This article was downloaded by: [National Chiao Tung University BI3Z 5B AZ2]

On: 27 April 2014, At: 23:15

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer
House, 37-41 Mortimer Street, London W1T 3JH, UK

Journal of the Chinese Institute of Engineers

Publication details, including instructions for authors and subscription information:
http://www.tandfonline.com/loi/tcie20

Application of 2-d random generators to the study of

solute transport in fractures

Hui-Chen Su ® & Wolfgang Kinzelbach b
& Department of Civil Engineering , National Chiao Tung University , Hsinchu, Taiwan 300,
R.O.C.

® Institute of Hydromechanics and Water Resources Management , Swiss Federal Institute
of Technology , Zurich, Switzerland
Published online: 03 Mar 2011.

To cite this article: Hui-Chen Su & Wolfgang Kinzelbach (2001) Application of 2-d random generators to the
study of solute transport in fractures, Journal of the Chinese Institute of Engineers, 24:3, 397-403, DOI:
10.1080/02533839.2001.9670637

To link to this article: http://dx.doi.org/10.1080/02533839.2001.9670637

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the “Content”) contained
in the publications on our platform. However, Taylor & Francis, our agents, and our licensors make no
representations or warranties whatsoever as to the accuracy, completeness, or suitability for any purpose of
the Content. Any opinions and views expressed in this publication are the opinions and views of the authors,
and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content should not be relied
upon and should be independently verified with primary sources of information. Taylor and Francis shall

not be liable for any losses, actions, claims, proceedings, demands, costs, expenses, damages, and other
liabilities whatsoever or howsoever caused arising directly or indirectly in connection with, in relation to or
arising out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any substantial or systematic
reproduction, redistribution, reselling, loan, sub-licensing, systematic supply, or distribution in any

form to anyone is expressly forbidden. Terms & Conditions of access and use can be found at http://
www.tandfonline.com/page/terms-and-conditions



http://www.tandfonline.com/loi/tcie20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/02533839.2001.9670637
http://dx.doi.org/10.1080/02533839.2001.9670637
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [National Chiao Tung University | at 23:15 27 April 2014

Journal of the Chinese Institute of Engineers, Vol. 24, No. 3, pp. 397-403 (2001) 397

APPLICATION OF 2-D RANDOM GENERATORS TO THE STUDY
OF SOLUTE TRANSPORT IN FRACTURES

Hui-Chen Su*
Department of Civil Engineering
National Chiao Tung University

Hsinchu, Taiwan 300, R.O.C.

Wolfgang Kinzelbach
Institute of Hydromechanics and Water Resources Management
Swiss Federal Institute of Technology
Zurich, Switzerland

Key Words: fractured porous media, fractional Brownian motion, Hurst
exponent, cubic law.

ABSTRACT

Two fields with random aperture distribution and different spa-
tial structures are taken as models to study solute transport in fractures.
One network has non-vanishing long range correlations and represents
afractal pattern. The other one has a finite correlation length and an
exponential covariance function. Based on these fields, two physical
fracture models were produced and used to record the movement of a
coloured solute by means of a CCD camera. The pictures obtained
were analyzed with image processing methods. A front tracking al go-
rithm shows that the growth law of the frontal variance is a power law
of time with the exponent depending on the Hurst coefficient of the
aperture distribution in the case of the fractal pattern, whileitisalin-

ear function of time for the case of the finite correlation length.

I.INTRODUCTION

The complexity of natural fracture networks
does not allow a deterministic microscopic descrip-
tion of the actual flow field. Even a single fracture
constitutes a complex random medium. Here asingle
fracture is conceptualized as a two-dimensional
porous medium with alocal transmissivity which var-
ies stochastically with the fracture aperture. Frac-
tures may be filled with fault gouge or precipitates,
further adding to the variability of the local
transmissivity.

For media with a finite correlation length of a
random property, such as transmissivity, an effective

* Correspondence addressee

property description is possible if the size of the me-
dium becomes large compared to the correlation
length. Transport can then be described by an aver-
age flow field responsible for advective transport and
an asymptotic dispersion tensor accounting for all
mixing due to the disordered motion of the random
medium. In this study, the random generator FGEN
(Robin et al., 1993) is adopted to generate the corre-
sponding transmissivity fields on which transport pro-
cesses can be analyzed in detail.

If the medium considered is on a scale on which
long range correlations still prevail and where a clear
separation into a small and a large scale is not
possible, the approximation of the medium by afractal
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may be useful. In a pragmatic approach, a fractal
medium is a medium with a correlation function be-
having as a power law in Laplace space. For such
media a general description is still possible. The evo-
lution of the width of a solute front through the spa-
tial scales contained in the fractal will then follow a
power law which is different from the ordinary dif-
fusion law. In this study, a fractional Brownian mo-
tion process is used to generate a corresponding trans-
missivity distribution. A description by a dispersion-
advection mechanism is possible. An
average advective transport can be combined with a
dispersion mechanism characterized by a dispersion
coefficient which scales with the distance covered by
the average front.

II. 2-DIMENSIONAL RANDOM GENERATORS
1. Fractal Geometry

Self-similar fractals are geometric objects which
can be mapped into themselves by a scale transfor-
mation. This means a close-up view cannot be dis-
tinguished from alarger scale picture. Examples are
the Koch curve or the Sierpinski carpet (Mandelbrot,
1982; Feder, 1988). These regular objects are,
however, not suited to describe more random objects
such as natural shapes of clouds, mountains, coast-
lines or porous media. For the characterization of
those natural objects and especially the fractures con-
sidered here, self-affine random fractals are the more
suited objects. They can be described by a stochastic
process which is an extension of Brownian motion, i.
e. fractional Brownian motion (fBm) (Barnsley, 1988;
Voss, 1985).

The mathematical description of fractional
Brownian motion, Vy(t), uses a single valued func-
tion of avariablet, which usually representstime. In
this study, however, it is considered to be the spatial
coordinate in two dimensions X(x, y). Theincrements
of this function [Vy(X5)—VH(X1)] have a Gaussian dis-
tribution with variance:

E{ [Vi(X2)-Vu (XD} *=(Xo-X1)*"0? (1)

where H is the Hurst exponent (0<H<1), and the re-
lation between fractal dimension D and Hurst Expo-
nent H is given by

D=d+1-H 2

where d is the Euclidean dimension.

There are various methods for approximating a
finite sample of fractional Brownian motion (V 0ss,
1985). The random midpoint displacement method
(Barnsley, 1988; Voss, 1985) is applied in this study.

In the two-dimensional approach of this method, the
four corners of any square of a quadratic mesh, the
midpoints of its sides, and the center point are as-
signed a randomized addition to the original
(interpolated) value. While the process continues by
subdividing the square into four smaller squares, the
random perturbations are reduced according to a law
involving the Hurst coefficient.

Here the equations are given for a one-dimen-
sional process with coordinate t, between 0 and 1.
One starts by setting X(0)=0 and selects X(1) as a
sample of a Gaussian random variable with mean O
and variance ¢ Then Var(X(1)-X(0))=c? and

Var (X(t2)—-X(t1)=[t-ts|*'0? (3)
for 0<t1<t2<l We then set the value at the midpoint
X( ) to be the average of X(0) and X(1) plus some
Gaussian random offset D; with mean 0 and variance
AZ:

X(3)=X©0)=3X(1)-X(©) + D (@)

and thus X( )- X(O) has mean value 0 and the same

holds for X(l) X( ). The next step can be written
as:

Var(x() - X(0)) = Lvar(x(1) - X)) + 43 = )02 (5)
therefore,
2
Ai :%[1_22H —2] (6)

The same procedure is applied consecutively to finer
resolutions, yielding

AZ = (Zf); 127 @)

as the variance of displacement D,

2. Cross-correlated Random Field Generation
(FGEN) (Robin et al., 1993)

This random generator was developed by Robin,
et al. (1993). The purpose of FGEN is to generate
two weakly stationary, real-valued processes that are
cross correlated. It can generate 2- and 3-dimensional
real random fields by applying an inverse Fast Fou-
rier transform to randomized spectral fields obtained
from the power spectral density functions and the
cross-spectral density functions of the field
parameters. Here we use it to generate 2D random
fields without cross-correlations. The generated
fields are on a regular grid with constant spacing
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between generation points in any given direction.
I11. FLOW IN A FRACTURE

Laminar flow in an open parallel fracture can
be described by Hagen-Poiseuille’s law. A fracture
is characterized by its geometry: one of its dimen-
sions — the aperture — is much smaller than the other
two. Furthermore the flow in individual fractures is
assumed to be described by a low Reynolds number,
laminar flow between parallel planar boundaries.
When analyzing groundwater flow and solute trans-
port in fractured rock, the transmissivity of the frac-
ture is the decisive quantity.

The average velocity of flow between two plates
can be written as

_gbgtd

where b is the aperture of the fracture, J is the hy-
draulic gradient, g is the gravitational constant, and
Vv is the kinematic viscosity.

Furthermore, the total volumetric flow rate per unit
is

bid
Q=gby = =T J ()

Thus, the fracture transmissivity Ty can be written
as:

b3
Tfr = ?Lz\f/r Kfr bfr (10)

where Ky, is the hydraulic conductivity of the fracture.
The above equation is known as the “cubic law” of
the fracture. We assume this law to be also valid,
locally, in a fracture with stochastically varying
apertures.

V. EXPERIMENT

To study solute transport in a fracture we built
two physical fracture models. The models consist of
two plates, one of which was etched with a pattern of
varying depth while the other one was plane. We
chose two different patterns. The first one (model
A) was a fractal, the second one had a finite correla-
tion length which was small compared to the model
dimension (model B). The patterns were generated
by the methods described in section Il. The etching
is illustrated by a sample shown in Figs. 1(a)
and 1(b). From the histograms of both patterns, it
can be seen that both models have the same funda-
mental statistical characteristics such as arithmetic
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Fig. 1 (a) Histogram of apertures obtained by random midpoint
displacement; (b) Histogram of apertures used in FGEN

mean 0.5204 mm and standard deviation 0.2267 mm.
By the cubic law what is described in section Il as
the fracture transmissivity Ts can be further
evaluated. For example: the transmissivity is about
107 mm?¥sec (aperture = 0.001 mm), 1 mm?%sec
(aperture = 0.1 mm), and 10°mm?/sec(aperture =
1 mm).

The two fracture patterns which we generated
are shown in Figs. 2(a) and 2(b). The whole fracture
model consists of a mesh 513x513 pixels with a total
size of 400 mm by 400 mm. As the aperture cannot
be smaller than zero the rather small number of nega-
tive apertures occurring in the generation process
were set to zero. The pattern of Fig. 2(a) was ob-
tained by the fractional random midpoint displace-
ment method with a Hurst exponent of 0.79588. Here
the Hurst exponent is a rough value that is estimated
from the permeability data at Yunlin, Taiwan. This
value is close to the averaged value, 0.73, what was
investigated from conductivity by Hurst (Feder,
1988). The other pattern (Fig. 2(b)) was generated
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0o 50 100 150 200 250 800 350 400 450 500
()

by FGEN

Fig. 2 (a) Apertures pattern of fracture obtained by random mid-
point displacement; (b) Apertures pattern of fracture ob-
tained by FGEN

by FGEN using a correlation length of 10 mm
(:%xmodel's length).

By connecting the square shaped fracture on two
opposite sides with reservoirs, and sealing the other
two sides, a saturated flow in the fracture could be
produced (Refer to Fig. 3). When saturating the
empty model with water, care must be taken as
trapped air may take a long time to dissolve. A fast
saturation could be achieved by first filling the frac-
ture with CO,—gas and then flushing with degassed
water. This method is much faster than methods where
degassed water is used to flush out trapped air. When
the model was successfully degassed the upstream res-
ervoir was coloured by a powder dye and the experi-
ment was started.

The model was mounted on a cold light source.
The evolution of the dye front was filmed with a CCD-
camera. The observed dye movement is shown in Fig.
4.
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Fig. 3 Setup of the experiment

V. DATA ANALYSISAND EXPERIMENTAL
RESULTS

The front at different times was analyzed by
image processing methods. A front tracking algo-
rithm is developed using MATLAB. It allows com-
puting the variance of the dye front at any time from
the digitized image data. The frequency of digitized
pictures is 1 image/sec.

Figure 4 shows the dye front movement in mod-
els A and B at different times. Due to varying
thickness, the image of the analyzed model without
dye inside should not have a constant color index
matrix (This image is called the “blank matrix” in
the following) under the unsaturated lighting used.
The values of the blank matrix depend on the aper-
ture depth. While the dye flows into the model, the
color index matrix of the images (called the “front
matrix” in the following) should change due to the
color contrast. Comparing the difference between the
front matrix of time t and the blank matrix, the color
index difference matrix at each time t (defined as AX;
here) could be determined. In the mixing zone be-
tween water and dye lighter color index differences
should be observed. Furthermore, the threshold value
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before dye entering

related time = 0 related time = 30sec

related time = 60sec related time = S0sec related time = 120sec

(a)

before dye entering related time = 0 related time = 30sec

related time = 60sec related time = 90sec related time = 120sec

(b)

Fig. 4 (a) Dye front at different times: model A; (b) Dye front at
different times: model B

AX; of the dye front was defined as 30. The locations
on the y axis could be found when the points on the x
axis were specified at different times.

The quantity analyzed is the frontal width char-
acterized by the variance of the fingers at the front.
Its behaviour differs in the two media. If drawn
against time the frontal variance of the fractal model
grows in time proportionally to a power of time which
is larger than 1. The exponent found from the ex-
periment is exactly 2x0.79588 (0.79588 is the Hurst
coefficient here). This process is called anomalous
diffusion. The growth law of the variance in the fi-
nite correlation length medium is a linear function of
time after the front has passed a number of correla-
tion lengths. This is the expected normal diffusion
result. As reference time zero, a time is taken at which
the first fingers become visible in the window of the
video recording. The resulting laws are shown as Fig.
5.

VI. CONCLUSIONS

On the basis of the cubic law, aperture meshes
were generated corresponding to a transmissivity

oh,, = 11662, H = 0.79588
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Fig. 5 (a) Regression curve of front variance versus time: model
A; (b) Regression curve of front variance versus time: model

distribution. One model implemented non-vanishing
long range correlation and fractal characteristics,
while the other one implemented a finite correlation
length. In the two physical models the movement of
a dye tracer was visualized. A CCD-camera was used
to record the tracer front movement. The images were
digitized and analyzed with an algorithm for front
tracking. The variance of the front line as a function
of time was determined. When the velocity is slow
enough and molecular diffusion is given sufficient
time to mix the solute over the aperture, simple laws
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for the frontal behaviour can be found. Transport be-
haves quite differently in the two media. In model
A, a power law expression was obtained, the power
being twice the Hurst exponent. In model B, a linear
function was found when the front had proceeded to
about half the model’s length. The behaviour in
model B is the one expected, asymptotically, for
length scales large compared to the correlation length
of the medium.
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NOMENCLATURE

Hurst exponent

fractal dimension

Euclidean dimension

aperture of the fracture

hydraulic gradient

gravitational constant

kinematic viscosity

total volumetric flow rate per unit
transmissivity of single fracture
hydraulic conductivity of single fracture

=

AAdO0O<Q«oT QoI

=
=
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