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Abstract: An accurate wave equation beyond the slowly
varying envelope approximation for femtosecond soliton
propagation in an optical fiber is derived by the iterative
method. The derived equation contains higher nonlinear
terms than the generalized nonlinear Schrodinger equation
obtained previously. For a silica-based weakly guiding single
mode fiber, it is found that those more higher-order non-
linear terms, whose coefficients are proportional to the sec-
ond-order dispersion parameter, are much smaller than the
shock term. The 2.5-fs fundamental solitons is numerically
simulated by using the generalized nonlinear Schrodinger
equation and the full Maxwell’s equations. Comparing these
two results, we have found that the generalized nonlinear
Schrodinger equation well describes the propagation of the
pulse even containing a single optical cycle.
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1. Introduction

As the rapid development of the laser technology, ul-
trashort optical pulses containing only a few optical cy-
cles and with pulsewidth less than 10 fs have been gen-
erated [1]. The propagation of an ultrashort pulse in a
fiber is usually described by the generalized nonlinear
Schrédinger equation based on the slowly varying en-
velope approximation (SVEA) [2]. The validity of this
equation becomes questionable when the pulse con-
tains only a few optical cycles. To resolve this problem,
several approaches, which do not make the SVEA,
have been employed [3—7]. The full-vector nonlinear
Maxwell’s equations have been solved by direct inte-
gration [3, 4], but this is very time consuming. By using
an operator method and assuming that the nonlinear-
ity is small [5, 6] or by representing the electric field as
the superposition of monochromatic waves [7], modi-
fied wave equations can be derived. In addition, an
iterative method has been used to derive a wave equa-
tion for ultrashort pulses [8].

In this paper, we will derive a wave equation using
the electric field expansion of [7], the iterative method
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of [8] and the order of magnitude considerations of [9].
Through the first iteration, we obtain a wave equation,
which has four more higher-order nonlinear terms than
the equation obtained previously [5-8]. For a silica-
based weakly guiding single mode fiber, we have
found those more higher-order nonlinear terms, the
coefficients of which are proportional to the second-
order dispersion parameter, are much smaller than the
shock term. We numerically investigate 2.5-fs funda-
mental solitons by using the generalized nonlinear
Schrodinger equation and the full Maxwell’s equations
[3, 4]. After we compare these two results, we have
found that the generalized nonlinear Schrodinger
equation well describes the propagation of the pulse
even containing a single optical cycle.

2. Derivation of the wave equation

We derive the wave equation for a femtosecond pulse
propagating in a single-mode fiber with a third-order
nonlinearity. The electric field E(x,y, z,t) which propa-
gates in the fiber along the z-direction can be ex-
pressed by

E(xvyvzvt):F(xvy)'¢(zv[)v (1)

where F(x,y) is the normalized linear eigenfunction of
the mode excited in the fiber and ¢(z,¢) can be further
represented as a superposition of monochromatic
waves,

#(2.0) = 5 | 9lz.0) exp{iB()z — o} o, @)

where f(w) = n(w)w/c is the mode propagation con-
stant at frequency o, c is the velocity of light in va-
cuum, and n(w) is effective refractive index. It is cus-
tomary to express ¢(z,t) by

¢(Z7t) = A(Zv t) 28Y [i(ﬁ()z - w()t)] ) (3)

where A(z,t)is the field envelope, wy is the angular
frequency of the carrier wave, and f, = f(wo). From
the Maxwell’s equations, we obtain the wave equation
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where u, is the permeability in vacuum, and the linear
part P, and the nonlinear part Pyz of the induced po-
larization are related to electric field E(x, y, z, t)through
the following equations:

PL(x7y7zat):€0 j X(l)(t_tl) E()C,y7z7t) dt,? (5)
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where ¢ is the vacuum permittivity, ¥ (¢t — #') is the
linear  susceptibility = response  function, and
¥ (t —t1,t — tr,t — ;) is the third-order nonlinear sus-
ceptibility response function. Substituting egs. (1), (2),
(5), and (6) into eq. (4), we have
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Where%—UIny [*dxdy/[ [ |F(x,y)I* dxdy, 2 (o)
= [ #®(t) exp (iwt)dt is the third-order susceptibility,
andAﬂ p(@") + B(0”) = f(0' + 0" — ) —B(w). We

expand B(w) around w( up to the fourth order, we
have ﬂ(w):ﬂ0+ﬁlAw+ﬁ2 Aw +ﬂ3A +ﬁ4A 4

6 24
where Aw = — ), f)= ﬂ( 0), B;=0dp/owl|,_,,
for j =1 to 4. B, is the reciprocal group velocity. ,,
ps, and p, are the second-order, third-order, and
fourth-order dispersion parameters, respectively. Sub-
stituting  @(z,w) = A(z, Aw) exp {—i|f(w) — f(wo)] 2}
into eq. (7) and taking the inverse Fourier transform

Alz,t) = L JA(z, ® — wp) exp [—i(w — wp) f] dw, we have
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, Ny 1s the Kerr coefficient, Aeff is effec-
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%
the higher order terms are neglected. The response
N(z,1) is described by [10]

N(zt) = (1 —a) |AGOF +a [ df fi—1)

—00
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On the right-hand side of eq. (12), the first term repre-
sents Kerr nonresonant virtual electronic transitions in
the order of about 1 fs or less [4], the second term re-
presents delayed Raman response, f(f) is the delayed
response function, and a = 0.18 parameterizes the re-
lative strengths of Kerr and Raman interactions. In this
paper, f(¢) models a single Lorentzian line centered on
the optical phonon frequency 1/7; and having a band-
width of 1/7, (the reciprocal phonon lifetime).

£ = ’f] fr’f exp (—1/12) -sin(t/m1) (13)

where 71 = 12.2fs, 7, = 32fs.

We now use order of magnitude considerations to
simplify the calculation. The dispersion and the non-
linear terms in the nonlinear Schrédinger equation are
of the same order of magnitude for the fundamental
soliton, hence, we have

BA|l _|ylAF A
ﬂ2 24 & |22 , (14)
atz T? N2

where the parameter N, = [yPyT3/ 1,1"/% is the order
of the soliton and N, =1 for the fundamental soliton,
To=T,/1.763, T,, is the pulse full width at half max-
imum, and Py is peak power of the incident pulse. In a
silica-based weakly guiding single mode fiber,
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ing 0 = ——, we obtain from eq. (14) for the funda-
a)()TO

mental soliton
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By using the iterative technique and the order of mag-
nitude considerations, we first neglect the second term
on the right-hand side of eq. (8) and obtain in the zer-
oth order approximation

0A
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0z (16)
From eq. (16), the first order approximation of Ay, is
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By substituting eq. (16) into eq. (8), the first order ap-

proximation of the wave equation is
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we make a second iteration, we find that the equation
does not change up to the order of ¢*. On the right-
hand side of eq. (18), the term with coefficient a; is of
order o3, and the last five terms representing nonlinear
high-order terms of order ¢* which are newly derived
terms. Comparing the o* term with coefficient a, with
the ¢° term with coefficient «;, we have

o2
= : atz max ﬂ()T ‘ﬁ2| ¢ (19)
a ONA 1 no T()
! ot max woTo

We consider a single cycle pulse. At the wavelength
A =1.55um, B, = —20 fs*/mm, pulsew1dth T, ~517f1s
and we have r=14x10"3 At 1=0.8um,
B, = 38.5 fs*/mm, pulsewidth T, ~ 2.67 fs and we have
r =5.1 x 1073 [6]. Similarly we can show that other ¢*
terms are much smaller than the ¢° term. Therefore,
all 0* terms can be neglected for the single cycle pulse
in the low loss window of the fiber.

The equation (18) is used to describe the propagation.
In dimensionless soliton units, it can be rewritten as
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the terms of order o* are neglected, eq. (20) reduces to
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3. Full Maxwell’s equations model

The Maxwell’s equations for the optical pulse linearly
polarized in x-direction propagation in z-direction are
written as

0H, 1 OE;
P 22
o uy 0z (222)
oD, O0H,
=7 22b
ot o’ (220)
D, =¢cpe,Ey + Py (22c¢)

Here u, and ¢y are the permeability and permittivity
coefficients in free space, ¢, is the relative permittivity,
D, is the electric filed displacement and P, is the elec-
tric polaritation.

P, consists of linear part PX and nonlinear part PNE
P, = PL + PNL. The linear polanzatlon PL is given by
convolutlon "of E (x,t) and first-order susceptibility
function ¥ (¢).

PZL(X,Z‘) =& ‘f X(l)(tff)Ez(xJ) df: (23)
where -
2
¥ D(t) = CACTt] exp (—dt/2) sin ( w? —%t) :
(52
2 _ 2
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w, 1s dlpole resonant frequency 0 is damping constant.
PM is given by convolutlon of E,(x,t) and third-order
susceptlblhty %3 (1)
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X E,(x,f1) E;(x,5) E,(x,t) df; df, dz . (24)

We consider the nonlinear polarization with single
time convolution

PIZVL(xa [) = 6()X(3>EZ(X,[) J‘ g([ - Z) E?(x7f) dfv (25)

where ¥ is the nonlinear coefficient. The response is
given by phonon interaction f(¢) and nonresonant elec-
tric effects O(t).

8() =1 -a)o() +a-f(1), (26)
where f(¢) is given in eq. (13).

4. Numerical results

In an attempt to verify the validity of the eq. (21) for
describing the propagating of ultrashort pulse, we si-
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mulate the 2.5-fs fundamental soliton propagation by
egs. (20), (21) and the full Maxwell’s equations. The
fiber parameters are: soliton wavelength A = 1.55 um,
o, =8 x 108 radls, e, =225, & =525 06=10
x10°s7!,  and  the  nonlinearity y=2x
107 W~ mm~!. From the permittivity function ) (z),
we obtain B; = 5.01 x 103 fs/mm, 8, = —24.56 fs*/mm,
B3 = 61.97 fs*/mm, and B, = —209.64 fs*/mm. egs. (20)
and (21) are solved by the split-step Fourier method.
eq. (22) is directly and iteratively computed by follow-
ing the algorithm of the FD-TD method [4]. Figs. 1a
and 1b are the pulse shapes of the 2.5-fs fundamental
soliton in 5Lp simulated by using the generalized non-
linear Schrodinger equation, eq. (21), and the full Max-
well’s equations, eq. (22), respectively. Using the mov-
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0

ing frame relation <‘C = ), we transform Fig. 1b
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Fig. 1. Pulse shapes of the 2.5-fs fundamental soliton in 5 Lp
simulated by using a) the generalized nonlinear Schrédinger
equation and b) the full Maxwell’s equations.

into temporal distribution. After the transformation,
one can see that Fig. la and Fig. 1b are almost the
same. From Fig. 1, the soliton phenomenon is induced
by third-order dispersion [11, 12], self-steepening effect
[13] and delayed Raman response [14, 15]. The angular
frequency of the pulse is 200 THz, which is 10-times to
the spectrum of Raman gain spectrum. It can be seen
from Figs. 1la and b that the pulse is with oscillation
structure and dispersive wave in tailing edge. The
dominant effect by third-order dispersion is shown. We
can find the pulse shape in Figs. 1a is consistent with
that in Fig. 1b. The same propagation also simulated by
using eq. (20), and it is found that two numerical re-
sults by using eq. (20) and (21) differ less than 0.5%. It
is demonstrated that eq. (21) could well describe the
propagation of the 2.5-fs fundamental soliton in fiber.
On the other hand, the coefficient of o* order is found
to be negligible.

5. Conclusion

In conclusion, we have used iterative method to derive
a wave equation for femtosecond soliton propagation
in an optical fiber. The derived equation contains high-
er nonlinear terms than the equation obtained pre-
viously. It is found that those more higher-order non-
linear terms, the coefficients of which are proportional
to the second-order dispersion parameter, are much
smaller than the shock term in a silica-based weakly
guiding single mode fiber. The propagations of 2.5-fs
fundamental soliton by using the generalized nonlinear
Schrodinger equation and the full Maxwell’s equations
are numerically simulated. Comparing these two re-
sults, we found that the generalized nonlinear Schro-
dinger equation well describes the propagation of the
pulse even containing a single optical cycle.

Acknowledgement. This work was supported in part by the
National Science Council, Taiwan, R.O.C. under Contract NSC
89-2215-E-009-112, the Academic excellence program of
R.O.C. Ministry of Education under Contract 90-E-FA06-1-4-
90X023 and National Center for High-Performance Comput-
ing.

References

[1] Fork RL, Brito Cruz CH, Becker PC, Shank CV: Com-
pression of optical pulse to six femtosecond by using cu-
bic phase compensation. Opt. Lett. 12 (1987) 483-488

[2] Agrawal GP: Nonlinear Fiber Optics 2nd, pp. 28-59,
Academic Press, New York, 1995

[3] Joseph RM, Hagness SC, Taflove A: Direct time integra-
tion of Maxwell’s equations in linear dispersion media
with absorption for scattering and propagation of femto-
second electromagnetic pulses. Opt. Lett. 16 (1991) 1412—
1414

[4] Goorjian PM, Taflove A, Joseph RM, Hagness SC: Com-
putational modeling of femtosecond optical solitons from
Maxwell’s equation. IEEE J. Quantum Electron. 28
(1992) 2416-2422

[5] Blow KJ, Wood D: Theoretical description of transient
stimulated Raman scatering in optical fiber. IEEE J.
Quantum Electron. 25 (1989) 2665-2673



Chi-Feng Chen et al., Femtosecond soliton propagation in an optical fiber 271

[6] Brabec T, Krausz F: Nonlinear optical pulse propagation
in the single-cycle regime. Phys. Rev. Lett. 17 (1997)
3282-3285

[7] Mamyshev V, Chernikov SV: Ultrashort-pulse propaga-
tion in optical fibers. Opt. Lett. 15 (1990) 1076-1078

[8] Chi S, Wen S: Derivation of a wave equation for pulse
propagation beyond a slowly varying envelope approxi-
mation. Opt. Quantum Electron. 28 (1996)1351-1357

[9] Chi S Guo Q: Vector theory of self-focusing of an optical
beam in kerr media. Opt. Lett. 20 (1995) 1598-1600

[10] Stolen RH, Tomlinson WJ: Raman response function of
silica-core fibers. J. Opt. Am. B 6 (1989)1159-1166

[11] Wai PKA, Menyuk CR, Lee YC, Chen HH: Nonlinear
pulse propagation in the neighborhood of the zero-disper-
sion wavelength of monomode optical fibers. Opt. Lett.
11 (1986) 464-466

[12] Wai PKA, Chen HH, Lee YC: Radiations by solitons at
the zero group-dispersion wavelength of single-mode opti-
cal fibers. Phys. Rev. A 41 (1990) 426-439

[13] Ohkuma K, Ichikawa YH, Abe Y: Soliton propagation
along optical fibers. Opt. Lett. 12 (1987) 516-518

[14] Hodel W, Weber HP: Decay of femtosecond higher-order
solitons in an optical fiber induced by Raman self-pump-
ing. Opt. Lett. 12 (1987) 924-926

[15] Tai K, Hasegawa A, Bekki N: Fission of optical solitons
induced by stimulated Raman effect. Opt. Lett. 13 (1988)
392-394



