ;-norm and ,-norm vector space. In earlier Narrow-band disturbance. The controller is synthesized ana-

research, Bai and Chemleveloped theH, and H.. model lytically by solving the Riccati equations. In contrast to their
matching principle to deal with the same problem. Moreover@Pproach, a numerical optimization approach, convex pro-
to suppress narrow-band noise, an internal model-based agtamming, applied within a general framework originally
tive noise control system has been propdsetthe work of ~ Suggested by Boyfiis employed in this paper for achieving
Bai and Lin/ H.. robust control theory was used to compareProadband noise reduction in a spatially feedforward struc-
three control structures: feedback control, feedforward conture. Then,Q-parametrizatioh*® is used to formulate all
trol, and hybrid control in terms of performance, stability, Stabilizing controllers. The resultin@-parametrization rep-
and robustness. resented by a finite impulse respor(§¢R) filter transforms

In ANC applications to date, feedforward control hasthe design problem into a convex optimization problem in
been a most effective approach. However, a nonacousticflequency domain. The approach suggested by Bbjal
reference required by feedforward control is usually unavailused in this work, where the optimal controller is found us-
able in many applications. Thepatially feedforwarctontrol  ing sequential quadratic programmirig*° Common causes
structure shown in Fig. 1 appears to be a more viable apef plant uncertainties are modeling errors, measurement
proach in dealing with such situations, especially whennoises, and the perturbations in physical conditions. A com-
broadband attenuation is sought. The term, spatially feedfoprehensive investigation on the effect of different physical
ward structure, stems from the fact that the ANC system irconditions on ducts such as flow, temperature, lining, and
Fig. 1 includes an acoustic feedback path and is thus not eadiation impedance, can be found in Ref. 21. However, in
purely feedforward structure. In this case, stability and ro-this paper, we shall focus on primarily the uncertainty result-
bustness problems will arise and the achievable performandag from modeling error on which the robust stability con-
will also be degraded. For the spatially feedforward struc-straint is based.
ture, the zero spillover controlfépr the Roure’s controllér This paper is organized as follows. First, the convex
can be used. However, these controllers may be noncausptogramming andQ-parametrization are presented in the
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Control Loudspeaker where

Noise Loudspeaker F(Z) = GZW(Z) - [sz(z)Gyu( Z) - qu( Z)Gyw( Z)]K(Z()S
| is the spillover functionand
A 4 _ _ -1
| Preamplifier I Power. Preamplifier SO(Z)_[l Gyu(Z)K(Z)] (4)
Amplifier . e .
Power T is the sensitivity function
Amplifier \ 4 The block diagram of the duct system of Fig. 1 is shown
Y L°?:Pass L°‘f:P“SS in Fig. 4(a), using the notations of Edq1). In terms of fre-
L ot quency response functions, letting the spillover function rep-
resented in Eq(3) be zero leads to the so-calledro spill-

v
8
E—»Fmsszoczz |—>i DA | over controller

_ Gu(el®
KZSF(e] w) = - - ZW( ) - - ,
sz(e]w)Gyu(er) - qu(ejm)Gyw(e]w)
Dynamic signal (5)
analyzer (HP36654) where the digital frequency = QT with  being the analog

frequency andrl the sampling interval. On the other hand,
the Roure’s controller that is equivalent to the zero spillover
controller can be obtained by dividing the numerator and the
context of performance and robustness analysis. Then, thgenominator of Eq(5) by Gyw(e'?):

calculated controller is implemented as a FIR filter on a . .

TMS320C32 digital signal process@SP). Finally, the pro- K@) = —Gu(€°)/Gy ()

posed ANC system will be justified by experimental investi- qu(ej“’)—Gyu(ej“’)GZW(ej“’)/GyW(ei“’)
gations and the results will be discussed.

FIG. 1. Experimental setup of the ANC problem.

~Ho(e)

- joy _ jo jo
Il. ZERO SPILLOVER CONTROLLER AND ROURE’S Ha(e7) = Hy(e)Ho(e'®)
CONTROLLER =Kgrourd €°) (6)
Rour ’

Consider a standard control framework, withthe feed-  where Ho(ej“’)EGZW(ej“’)/GyW(ei‘”) is the frequency re-
forward controllerG the plantw the exogenous inpuz,the  sponse function between the performance microphone and
controlled variablesy the control force, ang the measure-  the measurement microphor¢; (e/®)= G, «(e1®) is the fre-
ment as illustrated in Fig. 2. Thus, the general input—outpufuency response function between the measurement micro-
relation of the augmented plant can be expressed as followghone and the control speaker, dtg(el ) =G, (e'®) is the
2(k) G,u(2)G,u(2) [ w(k) frequency response function between the performance micro-

= , (1)  phone and the control speaker. The block diagram of the
YK ] [Gyw(2)Gyu(2) J| u(k) Roure’s controller is shown in Fig.(d).
where G, (2), G,(2), G,u(2), and Gy,(z) are properly It is noted that in the Roure’s controller the frequency
partitioned transfer matrices @. They are represented in response functiokly(e/“) can be directly measured without
Figs. 3a)—(d). The closed loop transfer function can be ex-knowing the disturbancev. The impulse response of the

pressed as Roure’s controller is then obtained by inverse Fourier trans-

_ form of Kr,d€' ). However, this procedure generally re-
T20(2)=[G2ul2) = (G2l 2)Gyu(2) sults in noncausal filters. Roure adopted a simple but effec-

qu(z)GyW(z))K(z)][l—Gyu(z)K(z)]‘l tive approach to overcome this difficulty. He chose to
truncate the noncausal part directly and implemented the

=F(2)Sy(2), (20 controller with a FIR filter.
w —P> —» Z Ill. DESIGN OBJECTIVE AND CONSTRAINT
G

> The aforementioned Roure’s method provides a straight-

forward means to obtain an implementalffgoper, stable,
and causalcontroller. Unlike Roure’s approach that requires
the closed loop transfer functioh,,(z) be strictly zero, we
seek to recast the problem into an optimization problem: find
K je—— an implementable controller such that the following cost
function of performance,

2
FIG. 2. The generalized control framework of the ANC system. T2 W1(2)]|2, (7)
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FIG. 3. The frequency responses of the nominal duct systanihe frequency response @,,; (b) the frequency response &,,; (c) the frequency
response of3,,,; and(d) the frequency response G, .

is minimized, where

1 (= _
Ttz - [ Taeao |

function.

controller,

optimization problem. Assume the following perturbed plant

model?®

Gp(2)=Gyu(2)[1+A(2)],

1/2

®)

©)
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whereG,(2) is the nominal plantA(2) is the multiplicative
uncertainty, ands,, represents the physical plant. The uncer-
tainty A(z) is assumed to be bounded h¥(z)|<W,(z).
The uncertainty considered here is primarily the difference
between the plant model and the real plant beyond the con-
represents the two-noff in discrete-time domain and trol bandwidth, which may cause excessive control output at
W;(2) is a weighting function that is generally a low-pass high frequency. Therefore, it is important for the controller to
be robust against this type of uncertainty. It can be shown by
In addition to performance consideration, robust stabilitysmall-gain theoremthat the condition of robust stability
is another important issue. Robust stability is understood agkes the form
the robustness of stability of the closed loop ANC system
against plant uncertainties and perturbations frequently en-
countered in practical applications. One way of coping withwhere Ty(z) =1—Sy(z) is the complementary sensitivity
system uncertainties and perturbations is to use an adaptivanction [ Sy(z) is as defined in Eq(4)] and W,(z) is a
whereas this paper adopted an alternativeveighting function that is generally a high-pass function to
strategy—a robust controller which requires simpler imple-be determined from the plant uncertainty.
mentation than the adaptive counterpart. To this end, a robust
stability constraint is incorporated into the aforementionedanguage of optimization as follows:

ITo(2)Wa(2)|..<1,

min| T,u(2) W1 (2)|2
K

subject to

(10)

In summary, the ANC problem can be written in the

(11
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Gow . —Q(
> K= 1206,

(13

The block diagram is shown in Fig(&@. More precisely, the
resulting closed loop system will guarantee to be stable if the
u G LA controller is selected in the form of E¢L3) with a proper
e " z and stable)(z). The latter requirement is easily achieved in
discrete time domain by choosiri@(z) to be a FIR filter. In
c addition, the controller design in E@L3) is also known as
(a) the internal model controllerbecause it has a “built in”
nominal plant modeG,,, .

At this point, the optimization problem has been formu-
lated in frequency domain vi@-parametrization. To solve
the problem, an approach proposed by Boyd and H&lton
w—l 6 y c b o was employed in the paper. The same method was also suc-

» ) .

N + cessfully used by Rafaelyand Elliott who have done pio-
neering work to solve an ANC problem for a headrest. This
method first discretizes the frequency response function by
uniformly sampling the unit circle, and then solves the opti-

®) mization problem by convex programming.
FIG. 4. Two equivalent spatially feedforward controll€@.Block diagram Substituting Eq(13).|nto I.Eqs'(ll) and(12), Tz,(2) and
of zero spillover controller(b) block diagram of the Roure’s controller. ]:I—O(ZZ_ Cag(b)e parametrized in terms of a proper and stable
unction Q(2):

3
)

3
+y '
@}
Y

H,

ITo(2)Wa(2) ] <1. 12

The control problem described in Egdl) and (12) is a
mixed norm problem that can be solved by a convex pro-
gramming technique to be presented in the next section. To(2)=Q(2)Gyy(2).

T.l(2)=G,u(2) - Q(Z)Gyw(Z)qu(Z)a

Thus minimization of|T,,|, is tantamount to a model
matching problem depicted in Fig.(t§. Note that both
T,w(2)andTy(z) are affine functions o(z). By frequency

In this section, the formulation in Eq&l1) and(12) will discretization, the cost function and constraint function of the
be converted to a convex programming problem and solve@ptimization problem now take the following form:
by using a technique originally suggested by Bo§dhe

IV. CONVEX PROGRAMMING USING
Q-PARAMETRIZATION

key step of the conversion to a convex problem is the so- N-1

called Q-parametrizatiolf to Youla’s parametrizatiotf As- minl Z I[G,u(k) — Q(K) Gy (K) G, (k) TW; (k)|
sume that the plan®,, is stable. According to the method, q N k=0 Y

the controllers that stabilize the closed loop system can be (14)
parametrized by a proper and stable transfer functigm)

as follows: subject to

) 1Q(K)Gy (K Wa(K)| <1, k=0,1,..N—1, (15)

whereq=(go0;- - dm_1) " being the coefficient vector of the
FIR filter Q with lengthm are the design variables andis

@ the number of frequency samples. Only the acoustic feed-
back pathGy(k) has to do with robust stability constraints.

It should be noted that those gains of the transfer functions
such asGy(2), G,u(2), Gy (2), andG,(2) are assumed to
be time invariant for our application where the temperature is
not changed much. To summarize, the optimization in Eg.
(15) is comprised of the design variakdg the cost function

in quadratic form, and the constraint function in linear in-

FIG. 5. Block diagrams of)-parametrization(a) The internal model con- equalitY_ form. _ _
troller; (b) the model matching problem obtained fragaparametrization. Define the following Hessian matf%
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Because the Hessian matrix of the function in Eb4) is \
positive definite, the function is a strictly convex functién.
Furthermore, the design specification in ELp) is a convex
specification because it is norm-boundédSince the cost Too 305 300 <00 soo 800 700 800
function and the constraint function are both convex, Egs. frequency(Hz)
(14) and(15) represent a convex problem. A local minimum (a)
of a convex problem is also a global minimum.

The method used in this work to compute the optimal 3
controller by solving the optimization problem in Eq44)
and (15) was sequential quadratic programnfihgvhich is 25|
provided as a MATLAB commanaonstr in optimization
toolbox. However, other programming methods such as
semidefinite programmirf§ can be used. Because the func-
tion constrwas based on the sequential programming that
accepts only linear constraints, the single robust stability
constraint in Eq.(12) has been replaced witN linear in-
equality constraints in Eq15).
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V. CONTROLLER IMPLEMENTATION AND 7 e
EXPERIMENTAL INVESTIGATION % To6 200 300 400 S0 600 706 800

frequency(Hz)

A duct made of plywood shown in Fig. 1 is used for (b)
verifying the proposed ANC method. The length of the duct
is 440 cm and the cross section isX286 cnf. There is 10 Fig. 6. Two weighting functions used in the implementati¢a). The
cm between the primary source speaker and the measuremeveighting functionw, ; (b) — — —, the weighting functiorw,; ——, the
microphone. To reduce the undesirable acoustic feedback, wcertainty of the nominal plant.
use the backward control loudspeaker facing the open end of
the duct. The distance between the measurement microphoti@certainty definition in E49). The frequency responses of
and the control speaker is 235 cm to ensure causality of théhe nominal plant in 0-800 Hz and in 0-1600 Hz are mea-
controller. The distance between the control speaker and thured. The former is taken as the nominal plant, while the
performance microphone is 110 cm. A floating point DSP/latter the actual plant. By using the MATLAB commaird
TMS320C32 equipped with four 16-bit analog 10 channels,vfregz transfer functions of the nominal and true plant are
is utilized to implement the controller. The sampling fre- calculated. Then the weighting functio,(2) is selected
quency is chosen to be 2 kHz. Considering the cutoff fre-according to the following equation:
guency of the duciapproximately 700 Hzand the poor G, (el®)
response of speaker at low frequency, we chose control band- p—]T—
width from 200 to 600 Hz. It should be noted that a loud- Gyu(e'™)
speaker should be mounted near the primary noise source farhere Gp(eJ“‘) is the frequency response function of the
identification of the frequency response functldhyaN(eJ‘”) actual plant andsyu(e'“') is the frequency response function
andG,,(e'“) because the noise sour@fan, for example  of the nominal plant. Figure(B) shows the calculated uncer-
is generally unmeasurable in practice. tainty bounded by the weighting functiafi, whch is a high-

A digital spatially feedforward controller is designed to pass filter with gain 2.5 and cutoff frequency 200 Hz.
reject the noise in the duct. The ANC system is as shown in ~ The optimization problem formulated in Eqgd4) and
Fig. 1. Figure 8a) shows the measured frequency responsé15) with the design variableg of 128 coefficientginitially
functionGyu(ej‘”). To weight performance as in E.4), the  set to be zergswas solved numerically by using the MAT-
weighting functionW;(z) is chosen as a low-pass filter with LAB function constr. The unit circle was uniformly sampled
cutoff frequency 600 Hz and unity gain, as shown in Fig.at 2048 points. For the control bandwidth 200—600 Hz, only
6(a). 801 constraints need to be considered. In the choice of pa-

To weigh the robust stability as in E(L5), on the other  rameters, sufficiently large number of frequency sanfples
hand, the weighting functiolV,(z) is determined from the and long FIR filterQ are generally required to ensure an

1/<|Wy(e*)| Vo, (17
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FIG. 7. The calculation result of-parametrization and the impulse re-
sponses of convex programming controller and Roure’s contrgiehe
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FIG. 8. Active control results of the feedforward controllei@. Noise re-
duction using Roure’s controlleth) noise reduction using the convex pro-
gramming controlle—, control off; - - - -, control on.

result of control in terms of pressure spectra measured at the
performance microphone is shown in FigbB The total
attenuation within the control bandwidth is 5.9 dB.

Roure’s controller is also implemented for comparison
with the mixed norm controller. Roure’s controller is calcu-
lated from Eq.(6), based on the measurable frequency re-
sponse functionsly(e/“), H,(e'“), andH,(el®). The im-
pulse response of Roure’s controller is shown in Fig).7
Using Roure’s controller, the experimental result is shown in
Fig. 8@ with a total attenuation 5.4 dB. Detailed compari-
son between the mixed norma controller and Roure’s con-

coefficient vectorg; (b) the impulse response of the convex programming froller is summarized in Table I.
controller; and(c) the impulse response of Roure’s controller.

accurate discrete approximation of the continuous problem.
Titterton and OIkiR° suggested increasing the length apf
and the length oN until the impulse response af suffi-

VI. CONCLUSIONS

This paper presents a spatially feedforward design for
active control of noise in a duct. As opposed to earlier meth-
ods that compute optimal controllers analytically, this

ciently decays such that any further increase of length woulghethod utilizes a frequency domain convex programming
not result in significant improvement.

Figure 7a) shows the coefficient vector of the control

technique. This approach is effective in that it guarantees to

filter g with 128 coefficients. As can be seen in the figure, theragLE 1. Comparison of ANC methods.

impulse response decays almost completely. Any further in=
crease in filter length will not provide significant improve-
ment. The calculated coefficient vectpiis then substituted

into Eq. (13) to obtain the optimal controller that is in turn
converted to a FIR filter of length 256. FigurébY shows the

calculated impulse response of the controller. The resultinﬁAI
controller is then implemented on the platform of the DSP.ry4 hand attenuation
An experiment is undertaken to verify the ANC system. The

1756 J. Acoust. Soc. Am., Vol. 111, No. 4, April 2002

Convex
Roure’s programming
Iltems controller controller
Control bandwidth 200-600 Hz 200-600 Hz
R filter length 256 256
aximal attenuation 15.5 dB 16.5 dB
5.4 dB 5.9dB
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