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from the Line Digraphs of Bit Permutation Networks

Frank K. Hwang

Department of Applied Mathematics, National Chiao Tung University, Hsinchu 30050, Taiwan, Republic of China

Chih-Hung Yen

Department of Applied Mathematics, National Chiao Tung University, Hsinchu 30050, Taiwan, Republic of China

A bit permutation network is an s-stage interconnection
network composed of d"! d x d crossbar switches in
each stage. This class of networks includes most of the
multistage interconnection networks. Recently, Chang
et al. [Networks 33 (1999), 261-267] showed that an s-
stage d-nary bit permutation network N with 4" inputs
(outputs) can be characterized by an (s — 1)-vector (k;,
..., ks—1), where k, € {1, ..., n — 1}. In this paper, we
give a simple (but not trivial) formula to determine the
characteristic vector of a new network G(N)*, which is,
approximately, the line digraph of N. We use this for-
mula to obtain relations between some well-studied bit
permutation networks. © 2001 John Wiley & Sons, Inc.
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1. INTRODUCTION

Chang et al. [1] proposed the notion of a bir
permutation network which is an s-stage interconnec-
tion network composed of d"~! d X d crossbar switches
in each stage, where a crossbar switch, or just a crossbar,
can connect any one-to-one mapping from inputs to out-
puts. This class of networks includes the Benes network,
the Omega network, the banyan network, the baseline
network, and their extra-stage versions, namely, most
of the multistage interconnection networks. Suppose that
the d"~! crossbars in a stage are each labeled by a distinct
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d-nary (n— 1)-vector. They showed that an s-stage d-nary
bit permutation network N with d” inputs (outputs) can
be characterized by a (s — 1)-vector (ky,...,k,_1), where
k, = j € {1,...,n — 1} means that N is topologically
equivalent to a network whose linking pattern between
stage ¢ and ¢ + 1 consists of @"~? disjoint complete bipar-
tite graphs where each such graph connects all crossbars
in stage 7 and ¢ + 1 having the same d-nary (n— 1)-vectors
except bit j. Fig 1 shows a bit permutation network with
characteristic vector (3, 1,2) and is topologically equiv-
alent to the network in Fig 2.

The line digraph G(N) of a multistage crossbar net-
work N is obtained by taking the links of N as nodes in
G(N), and an arc from node p to node g in G(N) exists
if link p is adjacent to and precedes link ¢ in N. Note
that nodes of the same stage in G(N) are ordered by
the starting points of their corresponding links in N (see
Fig 3). Let G(N)* be obtained from G(N) by adding d in-
lets (outlets) to each input (output) node. By interpreting
nodes as crossbars, then G(N)* can also be viewed as a
multistage crossbar network (see Fig 4). It is well known
that being crosstalk-free (each crossbar carries at most
one path) is an essential property for photonic switching,
which uses optical fiber instead of electric wire as the
transmission media. Lea [3] observed that if two paths
are link-disjoint in N then their corresponding paths are
node-disjoint in G(N). Furthermore, Hwang and Lin [2]
gave formulas relating the nonblocking properties of N
to the crosstalk-free nonblocking properties of G(N)™*.
Therefore, it is of interest to know that if N is a bit
permutation network, what kind of network is G(V)™.

In this paper, we will prove that if N is an s-stage
d-nary bit permutation network with d" inputs (outputs)



FIG. 1.

A bit permutation network No(4;u,v, f1, f2, f3).

then G(N)* is an (s + 1)-stage d-nary bit permutation net-
work with @"*! inputs (outputs). Furthermore, we give
a simple (but not trivial) formula to determine the char-
acteristic vector of G(N)* from that of N. Finally, we
use this formula to obtain relations between some well-
studied bit permutation networks.

2. BIT PERMUTATION NETWORKS

Consider a multistage interconnection network with
d" inputs (outputs) and s stages of d"~! crossbars of size
d X d. Let the i crossbar in a stage be labeled by i in
the d-nary (n — 1)-vector. Define a bit-j group as the set
of crossbars in a stage identical in their labels except the
j™ bit. Such a group will also be labeled by a d-nary
(n — 1)-bit vector which is identical to any member in
the group except that bit j is replaced by the symbol
X0, which stands for the set {0, 1,...,d — 1}. Chang et
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FIG. 2. A bit permutation network N2(4;13,11,12).
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al. [1] called an s-stage d-nary interconnection network
a bit permutation network if the links from stage ¢ to
t + 1 are always from a bit-u, group Z to a bit-v, group
Z', where Z' is a permutation of Z, fort = 1,...,s — 1.
Those values u; and v;, 1 =t = s— 1, can be represented
by two functions u# and v from set {1,...,s — 1} to set
{1,...,n—1}. For our purpose, we will restate their main
results in a slightly different way (and provide proofs for
justification).

Assume that N is an s-stage d-nary bit permuta-
tion network with 4" inputs (outputs). Let f;, r =
1,...,s — 1, denote the group linking function between
stage t and ¢ + 1 of N. Then, N can be represented by
Ny, u,v, f1,..., fs—1). Note that f; is a permutation of
{1,...,n— 1} and (f)) " "(u;) = v,.

The network in Figure 1 shows a bit permutation net-
work with 16 inputs (outputs), in which crossbar i is
represented by its binary 3-bit vector (x1,x,x3). Ignor-
ing the inputs and outputs, then the network in Figure
1 can be viewed as a digraph whose nodes are those 32
crossbars labeled by (x1(z), x2(2), x3(¢)) (¢ is often omitted)
and links are directed from left to right, where 1 =t = 4
and x1,x2,x3 € {0, 1}. The links are from a bit-3 group
(1, x2,x0) in stage 1 to a bit-1 group (xo, x1,x2) in stage 2,
from a bit-2 group (x1,xo,x3) in stage 2 to a bit-3 group
(1, x3,x0) in stage 3, and from a bit-2 group (x1, xo, x3)
in stage 3 to a bit-2 group (xy,x,x3) in stage 4, where
xo € {0, 1}. Thus,

L A1) =3/02)=1/103) =2,

u = 25V2 = 3’f2(1) = 1»f2(2) = 3’f2(3) = 27
us = 2, V3 = 2,f3(1) = 1,f3(2) = 2, f’;(3) = 3.

In this paper, we shall use the cycle notation for per-
mutations, that is, the cycle (i1, i, ...,i,) represents the
permutation f with f(i;) = i, f(i2) = i3,..., flln-1) =
in, f(iy) = i1, and the cycle (j) represents f with f(j) = j.
Then, f1 can be represented by (1, 3,2); f>, by (1)(2, 3);
and f3, by (1)(2)(3).

up =3,vy =

Theorem 1. If there exist permutations gi,...,gs on
{1,....n— 1} such that u; = (g,)""(u,), vi = (gr+1) "' (vy),
and fi = (g) ' o fiogi forl =t = s — 1, then
two bit permutation networks Ny(n;u, v, f1, ..., fs—1) and
Nylmu',v', f1,..., fs—1) are equivalent.

Proof. Consider the bijection g; from the cross-
bar of Ny(m;u,v,f1,...,fs—1) to the crossbar of
Ny(mu',v', f1,..., fs—1) defined by

gl(xt, ..o, x021)) = (g (1)s - - Xgu—1)) for 1 =1 =s.

In other words, g/((x1,...,x,-1)) = (&},...,%_1)
whenever x; = xg,j) for 1 = j=n—1.
To see that these two networks are equivalent, we

only need to check that gi,...,gs are link-preserving.



FIG. 3. The line digraph G(N) obtained from the network in Figure
1. (links are directed from left to right)

Without loss of generality, suppose that the links be-
tween stage ¢ and ¢t + 1 of Ny(m;u,v, f1,..., fs—1) are
from a bit-u, group (xy,...,xy,,...,X,—1) to a bit-v, group

(V1sevvs V-5 yn1), thatis, y; = xypj) for1 = j = n—1.

Let

gl((-xh-' -,xu,,- . -a-xnfl)) = (-xll,' . "'xég,)_l(u,)" . .,x;,l),
ie, xj=x,; forl=j=n—1,

and

gret(ny ey Yoo n=1)) = O Vi ) 1y -+ Yn1)s

ie,y; =y forl=j=n—1
Then,

y; = ng(j) = 'xft°gr+l(_/‘) = ‘xgrofr,(,)') = x},’(/)

for
l=j=n-1

Thus, there exist links from a bit-(g,)"'(u;) group
(x/l,...,xégl)fl(u,),...,x,’1,1) to a bit-(g;+1)"'(v,) group
(x};(l),...,x}-;((glﬂ)f](w)),...,x’ﬂ(n,l)) between stage ¢ and
t+ 1 of Ny(myu',v', f1,..., fs—1). Conversely, the links
in Ny(n;u',v', f1,..., fe_1) also correspond to the links
in Ny u, v, f1,..., fs—1)- =

In Theorem 1, the permutations gi,...,gs; change the
labels of crossbars in Ny(m;u,v, f1,..., fs—1), but pre-
serve the linking pattern of Ny(n;u',v', f1,..., fi—1).

Let I denote the identity permutation (1)(2)---(n —
1) and Ny(n;ly,,...,Ix,_,) denote the bit permu-
tation network Ng(m;u,v, f1,...,fs—1) with f, =
I and v, = v, = 'k, for all t. While [1]
proved that Ny(n;u,v, f1,...,fs—1) is equivalent to
Ny Iy, ..., Iy, ) for some (ki,...,ks—1), we give
an explicit formula to compute k;, for 1 = ¢
=s—1.

Theorem 2. A bit permutation network Ng(n; u, v,
Sf1s---s fs=1) is equivalent to Ny(m;1y,,... Iy, ), where
ki =uyand k; = (fro- o fi_1)u) fort =2,...,5s — 1.

Proof. Setting g = I except g2 = (f1)7',
from Theorem 1, (g1) ') = ui, (g)7'(v) =
Fil(fD) ) = wuy, and (1) o f1og = I, we
can verify that Ny(n;u,v, f1,..., fs—1) is equivalent to
Nglny o' V' I, f, .., fe_1), where uy = fi(up), vy =
va = (f2)7 '), f5 = fio fa, ui = u, vi = vy, and
fi=fifort=3,...,s—1.

Assume the induction hypothesis that N,(n; u, v,

f1,-.., fs-1) is equivalent to Ny(n; ', V', I,,.... Ix,_,,
fireeos fsm1), where u; = (fy o -0 fi)u)), v; =
vio= PN, fj o= freo fiou =
vi = v, and fr = f, for t = j+ 1,...,5s —

1. We prove that Ny(n;u,v, f1,..., fs—1) is equivalent
to Nd(n;u”,v”,lk],...,ijfl,lkj,f}ﬁl,...,f§11), where
12 1 1 — 12
Ujr1 = (f1 °"'ij)(uj+1)s Vit1 = Vj+1 = (fj+1) I(Mj+1),
fivi=fro--ofi,u =u, v =v,and fi’ = f; for

t=j+2,...,s—1.
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FIG. 4. The network G(N)* obtained from the network in Figure 1.
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s
(gj+1)'0)) = uj =

Again, by setting g, = [ except g,~+1
from Theorem 1, (gj)_l(uj) =

(fio---ofj- 1)u] and (g;)! Of,ogjﬂ—lthenet—
work Ny(m;u', v/, I, ... IkH,fj,.. , fs—1) is equivalent
to Na(nsu' V"' Iy oo iy Do flets oo fio1) -

For convenience, we shall use (ki,...,ks—1) as a
short notation for the network Ny(n;ly,,..., I, ,). By

Theorem 2, we say that a bit permutation network
Ny, u,v, f1,..., fs—1) can be characterized by a (s — 1)-
vector (ki,...,ks_1).

Theorem 3. If g is a permutation of {1,...,n— 1}, then
Nan;Iy,, ..., It ) is equivalent to N 4(n; gk, - . -

Proof. Choose all g, as (g)~! in Theorem 1. Since
g ol ()" = Iu,, the theorem is proved. -

3. MAIN RESULTS

Let N be an s-stage d-nary bit permutation network
with d" inputs (outputs). It is easily seen that G(N)* is
an (s + 1)-stage d-nary crossbar network with @"*! inputs
(outputs). We show that G(NV)™" is also a bit permutation
network and how the group linking functions of N de-
termine those of G(N)*.

Theorem 4. [f a bit permutation network N is rep-
resented by Nym;u,v, f1,...,fs—1), then G(N)* is a
bit permutation network represented by Ngyn + 1;
u*, v, hi,... hy), where uj = v{ = n, hy is the iden-
tity permutation (1)---(n), u;' = w,_1, v/ = n, and h, is
the same as f,-1 except hy(n) = u;—1 and h,(v;—1) = n for
t=2,...,s
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FIG. 5. The network BY g(1,4).
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A gk, )-

Proof. Let the j link incident to the crossbars of
each stage of N be labeled by j in the d-nary n-vector
(x1,...,x,). Note that the links are ordered by the start-
ing points of them. According to the construction rules of
G(N)*, the group linking function %, between the cross-
bars of stage ¢t and ¢ + 1 in G(N)™ is equal to the relation
between their corresponding links incident to the cross-
bars of stage ¢ in N.

In stage 1 of N, since the links (xi,...
are adjacent to and precede the links (xj,...
where xo € {0,1,...,d — 1}, we know that uy =
vi = n and hy is equal to (1)---(n). For t = 2,...,s,
if the permutation f;—; of N is from a bit-u,—; group
X1y e v Xy =15 X0» Xy +1s---sXn—1) tO @ bit-v,_; group
(XfH(l), s X 1= 1) X0s X fy (v +1)s - - - 7xf,,1(n—1))a then
the links (xi,...,%, ,—1,%X0,Xy,_,+1,--->Xy) are adjacent
to and precede the links (xf,_ (1),..., X7 (n_1=1)s Xns
Xf g+ D)5 e - o X fi i (n—1)s )fo), where xy € {0, 1,...,d— 1}
in stage ¢t of N. Hence, u;’ = u,—1, v/ = n, and A, is the
same as f,_; except that i,(n) = u,_; and h,(v;—;) = n for
t =2,...,s. From the above, we also prove that G(N)™*
is a bit permutation network. =

sxn—l’ xO)
9xn—la x0)7

Theorem S. Suppose that the characteristic vector of
a bit permutation network Ng(n,u,v,f1,...,fs—1) is
(k1,...,ks—1). Then, the characteristic vector of G(N 4(n;
w, V, fi,..., fso) is (Iy,..., 1), where I} = n and
I, = ki—y if k- & {ky,.... 2} or I, = I;, where i =
max{j | kj =kq,1 = j= 1—2} l.fk[_l S {kl,...,kt_z}
fort=2,...,s

Proof. Since the characteristic vector of Ny(n;u,
V,f],...,fs_l)is (kl,...,ks—l), where k; € {1,...,VL—1},
by Theorems 2 and 4, we can prove that the char-
acteristic vector of G(Ny(n;Ix,,.... Ik, s fn-o s fs—1))T
equals that of G(Ny(n: Ix,, ..., Ii,_ Iiys fits s fs—1)) T
for 1 = j = s — 1. Hence, the characteristic vectors of
G(Na(n;u, v, f1,..., fs-1))" and GWNg(n; 1y, ..., I, )"
are the same.

By Theorem 4, G(N 4(n; I, . ..,
tation network represented by Ny(n+1;u™,v*, hy,..., hy),
where u;y = n, hy = (1)---(n), ui = k1, and h, =
1)k —Dkyeg+1) - -(n—Dks—q,n) fort = 2,...,s
Hence, hj(m) = m if m & {kj_i,n} for m € {1,...,n}

I, )" is a bit permu-

and j = 1,...,s. By Theorem 2, the characteristic vec-
tor of GWN (5 Iyys .- Ix, ) is (4, ..., 1), where I} = n
and I, = (h; o --+ o h_1)k,—1) for t = 2,...,s. Thus,
I = ki1 if kg & {kl,...,k;_z}. Ifk,_, € {kl,...,kt_z},
then i = max{j | kj = ky—1,1 = j =t—2} =1 and
l; = (hyo---ohy_1)k;—1) = (hyo---ohi)ki—1) = (hjo---0
hix)(k;)) = (hyo---oh)mn) = (hyo---ohi_)ki—1) = 1. =

For example, if the characteristic vector of a bit
permutation network N with d* inputs (outputs) is
(1,3,3,2,2,3,1,3,1,1,2,3,2,2,1), then the character-
istic vector of G(N)* is 4,1,3,1,2,1,3,4,1,3,1,2,4,



1,4,3). Here, l] =n= 4, lz = k] = 1, l3 = kz = 3, and
ly = 1, = 1 since k3 = 3 = kp. The formula obtained
from Theorem 5 can be useful for some well-studied bit
permutation networks.

Let us consider the network obtained by adding k ex-
tra stages to the banyan network with 2" inputs (outputs)
and by specifying that the extra k stages should be iden-
tical to the first k stages (denote this way of adding extra
stages by F). Represent the above network by BYr(k, n).
If the extra k stages are identical to the mirror image of
the first k stages, then denote the network by BY -1 (k, n).
Fig 5 shows the network BYr(1,4).

Theorem 6. The network G(BY p(k,n))*, 0 = k = n, is
equivalent to the network BY p(k,n + 1), where F can be
replaced by F~.

Proof. Since BYp(k,n) is represented by N,(n;
L1, 10—, ... 01, 1h—1,10—2,...,1,—t), from Theorem 35,
the characteristic vector of G(BYr(k,n))™ is (n,n —
1,n —2,....,1,n,n — 1,...,n — k + 1). This means
that G(BYp(k,n))™ is equivalent to the network
Non+1;1,, 11,102, ..., 11, i, 11, ..., 1h—is1). Hence,
G(BY(k,n))" is equivalent to BYr(k,n + 1). Similarly,
we can obtain the result if F is replaced by F~!. =

Let W~! denote the inverse network of W, that is, the
network obtained from W by reversing the order of the
stages. It is easy to see that

Theorem 7. The network G(BYEl(k, n)t, 0=k=n,is
equivalent to the network BYEl(k, n+ 1), where F can be
replaced by F~!.

Proof. Since BY El(k, n) is represented by Nj(n; Iy,
I,....0,_1,11,1,...,1;), from Theorem 5, the charac-
teristic vector of G(BYEl(k, mtis(m, 1,2,...,n—1,n,
1,...,k—1). We can find the permutation g = (1, 2,...,n)
such that N,(n + 1;1,,,11,12,...,In_l,In,Il,...,Ik_l) is
equivalent to Noin + 1;14,12,15,.... 1,11, 1>, ..., 1) by
Theorem 3. Hence, G(BY El(k, n))* is equivalent to
BY;l(k,n + 1). If F is replaced by F~! then we can
also obtain the similar result. =

Theorem 7 was crucially used in [2] to prove the
crosstalk-free property of BY ;L(k, n) essential to pho-
tonic switching.
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