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Decay rate and renormalized frequency shift of a quantum wire Wannier exciton
in a planar microcavity
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Super-radiant decay rate and frequency shift of a Wannier exciton in a one-dimensional quantum wire are
studied. It is shown that the dark-mode exciton can be examined experimentally when the quantum wire is
embedded in a planar microcavity. It is also found that the decay rate is greatly enhanced as the cavity length
Lc is equal to the multiple wavelength of the emitted photon. Similar to its decay-rate counterpart, the
frequency shift also shows discontinuities at resonant modes.
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Historically, the idea of super-radiance was introduced
Dicke.1 Later, the coherent radiation phenomena for
atomic system was intensively investigated.2–6 One of the
limiting cases of super-radiance is the exciton-polariton s
in solid-state physics. But as it was well known in a thre
dimensional~3D! bulk crystal,7 the excitons will couple with
photons to form polaritons—the eigenstate of the combi
system consisting of the crystal and the radiation field t
does not decay radiatively. If one considers a linear chain
a thin film, the exciton can undergo radiative decay a
result of the broken crystal symmetry. The decay rate of
exciton is enhanced by a factor ofl/d in a linear chain8 and
(l/d)2 for 2D exciton polariton,9,10 where l is the wave-
length of emitted photon andd is the lattice constant of the
linear chain or the thin film.

First observation of super-radiant short lifetimes of ex
tons has been performed by Aaviksooet al.11 on surface
states of the anthracene crystal. Later, Deveaudet al.12 mea-
sured the radiative lifetimes of free excitons in GaAs qu
tum wells and observed the enhanced radiative recomb
tion of the excitons. Hanamura13 investigated theoretically
the radiative decay rate of quantum-dot and quantum-w
excitons. The results obtained by Hanamura are in agreem
with that of Liu and Lee’s~Ref. 10! prediction for thin films.
Knoester14 obtained the dispersion relation of Frenkel ex
tons of quantum slab. An oscillating dependence of the
diative width of the excitonlike polaritons with the lowe
energy on the crystal thickness was found. Recently, Bjo¨rk et
al.15 examined the relationship between atomic and excito
super-radiance in thin and thick slab geometries. They d
onstrated that super-radiance can be treated by a unified
malism for Frenkel excitons and Wannier excitons. In wo
of Agranovichet al.’s work16 a detailed microscopic study o
Frenkel exciton-polariton in crystal slabs of arbitrary thic
ness was performed.

For lower dimensional systems, Ivanov and Haug17 pre-
dicted the existence of an exciton crystal, which favors
herent emission in the form of super-radiance in quant
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wires. Manabeet al.18 considered the super-radiance of i
teracting Frenkel excitons in a linear chain. Recently, w
the advances of the modern fabrication technology, it
become possible to fabricate the planar microcavities inc
porating quantum wires.19 Although some of the theoretica
papers discussed the exciton-polariton splitting of quant
wires embedded in a microcavity,20 the spontaneous emis
sion of the exciton as a function of cavity length has receiv
no attention. In this paper, we will investigate the radiati
decay of the Wannier exciton in one-dimensional quant
wires embedded in planar microcavities. It will be show
that some interesting quantities may be measured by ma
use of the properties of the microcavity.

For simplicity, let us first approximate the quantum wi
as a linear chain with lattice spacingd in a free space. As it
was well known, the Sommerfeld factor is smaller than un
in a one-dimensional system.21 The strong Coulomb interac
tion moves the oscillator strength out of the continuum sta
into the exciton resonance. Practically the entire oscilla
strength is accumulated in the ground-state exciton. Thus
can assume a two-band model for the band structure of
system safely as long as the thermal energy is smaller
the binding energy of the exciton. In this case, the state of
Wannier exciton can be specified as

ukz ,n&5(
lr

1

AN
exp~ ikzr c!Fn~ l !, ~1!

where the coefficient 1/AN is for the normalization of the
state ukz ,n&, kz is the crystal momentum along the cha
direction characterizing the motion of the exciton,n is the
quantum number for the internal structure of the excito
and, in the effective mass approximation,r c5@me* ( l 1r)
1mh* r#/(me* 1mh* ) is the center of mass of the exciton
Fn( l ) is the hydrogenic wave function withl 1r andr being
the positions of the electron and hole, respectively. Here,me*
©2001 The American Physical Society07-1
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and mh* are the effective masses of the electron and h
respectively. The Hamiltonian for the exciton is

Hex5(
kzn

Ekzn
ckzn

† ckzn
, ~2!

whereckzn
† andckzn

are the creation and destruction operat

of the exciton, respectively.Ekzn
is the exciton dispersion.

The Hamiltonian of free photons is

Hph5 (
q8kz8

\c~q821kz8
2!1/2bq8k

z8
†

bq8k
z8
, ~3!

wherebq8k
z8

†
andbq8k

z8
are the creation and destruction ope

tors of the photon, respectively. The wave vectork8 of the
photon is separated into two parts:kz8 is the parallel compo-

nent ofk8 along the linear chain such thatk825q821kz8
2 .

In the resonance approximation,10 the interaction between
the exciton and the photon can be written in the form

H85(
kzn

(
q8

Dq8kzn
bkzq8ckzn

† 1H.c., ~4!

where

Dq8kzn
5

e

mcA 2p\cN

~q821kz
2!1/2v

eq8kz
xkzn

~5!

with eq8kz
being the polarization of the photon. In Eq.~5!,

xkzn
5(

l
F* ~ l !E dtvc~t2 l !expF ikzS t2

me*

me* 1mh*
l D G

3S 2 i\
]

]t Dvv~t! ~6!

is the effective transition dipole matrix element between
electronic Wannier statevc in the conduction band and th
Wannier hole statevv in the valence band.

Now, we assume that at timet50 the Wannier exciton is
in the modekz ,n. For time t.0,the stateuc(t)& for the
whole system composed of the exciton and photons can
written as

uc~ t !&5 f 0~ t !ukz ,n;0&1(
q8

f G;q8kz
~ t !uG;q8kz&, ~7!

where ukz ,n;0& is the state with a Wannier exciton in th
modekz ,n in the linear chain without photons, anduG;q8kz&
represents the state in which the electron-hole pair rec
bines and a photon in the modeq8,kz is created.

By the method of Heitler and Ma in the resonance a
proximation, the probability amplitudef 0(t) can be ex-
pressed as10

f 0~ t !5expS 2 iVkzn
t2

1

2
g

kzn
t D , ~8!
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where

g
kzn

52p(
q8

uDq8kzn
u2d~vq8kzn

! ~9!

and

Vkzn
5P(

q8

uDq8kzn
u2

vq8kzn

~10!

with vq8kzn
5Ekzn

/\2cAq821kz
2. Here g

kzn
and Vkzn

are,

respectively, the decay rate and frequency shift of the e
ton. AndP means the principal value of the integral.

The Wannier exciton decay rate in the optical region c
be calculated straightforwardly and is given by

gkzn
5H 3p

2k0d
g0

ueq8kz
xnu2

uxnu2
, Aq821kz

2,k0

0, otherwise,

~11!

wherek05Ekzn
/\,

xn5(
l

Fn* ~ l !E dtwc~t2 l !S 2 i\
]

]t Dwv~t!, ~12!

and

g05
4e2\k0

3m2c2
uxnu2. ~13!

Here, xn* represents the effective dipole matrix eleme
for an electron jumping from the excited Wannier state in
conduction band back to the hole state in the valence ba
andg0 is the decay rate of an isolated atom. We see from
~11! that g

kzn
is proportional to 1/(k0d). This is just the

super-radiance factor coming from the coherent contributi
of atoms within half a wavelength or so.8,18

Now let us consider the quantum wire embedded in p
fectly reflecting mirrors with cavity lengthLc . If the mirror
plane is parallel to the quantum wire, it means the exci
can only couple to discrete photon modes@(2p/Lc)nc ,
wherenc are integers# in the perpendicular direction, while
the photon modes are still continuous in the other directi
Following the above derivation, the decay rate can be ev
ated as

gkz50,n5
2pe2\

m2c2d
(

nc51

Nc 1

Lc

ueq8kz
xnu2

Ak0
22S 2p

Lc
ncD 2

, ~14!

whereNc is an integer. Because of the conservation of e
ergy, the value ofNc must be smaller thanLc /l, wherel is
the wavelength of the emitted photon.

As can be seen from equation~14!, the exciton modes
with k0,2p/Lc have vanishing decay rate. These excit
modes do not radiate at all and photon trapping occu
7-2
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Thesedark modesalso occur in a 2D thin film. However, it is
hard to examine them directly because of the randomnes
crystal momentum in a thin film. With the recent develo
ments of fabrication technology, it is now possible to fab
cate the planar microcavities incorporating quantum wire19

If the thicknessLc is equal to the wavelength of the photo
emitted by bare exciton~without external field!, one can ex-
amine the dark mode directly by changingk0 with external
field.

One might argue that the singularities in Eq.~14! are ir-
relevant in the weak-coupling region. However, there are
ways some leakages from the environment in realistic s
tems. In this case, the summation of the discrete mode
Eq. ~14! becomes the integration of the continuous mode

gkz50,n5
e2\

m2c2d
E G~kx!

ueq8kz
xnu2

Ak0
22kx

2
dkx , ~15!

where the factorG(kx) contains the informations of the leak
ages. For good-reflecting mirrors, we further assumeG(kx)
has the form of Lorentzian distribution and can be expres
as

G~kx!5NG(
nc

1

~kx22pnc /Lc!
21Dkx

2
, ~16!

whereNG is the normalization constant andDkx is the line
width. Figure 1 shows the numerical calculations of E
~15! and~16! with Dkx being equal to 1% of the fundamen
tal mode 2p/Lc . As can be seen in the figure, the singula
ties smear out because of the leakages. Therefore, as lo
the corresponding band-gap frequencyEkzn

/\ is much larger
than the decay rate at these peak values, the perturb
theory still works well. One also notes the peak value
creases with the increasing of cavity length. Therefore,
decay rate should approach to the free space limit in Eq.~11!
as the cavity length becomes infinity. In the work of Ref. 1
Constantinet al. investigated the transition from nonresona
mode to resonant coupling between quantum-confined o
dimensional carriers and two-dimensional photon states
planar Bragg microcavity with a size of one wavelength
corporating strained In0.15Ga0.85/GaAs V-groove quantum
wires. They found that when the excitonic transition ene
is resonant with the cavity mode, the emission rate into

FIG. 1. Decay rate of the superradiant exciton in a quantum w
embedded in cavities with leakages. The vertical and horizo
units are 2pe2\ueq8kz

xnu2/m2c2k0d andl, respectively.
12530
of
-
-

l-
s-
in

d

.

as

ion
-
e

,
t
e-
a

-

y
is

mode is significantly enhanced. This significant feature
just the enhancement in Fig. 1 and can be easily explaine
the present model.

To understand the emission rate increasing to resona
thoroughly, we now consider a Wannier exciton in a quant
ring embedded in perfectly reflecting mirrors with cavi
lengthLc . The circular ring is joined by theNr lattice points
with radiusr;Nrd/2p, whered is the lattice spacing and
the number of the lattice points isNr . Following the above
derivation, the decay rate of the quantum ring exciton can
expressed as

gn5(
nc

e2\

m2c2Lc

r

d

3uHn
(1)
„A~2p/l!22~2pnc /Lc!

2r…u2ueq8k
z8
•xnu2,

~17!

wheren is the exciton wave number in the circular directio
and Hn

(1) is the Hankel function. As can be seen from E
~17!, the decay rate of a quantum ring exciton also shows
enhanced peaks as the cavity lengthLc is equal to the mul-
tiple wavelength of the emitted photon. However, if one co
siders a Wannier exciton in a quantum dot embedded in
microcavity, the decay rate

g}(
nc

e2\

m2c2Lc

u„~2p/l!22~2pnc /Lc!
2
…ueq8k

z8
xu2,

~18!

whereu is the step function, shows no peak, instead, only
plateau appears with the increasing of the cavity length. T
is because the angular momentum~translational momentum!
of the exciton in a quantum ring~wire! is conserved in cir-
cular ~chain! direction, while the crystal symmetry is totall
broken in a quantum dot. Due to the modification of t
density of states of the photon in the microcavity, the dec
rate of the exciton shows peaks in a quasi-one-dimensio
system butplateausin a quasi-zero-dimensional system. O
should notice that such kind of peak maybe a useful fea

e
al

FIG. 2. Renormalized frequency shift of the super-radiant ex
ton in a quantum wire as a function of the cavity lengthLc . The
vertical and horizontal units aree2\ueq8kz

xnu2/m2c2k0d andl, re-
spectively.
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to realize the Aharonov-Bohm~AB! effect for an exciton in a
quantum ring. Recently, Ro¨mer and Raikh22 studied theoreti-
cally the exciton absorption on a ring threaded by a magn
flux. In order to see the AB oscillations, they suggested
measure the luminescence. In this case, however, the e
tonic AB oscillations is very small and hard to be measur
m
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Therefore, if one can incorporate the quantum ring with p
nar microcavities, the AB oscillations will be enhanced
these peaks.

A few remarks about frequency shiftVkzn
in a quantum

wire can be mentioned here. In perfect microcavities,
frequency shift can be expressed as
Vkz50,n5
e2\

m2c2d
(

nc51

Nc 1

Lc
E ueq8kz

xnu2

Fk02Akx
21S 2p

Lc
ncD 2GAkx

21S 2p

Lc
ncD 2

dkx . ~19!
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As pointed out in Ref. 24, the frequency shift suffers fro
divergences and has to be removed by renormalization.
lowing the renormalization procedure proposed by L
et al.,24 one can, in principle, obtain the frequency shift
Eq. ~19!. In the free-space limit, the frequency shift can
approximated as

Vkz50,n
ren ;2gsingleS 1

k0dD , ~20!

wheregsingle is roughly equal to the decay rate of an isolat
atom.24 Similar to the decay rate in Eq.~11!, the frequency
shift is also super-radiatively enhanced by the coherent
fect. The numerical calculations of Eq.~19! are shown in
Fig. 2. As can be seen from the figure, the frequency shift
discontinuities when the cavity length is equal to the multi
wavelength of the emitted photon. This is because whene
the cavity length exceeds some multiple wavelength, it op
up another decay channel abruptly. These discontinu
should also smear out because of the leakages from the
vironment. One can also note that as the cavity length
creases, the sign of the frequency shift changes from pos
to negative and approaches the free-space limit. This kin
crossing also occurs in the quantum-well systems,23 and can
be realized by the competition between the negative
positive values of the integration in Eq.~19!.

For usual semiconductors, the enhanced factor in Eq.~20!
is about 103 for Wannier excitons in the optical range. How
ever, due to the extreme smallness ofgsingle itself, observa-
tion of Vkz;0,n

ren is not expected to be easy. The discontinuo

behavior at certain cavity lengthLc may be a useful feature
to observe this quantity. Besides, we suggest to investi
the semiconductor materials that have a larger excit
l-
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oscillator strength and thus a larger frequency shift. As
the magnitude of this shift, if the decay rate of the exciton
in the order of per picosecond, the radiative shift is ab
1021 meV. One can also vary the numberN0 of the wires.
Due to the coherent effects, the measured frequency
would beN0Vkz;0,n

ren if the wires are placed within the cohe

ent length. However, one should also note the inhomo
neous broadening caused by the fluctuations in the wire s
that cannot be kept absolutely constant, leading to the s
band-gap fluctuation of quantum wires. The inhomogene
broadening may be taken into account by assuming tha
wires have a size distribution given byf (Ekz

) around a mean

value Ekz
. The average frequency shift is thenVkz

ren

5* f (Ekz
)Vkz;0,n

ren uEkz
dEkz

.

In summary, we have calculated the decay rate of
Wannier exciton in a quantum wire. When the quantum w
is incorporated into planar microcavities, it becomes poss
to examine the dark modes of the exciton. Besides, the d
rate is greatly enhanced as the cavity lengthLc is equal to the
multiple wavelength of the emitted photon. The singularit
in the decay rate smear out as a result of leakages from
environment. Furthermore, we have also calculated
renormalized frequency shift of the exciton. Similar to
decay rate counterpart, the frequency shift shows discon
ity at resonant modes. The distinguishing features
pointed out and may be observable in a suitably desig
experiment.

This work was supported partially by the National S
ence Council, Taiwan under the Grant No. NSC 90-2112
009-018.
*Corresponding author: FAX: 886-3-5725230; Email addres
dschuu@cc.nctu.edu.tw

1R.H. Dicke, Phys. Rev.93, 99 ~1954!.
2N. Skiribanowitz, I.P. Herman, J.C. MacGillivrary, and M.S. Feld

Phys. Rev. Lett.30, 309 ~1973!.
3M. Gross, C. Fabre, P. Pillet, and S. Haroche, Phys. Rev. Lett.36,

1035 ~1976!.
s:

,

4V. Ernst and P. Stehle, Phys. Rev.176, 1456~1968!.
5Y.C. Lee and D.L. Lin, Phys. Rev.183, 147 ~1969!; 183, 150

~1969!.
6F. Arechi and D. Kin, Opt. Commun.2, 324 ~1970!.
7J.J. Hopfield, Phys. Rev.112, 1555~1958!.
8V. Agranovich and O. Dubovsly, JETP Lett.3, 223 ~1966!.
9K.C. Liu, Y.C. Lee, and Y. Shan, Phys. Rev. B15, 978 ~1975!.
7-4



.S

sh

.

. B

ev.

,
-

DECAY RATE AND RENORMALIZED FREQUENCY SHIFT . . . PHYSICAL REVIEW B 64 125307
10K.C. Liu and Y.C. Lee, Physica A102, 131 ~1980!.
11Ya. Aaviksoo, Ya. Lippmaa, and T. Reinot, Opt. Spectrosc.62,

419 ~1987!.
12B. Deveaud, F. Clerot, N. Roy, K. Satzke, B. Sermage, and D

Katzer, Phys. Rev. Lett.67, 2355~1991!.
13E. Hanamura, Phys. Rev. B38, 1228~1988!.
14J. Knoester, Phys. Rev. Lett.68, 654 ~1992!.
15G. Björk, Stanely Pau, Joseph M. Jacobson, Hui Cao, and Yo

hisa Yamamoto, Phys. Rev. B52, 17 310~1995!.
16V.M. Agranovich, D.M. Basko, and O.A. Dubovsky, J. Chem

Phys.106, 3896~1997!.
17A.L. Ivanov and H. Haug, Phys. Rev. Lett.71, 3182~1993!.
18Y. Manabe, Tetsuji Tokihiro, and Eiichi Hanamura, Phys. Rev
12530
.

i-

48, 2773~1993!.
19C. Constaintin, E. Martinet, A. Rudra, and E. Kapon, Phys. R

B 59, R7809~1999!.
20A.V. Kavokin, E.L. Ivchenko, M.R. Vladimirova, M.A. Kali-

teevski, and S.V. Goupalov, Superlattices Microstruct.23, 389
~1998!; M.A. Kaliteevski, S. Brand, R.A. Abram, V.V. Nikolaev
M.V. Maximov, N.N. Ledentsov, C.M.S. Torres, and A.V. Ka
vokin, Phys. Rev. B61, 13 791~2000!.

21T. Ogawa and T. Takagahara, Phys. Rev. B44, 8138~1991!.
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