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Two interacting electrons in a vertical quantum dot with magnetic fields
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We present a numerical exact calculation for the energy spectra of two electrons in a finite height cylindrical
guantum dot in details by a coupled-channel method. The electron correlation energy for various geometry of
guantum dots, with and without applied magnetic fields, for singlet and triplet states are investigated. The
magnitude of magnetic field for transition of the spin-singlet ground state and the spin-triplet excited state is
compared with experimental result. The study shows significant contributions due to the spreading of electron
density distribution along the vertical direction. In contrast to the planar circular disk model, the study will be
useful for some realistic quantum dots.
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[. INTRODUCTION correlation effects are very important for few-electron quan-
tum dots. Dineykhan and Nazmitdinfbused oscillator rep-

Two-electron quantum dot is the simplest quantum dotresentation to study the two-electron quantum dots in mag-
system that shows the interplay of electron-electron interacnetic fields. They found that the height of a quantum dot
tion and spin effects and hence is especially interestingactually modifies the value of magnetic field for the obser-
Without external magnetic field, spin singlet is the groundvation of the singlet-triplet oscillation. While most of the
state and the degenerate spin triplet is the first excited statstudies are based upon model of planar disk, their study in-
With applied magnetic field, the triplet states split and shiftedcludes the vertical dimension.
while the singlet state has zero spin and change slower in The electron-electron interaction effects include the mu-
energy than one of the triplet states as magnetic field intual Coulomb term and spin part. Experimentally, the FIR
creases. At certain magnetic field strength, the triplet andesultg show that the parabolic confining potential is a good
singlet states interchange the roles of the ground and excitespproximation. So th&l-electron Hamiltonian in a quantum
states. Similar oscillations occur at higher excited states, toalot can then be separated as center-of-nfasa) motion
Unlike the situations of quantum dots, the singlet-tripletand relative motioiRM) due to the parabolic potentials. The
crossing for helium atom will be at magnetic field as high asFIR acts on c.m. only and the electron-electron effects are
4x10* T and yet to be observed. Among the studies of twohard to detect. To explore the electron-electron interaction,
electrons in a quantum dot, Wagresral® derive the pertur- Wagneret al! proposed the measurements of magnetization
bation results for the spin singlet-triplet oscillations for two or the spin singlet-triplet oscillations for the exploration of
electrons in a circular disk model quantum dot under perpenelectron-electron interaction.
dicular magnetic field. The oscillation was observed by Due to the relative smallness of the height with respect to
Ashooriet al? The experiment which used vertical confined the diameter in a vertical quantum dot, most of the studies of
quantum dot(called the vertical quantum dotwas an this problem used the model of two-dimensional circular
AlysGay As/GaAs quantum well of diameter 408 A and disk® However, although the motion of electronszmlirec-
height 175 A with the parabolic lateral confined potentialtion is mostly confined in the ground state subband, the dis-
im* w?r? of hw, =5.4 meV. The measured cross-over oc-tribution in z direction is very important for the dominant
curs at about 1.5 T. By using a model of two-dimensionalrole of electron-electron Coulomb interaction. Rontenal®
circular disk Wagneet al found the crossing at 3.6 T with found that purely 2D models often inadequately describe the
their calculation. Coulomb interaction, and overestimate the carrier localiza-

Other physics of two electrons in semiconductor quantuntion. Considering so many investigations of this problem
dots has been intensively investigated in the past few yearsvith circular model, a more detailed calculation related to
Bryant studied the energy levels for two electrons in athe realistic quantum dots is certainly demandihdn this
square GaAs quantum-well box. Mert al* calculated two  paper, we calculate the energy spectra of two interacting
electrons states in semiconductor quantum dot withelectrons in the vertical quantum dot under magnetic field by
harmonic-oscillator well under perpendicular magnetica coupled-channel method. The method is numerical exact
fields. Pfannkuchest al® compared the results of Hartree, for two-electron system under magnetic fields. In a recent
Hartree-Fock and exact treatment for the same system. Theaper, the method was employed to solve the additional en-
found that the Hartree-Fock is good for the triplet states buergy spectra of many-electron system in vertical and spheri-
not appropriate for the singlet state, so the exchange anchl quantum dots! We must point out that the method is
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readily to be generalized for other types of potential; how-whereN=0,1,2,3 ..., andM =integer. On the other hand,
ever, as shown in Ref. 10, the parabolic potential is accuratdue to the Coulomb interaction, the RM wave function can-
for radius less than 700 A. Hence in this paper, we will limit not be solved analytically. We expand the RM wave function

our scope to the parabolic confining potentials.

II. THE EXACT TREATMENT OF TWO-ELECTRON
VERTICAL QUANTUM DOT WITH PARABOLIC
CONFINEMENT POTENTIALS

in spherical harmonics:

Dig (1)

r

\IIRM<r>=Z Yim(Q), (6)

the eigenvalue equation reduces to the following coupled-

We consider two interacting electrons of effective masschannel form:

m* in a vertical quantum dot with harmonic confinement
potential. In the presence of a constant magnetic fieid
the z direction, the system is described by the Hamiltonian
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where the confinement potentidyo(r;) = (m*/2)[ ? (x>
+y?) + 02z’] andHgy=g* up(S1+S,) - B is the coupling of

electron spin and magnetic fielgg is the Bohr magneton
and the background dielectric constanteisThe effective
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andA w?=w?— Q%

atomic units are used hereafter unless otherwise stated, that The total wave function?(1,2) contains the product of

is #=m*=e/\e=1. For GaAs one hag=12.4 andm*
=0.067 which imply the effective Bohr radiusj
=97.9 A and effective Hartree ener§y, =11.9 meV. The
effectiveg* =0.44 is from band parameters of GalA¥.For
the perpendicular magnetic field, we choose a symmetri

gauge described by the vectdr=Bxr=1B(-y,x,0). In-
troducing the relative and center-of-mass coordirf@@a-te?1
—r,, R=(r;+r,)/2, the Hamiltonian, Eq(1) can be de-
composed into the center-of-mé&ssn) and relative-motion
(RM) terms as follows:

H:Hc.m.+HRM+Hspinr i)

cm.—
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Hru=—Vi+ Zﬂgﬁ(xz+yz)+ 5@zt
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whereQ = \Jw? + w2/4, andw,=eB/m* ¢ is the cyclotron
frequency.
To solve the eigenenergy of the two electrons system, w

c.m., RM and spin partsV' must be antisymmetric under the
interchange of two electrons. The c.m. part has parity
(—1)M*Nz with the conditionw,>w, , the electrons will
always be in theN,=0 subband. The parity in EJd6) is
equal to (- 1)', thus the indeX in Eq. (6) must be either odd

or even. Also, since the component of angular momentum
is conserved, both the, of Eq. (3) andl, of Eq. (4) are good
operators. The magnetic quantum numbdrandm are fixed

for each state. Since the magnetic quantum nunmbés a
good quantum number for each orbital, the orbital and spin
coupling do not need to be included in the diagonalization
scheme. The coupled equatioi® are solved to machine
accuracy by means of the generalized pseudospdGRH
method™>!* For the radial coordinate, we first map the
range[ 0] or [O,f hay into [ —1,1] by using

1+x

r:r(x)zL—l_X+a,

€)
wherea=2L/r . andL is the mapping parameter. The col-
location pointgx,} and the corresponding weights are deter-
mined through the Gauss-Legendre-Lobatto quadrafure.
The method is especially accurate for Coulomb problems. As
a typical example, in the calculation &=10 T, 50 grid
points inr and 18 partial waves were used. The diagonaliza-
ion takes about 18 cpu seconds on a 600 MHz Pentium Il

calculate the eigenenergies of c.m. and RM parts separately.”
At the first glance, the c.m wave function contains a planar

harmonic oscillator with angular frequenc.s and a
z-direction harmonic oscillator with frequencw,. Its
eigenenergy can be written as

1)

Ecm=2N+|M|+21)Qs+ NZ+§ (5)

w,T oM,

2

IIl. RESULTS AND DISCUSSIONS

In Fig. 1, we plot the total energy of two noninteracting
electrons without spin term aé, =0.5. As for the confine-
ment in vertical direction, Fig. (&) is for w,=0.5, Fig. 1b)
is for w,=1.0, and Fig. () is for w,= 5.0, respectively. The
system is decomposed into E®), and Eq.(4) without the
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FIG. 1. Total energy of two noninteracting electrons in a quan-

tum dot with o, =0.5 and different confinemens, in z direction
under applied magnetic. F¢a) w,=0.5 , (b) w,=1.0, and(c) w,
=5.0. Thew, andw, are ineffective atomic unias described in the
text.

Coulomb term. The total energy is equalEg,, of Eq. (5)
plus

1 1
n,+ 5 w,+ Ewcm, (10

wheren=0,1,2,3 ..., andm=integer. By defining

ERM:(2n+ |m| +1)Qeff+

0+ =Qef* 5 @c, (12)
1
N. =N+ 5 (|M[=M), (12)
1
n.=n+ §(|m|im), (13
we can see that the total energy is rewritten as
EcmtErm=(Ns+n +Dw, +(N_+n_+1)w_
+(Nz+n,+1)w,. (14

In Landau regimen.>w, , the total energy becomes

EcmtErv— (Ns+n +1)w.+(Nz+n,+1)w,.
(15
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1(a). Sincew, = w,= 0.5, the confinement is a spherical har-
monic oscillator potential and the quantum number& of,

and Egy, are of equal weight. For example, (01,0,0,0,0)

and (0,0,0,0:-1,0) are degenerate states so are the four
states, (0;1,0,0,01),(0,—1,1,0,00),(0,0,0,0i-1,1) and
(0,0,1,0;-1,0). For small magnetic fielB, those states with
negative magnetic quantum number have lower energies due
to azimuthal angular momentum coupling. And this coupling
will eventually dominate the confinement potential for some
states that makes the energy diagram more complicated for
large B than smallB’s. In contrast to Fig. @& which has
three degenerate branches nBar0, there are five degener-
ate branches ne@®=0 in Fig. 1(b) because the confinement

is not a spherical symmetric potential anymore. But the con-
finement ratiow,/w, =2 is integer, the degeneracy of states
still exists forB+#0. The energies from lower to higher near
B=0 in Fig. 1Ab) are (0,0,0,0,0,0), (6;1,0,0,0,0),
(0,1,0,0,0,0), (05 1,0,0,-1,0), (0,0,1,0,0,0) and so on. Fig-
ure 1(c) indicates that there are 6 branches nBarO for
w,=5.0 and the larger energy difference between these states
at B=0 compared to Figs.(d) and 1b) is due to larger
vertical confinement potential.

It is easy to deduce all the energies and their degeneracy
in Fig. 1 from the exact form of Eq14). We plot this figure
in order to show the effects of Coulomb and spin interactions
in the next graph. Noted that under the parabolic potential
forms, the lowest spin singlet and triplet energy will never
cross each other, no matter how large the applied magnetic
field is. This can easily be seen by the singlet and triplet
energy fromE;,, andEgy .

In Fig. 2, we show the difference of total energies of the
calculation with and without both of the Coulomb and spin
effects. The parameters of, and w, are the same as those
of Fig. 1. For simplicity, we present the energy difference of
those low-lying states, that iBj=0 andn=0 in this figure.

The states we draw from bottom to top in FiglaR are
5(0,0,-1,1), T(-1,0,0,1), T(0,0,-1,0) and S(0,0,0,0)
where S(T) indicates the state is sing(#tplet) with quan-

tum number M,N;,m,n,). There are many states which
energy difference is the same curve in Fig. 2. The group,
S(0,0,—1,1) andS(0,0,1,1), is represented by a curve and
$(0,0,0,0),5(0,1,0,0),5(1,0,0,0) andS(—1,0,0,0) are in a
group of the same curve. For triplet stat€$0,0,—1,0) and
T(0,0,1,0) belong to a group and —1,0,0,1),T(0,0,0,1),
T(0,1,0,1) andr(1,0,0,1) are in the same group. The differ-
ence in the singlet ground state is actually the dominant one
among the few plotted low-lying states. This shows that the
effects of electron correlation and exchange are more impor-
tant for spin singlet ground state than for the triplet as shown
in Ref. 5. Also noted that as the vertical confining potential
changes, the behavior of these states also varies. The order of
T(-1,0,0,1) andr(0,0,—1,0) merges into the same point at
B=0 for w,=0.5 and switches in the cases ®f=1.0 but

not in the case of,=5.0. This also means that the vertical

The energy levels we plot in Fig. 1 are designated byconfinement is physically significant to the behavior of elec-
(N,M,Nz,n,m,n,). The orders from lower to higher levels trons in a quantum dot.

nearB=0 are (0,0,0,0,0,0), (6,1,0,0,0,0), (0,0,1,0,0,0),
(0,1,0,0,0,0), (0y1,0,0,-1,0), (0,-1,0,0,0,1), etc. in Fig.

To further explore the effect of vertical confinement on
the energy spectra, we define the correlation energy as
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FIG. 2. The difference in total energy for the Hamiltonians with FIG. 3. The change of electron correlation energy with respect

and without Coulomb interaction and spin effect. The shape oFO the geomgtry ofquantum dots under applied magnetic fields. The

. . .. .states are singlet states with,(n,n,)=(0,0,0). In each plot, the
quantum dots studied corresponds to those of Fig. 1. Solid line I%olid line represents an applied figki=10 T, dashed line foB
the energy difference of the singlet state and dashed line is for=2 T and dotted-dashed line f@=0 T (a;) 0, =05, (b) w
triplet state. The curves from bottom to top in energyBat0 are —> ahd(c) w =5 ' Lo +
$(0,0~1,1), T(-1,0,0,1),T(0,0,—1,0), andS(0,0,0,0) in(a); the ' Lo

energy order inb) is the same a&) except that the triplet states L _ .
exchange their order for largd value; in(c) the order isS(0,0, spin singlet state ofr(,m,n,)=(0,0,0), with respect to the

—1,1), T(0,0—1,0), T(— 1,0,0,1), and5(0,0,0,0). See text for the guantum dot geometry under magnetic fields _of 0,2 T and
notation. 10 T. We plot the cases @b, =0.5,2, and 5 withw, run-
ning from 0 to 10 at increment 0.2. We find that the corre-
1 lation energy is larger for stronger magnetic field at small
AE.o= ERM—[E%M+<F>], (16 but reversed for largew,, and the change oAE., with
respect tow, is smoother for larger values than at small
where the Hamiltonian of the relative motion in E¢) is  values ofw,.
rewritten as The results can be explained as follows, since the motion
of c.m. plays no role in the correlation, and only the part of
0 relative motion is important. The correlation energy is pro-
Hrm=Hpu* T 17 portional to the overlap of the electron wave functions. For

q the spin singlet state, we can estimate the wave function as
an

W(r)~exp{ — [ Qe(X3+y?) + w,22]/4}, 22
He i@ = Evg @ . 18 (N~exp{—[Qer(C+y)) + 0,214}, (22
0 0 0 0 so the spatial spreading in horizontal dimensior-it/\Q .
Hrm¥ rv= ErmY rws (19  and is~1/\w, in the vertical direction. From the definition

1 Q= \/wf + wczl4, we can see 'that gt small,, t.he electr'ons.
<_> :<\pRM \pRM>_ (200  become more and more localized in the horizontal direction

;
SoAE., is the difference of total energy in E(L8) from the

as the magnetic field increases and hence the correlation en-
ergy will increase with the magnetic field. On the other hand,

energy of the noninteracting electrons in Ej9) and their  for the largerw,, the electron distribution iz direction is

direct Coulomb energy. In the regime of perturbation theory,rath_er localized, the cha_ng_e of horizontal d|str|but|on d_u_e to
the increase of magnetic field does not produce significant
change in electron correlation.

H%MJF F“I’%M> . (21) In Fig. 4 we present the correlation energy with respect to
the change ofv, for more states. We calculated the singlet

In Fig. 3 we show the change of correlation energy for thestates with (,m,n,)=(0,00),(0,1,1) and triplets with

1
T

AEco=Erm— < ‘P(FJQM
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) FIG. 5. Energy spectrum of two interacting electrons quantum
o, (effective a.u.) dots. The confinement parameters are set to model the experiment

, _with quantum dot of diameter 408 A and height 175 &,
FIG. 4. The change of correlation energy for several states with— 5 4556 corresponds to 29.3 meV.

out magnetic field. In each plot, open-squared curve is for the sin-
glet state with 6,m,n,)=(0,0,0), open circles for singlet with
(n,m,n,)=(0,1,1), open diamonds for triplet withn(m,n,)
=(0,0,1), and filled upper triangles for triplet withn,(m,n,)
=(0,1,0). (@ w,=0.5, (b) w, =2, and(c) w, =5. Similar ten-
dency is found for cases witB=2 T andB=10 T.

geometry and size. In Fig.(®, we plot the transition mag-
netic fields against a range ab, at w, =0.454 (i.e.,
5.4 meV). This actually implies the change of the magnetic
field with the geometry. Atw,=w, , the quantum dot is

(n,m,n,)=(0,0,1) and (0,1,0) @=0. We can see that sin- 20
glet state (0,0,0) has the largest electron correlation and sin 1.8
glet state (0,1,1) has the smallest correlation among the fou
curves. Again, this can be explained by the electron wave~
function overlap of the relative motion. The singlet (0,1,1) o 14
have the most widely spreading density distribution and the {5,
smallest overlap to produce electron correlation. Similar ten-

1.6

dency was found for the casesBf2 T andB=10 T and 1.0 b
is not shown. 4
To compare with the experimental dataye use w,

=5.4 meV andw,=29.3 meV to model the size ratio of
diameter to height to be 408 A:175 A. We show in Fig. 5 5.0 . I . , .
the energy spectrum of two electrons in the vertical quantum

) N , T 0 -
dot under uniform magnetic field along the vertical direction. i
At smaller magnetic field, the spin singlet state is the ground_. 3.0 —
state while the triplet states are the excited states. Nlhe ';j 20 ]
=0, m=—1 state of the triplet becomes the lowest one due ‘ ]
to the magnetic filed at the value &=1.1 T. Compared 1.0 —
with the experimentaB=1.5 T, the result is actually accept- 7
able. Because this value of magnetic field depends on sever: 0'%_ 15

physical parameters, such as the confinement potentials, th
dielectric constants of material and size of the dot, etc. And
the experimental conditions such as the confinement poten- FiG. 6. The change of singlet-triplet crossover magnetic field
tials and other material parameters are hardly the same as tQgh the geometry and size of the quantum doi@. For w,
idealized parameters employed in the calculation. =0.454: the dot is cigar shape fer,<w, , and is spherical for
To further investigate the effects of potential parametersw,=w, . At w,>w, , the dot approaches planar dist) For
on the magnitude of the singlet-triplet transition magneticw,/w, =5.436: smallerw, corresponds to larger vertical dot, and
field, we perform a calculation for a variety of quantum dotvice versa.

o, (effective a.n.)
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spherical; and ab,<w, , t he dot is cigar shaped; while the over is larger than the thinner shape quantum dots. And from
dot becomes planar disk fav,>w, . The transition mag- the difference of total energy between results include and
netic field decreases monotonically with the change of geomexclude the Coulomb and spin effects, we find that the cor-
etry from cigar shape through spherical to planar disk. Inrelations of the two electrons are more important for low-

Fig. 6b), we show the change of transition magnetic fieldlying states than the higher one. In the study of correlation
with respect to the size of vertical quantum dot. In this plot,energy, effects from quantum dot geometry and the applied
we set the ratio ofv,:w, at 5.436. This is to simulate the magnetic fields were explored. Finally, the method we used
experimental shape of vertical dot with fixed diameter toin this paper is flexible to other kinds of confinement poten-
height ratio. Since the spatial spreading~id/\Jw,, hence tials. We limit the calculation to parabolic confining poten-

smaller», corresponds to larger dot and larger means tial, because the stutfyshowed that the model is very accu-

smaller dot. We can see that the transition magnetic field isate. However, in our study of the effects of quantum dot
larger for smaller dots than larger dots. The tendency oflimensionality and size, the magnitude of the magnetic field
change is monotonic, too. for the singlet-triplet crossover is actually dependent on the

potential parameters.

IV. CONCLUSIONS
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