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Abstract

The exact Green functions of the relativistic spherical quantum Aharonov—
Bohm billiard systems in two- and three-dimensional spaces are given by
the path integral approach. The transcendental equations for determining the
energy spectra are discussed.

PACS numbers: 0365G, 0365B, 0365D

1. Introduction

Recently, the Aharonov—Bohm (AB) billiard systems have attracted extensive interest in
the contexts of mesoscope, nonlinear and semiclassical dynamics. In this paper, we firstly
calculate the Green functions of the relativistic two- and three-dimensional AB systems by the
path integral approach. The exact Green functions of two- and three-dimensional relativistic
spherical quantum AB billiard systems are then given for the first time by the closed formula of
the perturbation technique. The transcendental equations for determining the energy spectra
are given and the behaviour of spectra for large angular momentum are discussed.

2. Green function of the two-dimensional AB billiard system

The starting point is the path integral representation for the Green function of a relativistic
particle in an external electromagnetic field [1,2]:

0 .

G(zp, To; E) = ﬁ dLpo()\)CP[p()»)]/DDX(A)eXP{—AE[w, z]/hip0)  (2.1)
0

with the action

Atz il = [ dan] 8200 — i/ A - 500 — poy EZ Y@ 6yme
elx, @] —/;a [2'0()\)1‘ ) —i(e/c)A(x) - (1) — p( )W+P( )Ti|

(2.2)
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where L is defined as

Ab
L=/ dx p()) (2.3)
Y

a

in which p(A) is an arbitrary dimensionless fluctuating scale variable, p(0) is the terminal
point of the function p(}X), and ®[p(1)] is some convenient gauge-fixing functional [1-3].
The only condition on ®[p(A)] is that

f DpOYBLp()] = 1. 24

h/mc is the well known Compton wavelength of a particle of mass m, A(x) and V (x) stand
for the vector and scalar potential of the system, respectively. E is the system energy, and x
is the spatial part of the (D + 1) vector x* = (x, 7).

For the pure AB system under consideration, the scalar potential V () = 0 and the vector
potential reads

—yél + xéz

A(x) =2g 2.5)

x2+y?
where ¢ , stand for the unit vectors along the x, y axis, respectively. In the two-dimensional
case, the functional ®[p(1)] can be taken as the §-functional §[p — 1] to fix the value of p(A)
to unity [2]. The vector potential in equation (2.5) has another representation, obtained by
introducing the azimuthal angle around the magnetic tube:

¢(x) = arctan(y/x). (2.6)
The components of the vector potential turn into
A =2g0¢(x) (2.7)
and the magnetic interaction becomes
L
Amag = —hﬁo/ dr¢(2) (2.8)
0
where ¢ (1) = ¢(x(1)), and By is the dimensionless number
2eg
Bo=——. (2.9
hc

The minus sign is a matter of convention. Since the particle orbits are present at all times, their
worldlines in spacetime can be considered as being closed at infinity, and the integral

1 L
n= —/ dr o) (2.10)
2 0

is the topological invariant with integer values of the winding number n. The AB magnetic
interaction is purely topological, its value being

Amag = —hfo2nm. (2.11)

The influence of AB effect on the entire system can be therefore considered by applying the
Poisson summation formula

> o= / dy D "™ () (2.12)

k=—00 oo n=—o00
to the angular decomposition of equation (2.1). This leads to
o0

in > LE/n OO 1 i(—PBo) (pp+2nT—04)
G(zp, x4 E) = — dLe do K(rp, rg; L)g - Z — e ) (@ ©a
0 _

2mc 00 = 2

(2.13)
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where the pseudoenergy £ = (E?> — m?c*)/2mc?, and the radial pseudopropagator
K (rp, rq; L)y has the representation
m 1 20 mryf,
Ky, ry: L)y = 1~ =m(rierd)/2nL ,a( _a) 2.14
(rpyras L) - L (2.14)

with I, the modified Bessel function. The sum over all n in equation (2.13) forces « to be
equal to By which is modulo an arbitrary integral number. The Green function turns into
in > LE/N
G(xp, s E) = — dLe™*"" K (xp, x4; L) (2.15)
2mc Jy

in which K (xp, ,; L) is given by
00 1 .
K (xp, Ta; L) = n;)o K, 705 Lynepy 5" 7%, (2.16)

From equation (2.15), we observe that K (x,, x,; L) can be viewed as the propagator of the
AB system with pseudoenergy £. The entire Green function can be obtained by performing
the integration.

Now let us begin to discuss the AB billiard system. With a method developed in [4, 5],
the exact Green function of the quantum billiard for a spherically shaped, impenetrable wall
located at the radius r = a is given by the following formula:

G(rp,a; E)G(a,rq; E
GO (14, 13 E) = Gl s ) — S 8 DG 1l B) 2.17)
G(a,a; E)
where G (rp, r,; E) is the Green function of unperturbed radial propagator. For the pure AB
system under consideration, It can be obtained by noting equations (2.15) and (2.16) and reads

° 1 mryr,
Cy Lem™M L @R+ 2nL bla
G(ry. ra: E) _/0 dL et/ e IWM( - ) (2.18)
The integral can be performed by using the integral representation [6, p 200],
*d —b
f ;Z e Pz, (a = ) =21,(/P(Va — Vb)) K, (p(Va + b)) (2.19)
0
yielding

2m
G(ry,rq; E) = 7I|n+ﬁo\ <\/ —m& 20 (ry + 1y — 1y — ral))
X Kjnspy| ( —mE 2R (ryp +rq + |1, — ral)) . (2.20)

This gives the Green function with a wall located at r = a, for example, forr, <r, < a:
(wall) . 2m \/72 >
G vt E) = —= | eyl | —2mE/Na | Ky | —2mE[N7ry | — (K < 1)
Linafol ( —2m5/h2ra)
X .
Linegi (\/ —2m5/h2a)

The corresponding bound state energy spectra are given by the equation

Linspol (,/—2m5/h2a) =0. (2.22)

We see that the presence of the flux line in the circular billiard simply changes the order of the
Bessel functions from the integer to fractional. If we assume that — S, can take a continuous
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range of values between 0 and 1, the symmetry |8y <> (1 + |By|) in the quantum spectrum
allows the restriction to 0 < |By| < 0.5. For integer flux |Bo] = 0, 1,2, ..., the quantum
spectrum is unaltered by the flux line. This is seen from the fact that for any integer value of
Bo the angular momentum gets to be redefined and the new set is isomorphic to the old one
both in terms of the spectra and eigenstates. This mapping, however, has no classical analogue
since the classically allowed angular momenta remain the same.

3. Green function of the three-dimensional AB billiard system

The path integral solution of the three-dimensional AB system can be solved by choosing the
gauge-fixing condition in equation (2.4) as

DpyBLp)] = tim T dw Ly m (Buy)? 3.1
/ p(A)D[p( )]—Nl_{noonl:[l /W exp _ﬁ;EW 3.

The unity condition is automatically satisfied. With this, the A-sliced path integral of
equation (2.1) turns into

G( By~ OodL/d il ﬁ /OO d'x, Lol 32
Tp, Tas E) ® —— Wp———— — " _lexp{ —— ,
b Yme 0 b (27-[P::brb )2 4 oo (2”7;1;,7}’,, )2 p i E
where the sign &~ in the above equation becomes an equality for N — oo, constant p(0) is
chosen as ry, p, = r, and the time-sliced action

N A [mG, = %) E? mc?
A=) | T T ie/0A@) @ —m) —ang G ran | G
with the three-vectors x of the kinematic term replaced with the four-vectors X. To simplify

the path integral, we invoke the KS transformation (see, for example, [8, p 500])

dx = 2B(u)du 3.4
where the 4 x 4 matrix B(i) is chosen as
woout u! u?
- ut —ud —u® u!
P

With this transformation, the volume element and velocity turn into

dx = 16r>dii (3.6)

dx\*  _, [di ) dii \?
— ) =4i® (=) =4r(— (3.7)
dx da dx

and the AB magnetic interaction becomes

. . 1.2 2.1 4.3 3.4
) yx —xy u'nt—utu utn? —u’u
A(x) -x(A) = —2g———F = — + . (3.8
e ==y [(ul)2 +@? T W (u4)2} oo
We obtain a path integral equivalent to equation (3.2)
L -
G(@p w0 E) = 5— | dL Gy, iia; L) (3.9)
2mc Jy

with the four-dimensional pseudopropagator

1 [d iAg[i, @
Gliiy, iiy: L) = E/%/D“u(x)exp{m’i[}l&} (3.10)
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where the action

. L Mu”? S L, Mo*i?
Aglu,u']l = da > —i(e/c)A(u) -u'(\) + > (3.11)
0
in which
E2 — m2ct
= )2+ @+ @@ =r M=4m  oP=—° (3.12)
4m?2c?

and A(u) - dii/dA is given in (3.8). The functional measure in equation (3.10) has the A-sliced
representation

/D“u(x) ” ]‘[[/w d'u, } (3.13)
( 2 €b)2 oo (%)2

n=1

Note that the path integral in equation (3.10) becomes separable like R* — R? x R? in which
each R? has a dynamical model of a two-dimensional simple harmonic oscillator moving in
the AB magnetic fields. Its Green function can be obtained by applying the procedures in
equations (2.12) and (2.16) to the simple harmonic oscillator and is given by

Mo M woyo,
elk@=0a) oy ) +03) cothwL } I .
i sinh oL, Z p{ (Gb %) @ Wbl \ 7 sinh oL

(3.14)

where 0 = /x2 + y?is the radial length, I, is the modified Bessel function, and By = —2eg/hic
as usual. Let us define the coordinate transformations between {u’;i = 1,...,4} and
{o/,0i;i = 1,2} as

u' =0 sin ¢

2 _
Ll3 = 01 COS @1 (315)
u- = 07 COS ¢y
ut = 07 sin ;.
We perform the path integral in equation (3.10) and obtain the entire Green function
ih o0 1 dw, Mw 2
G(xp, xas E) = dL — | — | =
2me 0 16 rp \hsinhowL
[e.¢]
x Z Z etk @1o=91.0) gik2 (025 =¢2.0)
k1=700 k2=700
Mo
X exp {——(Uﬁb +0ﬁa +a§b + Uﬁa) cotha)L}
Ma)al bO01,a Ma)0'2b0'2a
x 1 — ) ] —_— 3.16
hol ( n sinhoL ) '\ 7 sinhwL (3.16)

To go further, we express the variables (o1, @1, 02, ¢2) in terms of the Euler angle variables by
defining

u' = /rcos(8/2) cos[(g +y)/2]

u* = —/r cos(9/2) sin[(¢ + y)/2] ()0<<<p9<<2j; (.17
u® = /rsin(@/2) cos[(¢ — y)/2] 0 ; Y ; 4 |

ut = /rsin(0/2) sin[(¢ — y)/2]
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and identify

o1 = +/rcos(0/2)
p1r=(p+y+m)/2

0y = /7 sin(6/2) 3.18)
= (¢ —v)/2
The integral variable f dwy/rp in equation (3.16) turns into
dw = 2(u2 du' —u' du® + vt du® — 3 du4)
=r(cosfde + dy) (3.19)

and due to the « the angles (6, ¢) remain fixed during the w integration. Then one can change
the wj-integration into the y,-integration whose result is easily represented as the Kronecker
delta d, x,. Hence, we carry out k;-summation and finally derive

ih mPw
G(zp, x4, E) = Z eik(@r—9o)

2me 7h? Rt
o 1 Mo . Mw. /rpr,
d ~ 2 (ptra) cothn g ——Y"% cos6)/2cos6,/2
X/o 7 sinhzne st \ gy 0 Ov/2 €08 0a/
Mw. /1y
X Lt gy ( ha) 2 sin @, /2 sin 6, /2) (3.20)
sin

where we have defined the new variable n = wL. The product of modified Bessel functions
can be simplified by making use of the addition theorem [9]

I,(zsina/2sin B/2)1,(zcosa/2cos B/2)
ITMl+pu+v+DQRI+pu+v+1)
Frd+pu+DrI+v+1)

= z(sin a/2sin B/2)"(cosa/2 cos B/2)* Z
Z

=0
X Dtsyiron (2) P (s 0) P (cos ) (3.21)

where PI(” ") is the Jacobi polynomial (see, for example, [9, p 209]). The Green function in

equation (3.20) becomes

in
G sxa E eik(@r—¢a)
(@, @ )= 2me 2nh Jrpra Tpry Zoo;

x (cos B /2 cos 8, /2 sin B, /2 sin §, /2) K+Fol
N +2k+ Bol + DL+ 2|k + Bol + 1)
T2+ |k+ Bl + 1)

° | T Mw. /rpr,
X{/ dnp ——e ™ 2 DO gyl <— -
0

sinh n 7 sinh n

% PI(‘k+ﬁ0|,|k+/30|) (COS eb)Pl(‘k‘*‘/sO‘q‘k*'ﬂOD (COS ea). (322)

This integral can be performed by noting the equality [3]

/oo dz 1 e~ 272’)(Vh+l"a)00th71 h "blra — 1 /oo ﬁ efgsefm(rbzw,f)/ZhSI ) (ﬂ rbra)
0 sinh z ' sinh z 2J)y S 2\n s

(3.23)
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where £ is defined as (m?c* — E?)/2mc?. We finally obtain the exact Green function of the

relativistic three-dimensional AB effect:

G@p, 243 E) = 53— >0 ke (cos B,/2 cos 0, /2 sin 0, /2 sin 6, /2) P
k=—o00 =0
" m T +2lk+ Bol + DQL+2]k + Byl + 1)
2h it T2/ + [k + Bol + 1)
A [ () — | DK |2 () + )
v |y == (rp + 1) — 1y — 14 vy 572 o+ ra) +1rs —Ta
2 ’ 2 ’
x Pl(\k+ﬂol,lk+ﬂol)(cos eb)Pl(\k+ﬂo\,\k+ﬁoI) (COS 9u) (3'24)

with v =1+ |k + Bo| + 1/2. It is worth noting that there exist no bound states in the pure AB
effect. This is reasonable, since we are treating a scattering system.
According to the orthogonality relations of Jacobi polynomials [9, p 212]

-1
/ dx(1 —x)*(1 +x)? PP (x) PP (x)
—1

Qa+f+l MNoa+n+DI'B+n+1)
= Sm.n (3.25)
a+B+2n+1 nTF'la+B+n+1) '

we find the radial Green function of the relativistic three-dimensional AB effect

2m

&
G(Vb, rg; E) = m{lv[ %((rb+ra) - |rb _ra|)]

3
<K, |:J%((Vb+ra)+ 17y —ra|)]}. (3.26)

By applying the method developed in [4, 5] again, the effect of a spherically shaped
impenetrable wall located at the radius » = a can be studied via equation (2.17). This gives,
for example, for r, < r, < a, the exact Green function

G(wall)(rb’ rai E) = 712%[1‘} (W‘l) K, (Wro — (K <« I)]
A/ Tbla
1(VanEritn)

" . (3.27)

I, (‘/Zmé’/hza)

The corresponding bound-state energy spectra are given by the equation

Lisiks o412 <,/2m5/h2a> =0. (3.28)

We again see that the presence of the flux line in the circular billiard simply changes the order
of the Bessel functions. The energy spectra are determined by the zero points of the modified
Bessel function. This quantum effect may be detected by the experiment. It has of much
interest in the mesoscope systems. For the non-relativistic quantum AB billiard system, the
exact Green function is obtained by replacing the pseudoenergy £ with —E.

4. Concluding remarks

In this paper, the Green functions of the relativistic two- and three-dimensional AB systems
are given by the path integral approach. The results are separated into angular and radial
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parts. From the radial parts, the Green functions of the relativistic two- and three-dimensional
quantum AB billiard systems are obtained via the closed formula of the Dirichlet boundary
condition given by the §-function perturbation. The energy spectra are determined by the
zeros of the modified Bessel function involving the partial wave expanded Green function of
the unperturbed AB systems. The AB system serves as the prototype of arbitrary systems
bounded by the spherical Dirichlet boundary condition. There is an interesting effect in
mesoscope systems related to our results for the non-relativistic case. Such effect can be
described by the AB magnetic field surrounded by a spherically shaped §-function. Its Green
function is given by [4,5,7]

G(rp,a; EYG(a,ry; E)
G(a,a; E) —h/aa®P-D
with G being the radial Green function without § (r —a) potential and « the interacting strength

of §-function. In two-dimensional case, with the result of equation (2.20), equation (4.1) yields
forr, >a>r,

GO (rp, ra; E) = G(rp, 145 E) —

.1)

_ 2m Linsgy) (v —2mE/h2ra) Kinspol (\/Wrb)
e i) e (V=2mE/#a) Kipsp, (V=2mE[i%a) ~ h/aa

“4.2)

Energy spectra E,, of bound states are determined by the equation

hZ
= Linspy] <,/—2mEn /h2a> K nspol (,/—2mEn /h2a> . (4.3)

2maa

From the asymptotic behaviour of 1, («z) Ky (c¢z) for @ — oo [10, p 378]

1
Iy(az)Ky(az) =~ m 4.4
we have
i %<|n+ﬂ|+w>_]/2< ! 4.5)
maoa 0 n? In+ Bol .
This implies that only finite bound states exist and the upper bound is given by
n + Bol < mhog“. (4.6)

We see that the AB effect not only changes the energy levels but also changes the number of
bound states. On the other hand, the radius of a thin-walled cylinder also affects the number of
energy levels. For the three-dimensional case, with the radial Green function (3.26), we have
the Green function of semi-transparent wall for r, > a > r,

1
A/ TbFa
%11+\k+ﬁ0|+1/2 <\/ —2mE/7l2Va> Kivjkpo1+1,2 (\/ —2mE/712rb>

X .
%Il+|k+ﬂ0|+l/2 (\/ —2mE/7120) Kivjkepol+1/2 (\/ —2mE/h2a) - %

The energy levels of bound states are determined by

h2
Tman Tk pol+1/2 < —ZmEn/h2a> Kisjerpol+1/2 ( —2mEn/712t1) . 4.8)

GO (rp, s E) = —

4.7
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A similar analysis of the two-dimensional case gives the upper bound of eigenvalue for the
I+ |k+Bol+1/2) - ocoas

’ [+ 1k +B |+1/2+2m|E”|"2 o ! (4.9
~ _ < .
moa 0 n? I+ k+ Bl +1/2
ie.
maoa
L+ 1+ fol +1/2) < (4.10)

It is easy to see that the number of bound states of the three-dimensional case is greater than
that of the two-dimensional one for an extra degree of freedom of quantum number. These
results provide a reasonable basis for explaining the dependence of the electron wavefunctions
on the vector potential of the AB magnetic fields when an electron penetrates the spherical
cylinder.
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