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Quadratic Integer Programming with
Application to the Chaotic Mappings of
Complete Multipartite Graphs"*
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Abstract. Let a be a permutation of the vertex set V(G) of a connec-
ted graph G. Define the total relative displacement of a in G by

0a(G)= 3y lde(x,y)—ds(a(x), a(y)l.

x,y0V(G)

where dg(x, ) is the length of the shortest path between x and y in G.
Let m%(G) be the maximum value of d,(G) among all permutations of
V(G). The permutation which realizes 71%(G) is called a chaotic map-
ping of G. In this paper, we study the chaotic mappings of complete
multipartite graphs. The problem is reduced to a quadratic integer pro-
gramming problem. We characterize its optimal solution and present an
algorithm running in O(n’logn) time, where # is the total number of
vertices in a complete multipartite graph.
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1. Introduction

Let o be a permutation of the vertex set V(G) of a connected graph
G. Define the total relative displacement of a in G by

0a(G)= 3 l|do(x—y)—ds(a(x),a()|,
x,ydV(G)

where dg(x, y) is the length of the shortest path between x and y in G. It is
easy to see that a permutation o of V(G) is an automorphism of G if and
only if the total relative displacement of o in G is zero. Let 1(G) and *(G)
denote respectively the smallest nonzero total relative displacement and the
largest total relative displacement in G. The permutation which realizes
1m%(G) is called a chaotic mapping of G. The chaotic mapping is related to
the sorting problem in computer science (Refs. 2—4). Computing 1(G) and
m%(G) is an important research topic in graph theory (Refs. 1,5, 6). The
exact value of 71(G) has been obtained for G, when G is a path or a complete
multipartite graph K,,, ., ., in which all vertices are partitioned into ¢ sub-
sets with cardinalities n,, no, . . ., n,, respectively; an edge (u, v) exists if and
only if two vertices u and v belong to different subsets.

(i) See Ref. 5. Let G be a path with n vertices. Then, the minimum
total relative displacement is 7(G) = 2n — 4.
(1) SeeRef. 1. Letl=m=n,=---=n,, where t=2 and n,=2. Then,

r2n1,+1—2, fl=m=-=nm<n.,=---=n,
and r=(h+ 1), for some h=2,

21, ifl =n,<mnyormn;=2and

) N1 =np+1forsomek, l=k=tr-1,

Koz = and 2 + ny, =ny + np, where ko

is the smallest index for which

iy + 1 :nko+ 1)

\2(n1 + n, — 2), otherwise.

In this paper, we study how to compute 1m*(K,, ... ). This problem
can be reduced to a quadratic integer programming due to the following
result.

Lemma 1.1. See Ref. 1. Let K, ,,,....,= (X1, X2, ..., X;) be a complete
t-partite graph with partite sets Xi, X5, ..., X,. Let o be a permutation of
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V(K. ny....n,)- For each 1 =i, j=¢, define
a;=|4,(a)| = |{x|x0X; and a(x)0X;}|.

Then,

SaKpom)= 5 W= S ap M

i=1 1=ij=t

Since z:: . n; is fixed for a given complete multipartite graph, the prob-
lem of determining 11%(K,,, ,.,....,) 1 equivalent to the following quadratic
integer programming:

(QIP) min Y aj,

1=ij=t
t
st. Y a;=n, forl=j=t,
i=1
t
za,j:n,’, fOI’lSiSl,

j=1

a;=0 are integers.

In this paper, we characterize the optimal solution of this minimization
problem and present an algorithm running in O(n’ logn) time, where n is
the number of vertices in a complete multipartite graph. We also give
explicit values of 1*(K,, .. ), based on the characterization, in some
special cases.

2. Characterization of the Optimal Solution

Let 4 = (a;) be a ¢ x t nonnegative matrix. We call
C = (ailjl 5 ailjz, aizjz’ ai2j35 aizjsa ] al}jv’ ai.vjl)

a cycle of length 2s,5=2, in A. A cycle C of length 2s is said to be over-
weight if either @, ;=1 for 1 =k=s and

iyjy = Aiyjy T Qinjy = Qigjs T Aigjs =+ iy, = iyjy > S,
or a; ., =1 for 1=k=s, where j;,, =j;, and

Ty T gy T Qi t Qi T iy T Tyt > S,
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Below, we show a matrix with overweight cycle of length 2:

31 1

1 !
A=11 <2 1

1 1 0

It is not difficult to see that, since 4 = (a;) has an overweight cycle, ¥ aj =

19 is not of minimum value under the constraints that the row sums and

column sums are fixed. The next matrix 4' = (aj;) reaches a smaller value
12

z a; = 17,

2 21
A'=12 1 1}
1 10

Theorem 2.1. A4 = (a;) is an optimal solution of Problem (QIP) if and
only if no overweight cycle exists in 4.

Proof. Necessity. Suppose that 4 has an overweight cycle C=
(@ijrs Qirjos - - - » i jy). Without loss of generality, assume that a,, =1 for
l1=k=sand

iyjy =iy jy T Qi jy = Qi js + Qi js =+ Gy — Ay jy > S.
Define 4' = (aj;), where

a; — 1, if (i, j) = (i, ji.) for some 1 =k =s,

a;=1a;+1, if (4, j) = (ix, jx+1) forsome | =k =y,
a;, otherwise.
Now,
> alzl -2 a;fz = a?lfl + algl‘/'z oot a?x./‘l - a;lzfl - ai’lzjz T a;?ZI]
=2a;, *an,+ o ta)
=205+ Qs+t a;;) — 28
>0.

Therefore, ¥ a; is not the minimum. Note that the row sums and column
sums of A and A4' are equal respectively. Hence, we have the proof for
necessity.
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Sufficiency. For contradiction, assume that all cycles of 4 are not
overweight and ¥ a; is not the minimum. Let 4* = (a}) denote an optimal
solution.
Let
A,‘j:a,'j_a;, ISZ,]SI
Define a directed bipartite multigraph G with bipartition (X, Y'), where
X: {x17x29*~‘9x1}3 Y: {yl:y29"'ayl}a

X; joins to y; with A; edges if A;>0, and x, joins from y; with A; edges if
A;<0. Since

t
ZA”:O, forlSiSl,
j=1

and

A;=0, forl=j=1,
PIAY: J

i=1
the outdegree and indegree of each vertex in G are equal. Thus, each compo-
nent of G has a directed Eulerian circuit, and hence G can be decomposed
into directed cycles Ci, C», ..., C,,. For each cycle C;, define

M}(C]) = z Cl,"/ - Cl(/‘.
(x;,y)0C; (vj»x)0OC;

Note that,
A; >0, for (x;, y))0C,,
and that A;> 0 implies a;=1, since aj; =0. Thus,
a;=1, for (x;, y;,)0OC,.
This means that, if w(C,)>|E(C))|/2, where |E(C))| is the number of edges
in cycle C;, then C; introduces an overweight cycle in 4. Since 4 has no

overweight cycle, we have

w(C)=I|E(C)|/2, for 1</=m.
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Therefore,

Y oa— Y oaf= Y @y (a—0y)

1=i,j=1¢ 1=i,j=t 1=i,j=1¢ 1=i,j=1¢

_ _ 2
=2y aibhy- Y Ly
1=ij=t 1=ij=t

=2y wC)- Y 4o
=1

1=ij=1t

szél (1/DIEC) - 5 B

1=i,j=t

=lEG)|- y 4

l=ij=t

=Sdgl- 3 oy
ij 1=ij=t
=0,
where |E(G)| denotes the number of edges in G. This contradicts the fact
that 4* = (a) is an optimal solution, while 4 = (a;) is not. O

With the above characterization, we are able to find a chaotic mapping
for certain complete multipartite graphs.

Corollary 2.1. Let K,, be a complete bipartite graph, and let /=
min{m, n}, where m+n=4. Then,

m*(K,.) =2(m+n—-2)L

Proof. Let

[m—l / }
A= .
/ n—1I

Then, 4 has no overweight cycle. By Theorem 2.1 and (1),
(K, )= (% +17) = [(m = 1)* + 21° + (n = 1)
= (-4 +2(m+n)l]
=2m+n-2)L O
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Corollary 2.2. In K, ., .. if a;=(1/0m+n)—1/t))S,_ n is a
nonnegative integer for each 1=i, j=¢, then 4 = (a;) gives a chaotic map-
ping of K,,, ,,,...,, and

T (Koymn) = (1-2/0) 3 n?+<1/r2)(‘i n,-) .

Proof. Since for each i and ',
ag—a;;=(n—ny)/t
and for each j and j',
ay —ag = (n;=ny)/1,

all cycles in A4 have weight zero. By Theorem 2.1, § a;; is minimum. Thus,
A determines a chaotic mapping of K,,, ,,.. . by mapping a; elements of the
partite set X; to the partite set X;. Furthermore, it is easy to check that

t
Ko . "'):AZI”?_ >y O

1=ij=t

Example 2.1. For a complete 3-partite graph K30 with partite sets
X1=1{1,2,3},
X>=1{4,5,6,7,8,9},
X3=1{10,11,12,13, 14,15, 16, 17, 18},

from Corollary 2.2, we have

and
(K3 60) = (1 -2/3)(3*+ 6>+ 9) + (1/9)(3+ 6 +9)* = 78.
One of the chaotic mappings is as follows:

7[1 2 3|4 56 7 8 910 11 12 13 14 15 16 17 18
410 111 5 6 12 13 14| 2 3 7 8 9 15 16 17 18]

For a special #-tuple (n1, 1z, . .., n,), we can also find (K, .,. .n)-
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Corollary 2.3. Let s=(s1,52,...,5,) be a t-tuple such that s;=0 or 1,
1=i=t, and let ny —s1,n,—52,...,n,— s, be a graphical sequence of a simple
graph. Then,

n*(Knl,nz ,,,,, n,): z n,(n,-—l).

i=1

Proof. Since (ny—s1,n2—52,...,n,— ;) 1s a graphical sequence, let G
be a graph with such degree sequence. Moreover, let B(G)=[b;] be the
adjacent matrix of G. Now, define 4 = [a;] such that

Cl,‘j:b[/, foriij,
a;=s;, forl=i j=t.
By direct counting, we see that 4 has no overweight cycles; thus, by

Theorem 2.1, we have an optimal solution. By (1), we can figure out easily
H*(Kl’ll,nz ,,,,, ”1)' D

3. Algorithm

Theorem 2.1 suggests the following algorithm to compute
H*(Knl,nz,,“,ﬂl)‘

Algorithm 3.1. Start from an initial matrix (a;),

{n,', lfl:_],
a;= .
7o, ifiz].

Carry out the following steps in each iteration.

Step 1. Check whether the matrix (a;) has an overweight cycle. If not,
then stop; we obtain

t
— 2 2
H*(Km,ng,.“,n,) - z ni - z aij-
i=1 l=ij=t
Otherwise, go to Step 2.
Step 2. Suppose that a;,;,, @ s Qirjrs - - - » ijy» Aijy) 1S an overweight
Cycle’ with al’k‘/'kz 1 for 1=k=s and ai i, — Aiyj, + Ainjn =" "
+a; ;,—a;;,>s. Then, set

iyji — iy — 1,

Aiyjp < aflj2+ 1>
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Airj, — diyjp — 1,
: 9
dij, — iy~ 1,
dijy — A+ 1
Go to the next iteration.

Note that, initially,
t
> af,-: > .
1=ij=1t i=1

In each iteration, if Step 2 is performed, then this sum decreases at least by
one. Therefore, the algorithm stops within Z:: . n; = O(n’) iterations, where
n=7Y._,n;. In the following, we explain how to implement each iteration in
O(n” log n) time. Therefore, we have the following theorem.

Theorem 3.1. 77%(K,,, ., ,) can be computed in O(n’ logn) time.

Proof. First, we construct a directed graph H with vertex set

V= {vyla; =1},

edge set
E={(vy, vip)[i 21", j£]'},

and edge weight
w(vg, vr;) = (1/2)(ay + ay) —az — 1.

Note that
|V|= il n;=n.

Therefore, H can be constructed in O(n”) time. [l

Lemma 3.1. The matrix (a;) has an overweight cycle if and only if H
has a simple directed cycle with positive total weight.

Proof. H has a directed cycle (v;,;,, Ui 0, - - - » Us;,) With a positive total
weight if and only if g, ;,, =1 for 1 =k=s and

Aiyjy = Qiyjy T iy, =+ Qi = iy > S, U
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Now, let P be the subgraph of H induced by all edges with positive
weight, and let Q be the subgraph of H induced by all edges with nonposi-
tive weight. Replace each negative edge-weight in Q by its absolute value.
Let Q' be the resulting edge-weighted directed graph.

(1) Check Whether P Contains a Directed Cycle. This can be done
in at most O(n°) time. If yes, then we have found already a directed cycle
of H with positive total weight. Otherwise, P is acyclic.

(i) Compute the Shortest Path in Q' for Every Pair of Vertices. This
can be done in O(n’) time. Let q(v;, vy;) denote the length of the shortest
path from v;; to v;; in Q'.

Make n+ 1 disjoint copies Py, P4, ..., P, of P. Denote by ufj- the copy
of the vertex v; in P,. For each pair of vertices v; and vy, with
q(vy, viy) <0, add edges v§ ', v;) for 1=k=n, each with weight
—q(vy, vy). Meanwhile, delete all edges in Po. This results in an acyclic

directed graph R with O(1°) vertices.

Lemma 3.2. H has a simple directed cycle with positive total weight
if and only if either P contains a cycle or there exist 7, j, k such that R has
a directed path from v, to v} with positive total weight.

Proof. Suppose that H has a simple directed cycle C with positive
total weight. If every edge has a positive weight, then P contains a cycle.
Otherwise, C can be decomposed into 2k paths alternatively in P and Q.
Suppose that v; is the starting vertex of such a path in Q. It is easy to see
that we can find a path from v} to v}; in graph R, with positive total weight,
corresponding to cycle C.

Conversely, if P contains a cycle or if there exist i, j, k such that R has
a directed path from v to v} with positive total weight, then it is easy to
find a directed cycle C with positive total weight in H. This cycle may not
be simple. However, it can be decomposed into several simple directed
cycles, at least one with positive total weight, since the sum of weights of
those simple directed cycles equals the positive total weight of C. O

Now, for each pair of vj; and v}, compute the longest path from v} to
vy in R. Since R is acyclic, this can be done trivially by dynamic program-
ming in O(n’) time.

In fact, there are at most 7 vjs and finding all longest paths from v} to
other vertices needs at most O(n*) time. However, we describe next a clever
way running in O(n’logn) time.

Construct R' from R by adding edges (v5 ', v5) for all 1=k=n and
1=i, j=t. Clearly, R’ is a disjoint union of n copies of the subgraph induced

-1
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by the vertices in Po P;. Let g(u, v) denote the length of the longest path
from vertex u to vertex v in R'. It is easy to see that there exist 7, j, k such
that R has a directed path from vj to v, with positive total weight if and
only if g(vf;, vj)>0.

(iii) For every pair of vertices vj; and v;;, compute the longest path
from vj; to v};. This can be done in O(n’) time since P, is acyclic.

(iv) For every pair of vertices vj; and v};, compute the longest path
from v} to v}

g(vy, viy) = max (=q(vy, u) + gu, v7y)),
wdV(Py)

where V(P,) denotes the vertex set of P,. This can be done in O(n’) time.

Similarly, we can compute all

g(”g: Ul%j') = max (g(v?,, u) +g(ua Ut%j'))a
uwOV(Py)

(v, viy) = max (g(vy, u) +gu, viy)),
wOV(P2)

gy, vpy) = max (g(vy, u) + gu, viy),
uOV(Py)

(v, vy,
totally in O(n’ log n) time.
This completes the proof of Theorem 3.1. O

4. Conclusions

We have studied a quadratic integer programming problem with appli-
cation in a graph problem and found an algorithm to solve the graph prob-
lem in O(n’ log n) time, where 7 is the number of vertices in the given graph.
This is the first polynomial-time algorithm for this graph problem.
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