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SUMMARY
In this paper, we describe the theory underlying an empirical Bayesian approach to monitoring two or more process
characteristics simultaneously. If the data is continuous and multivariate in nature, often the multivariate normal
distribution can be used to model the process. Then, using Bayesian theory, we develop techniques to implement
empirical Bayes process monitoring of the multivariable process. Lastly, an example is given to illustrate the use

of our techniques. Copyright 2001 John Wiley & Sons,
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1. INTRODUCTION

When monitoring a process, one often has data on
several variables that simultaneously impact quality
or the yield of the process. In addition, two or more
variables can ‘interact’, so that even if each variable
is within its specification limits, the product may
not function. These situations make it imperative to
monitor more than one variable at the same time.
Many authors have investigated methods of
monitoring multivariate continuous data. In 1947,
Hotelling [1] developed his multivariatel'?’ statistic
for quality control purposes. Multivariate generaliza-
tions of the CUSUM procedure have been studied
by Woodall and Ncube?] and Crosier B]. Lowry
et al.[4] developed and investigated multivariate expo-
nentially weighted moving averages to identify qual-
ity problems. The use of multivariate exponentially
weighted moving averages in monitoring multivariate
data have been enhanced by Rungeal. [5]. Mon-
itoring principal components of multivariate data has
been studied by Mastrangeés al. [6]. We propose
developing empirical Bayesian techniques to monitor
multivariate continuous data.

Ltd.

to monitor yield and defect data. These techniques
were found to be very useful in industrial settings. In

the multivariate framework, Jaiet al. [9] described

a Bayesian approach to multivariate quality control.

In their paper, they showed that their multivariate

control chart procedure was better at identifying out-
of-control processes than existing procedures.

In this paper, we describe the theory underlying
an empirical Bayesian approach to monitoring multi-
variate continuous data, generalizing the approaches
developed by Jaiat al.[9] and Sturmet al.[7]. Using
this theory, we develop methods to implement the
empirical Bayes process monitoring for multivariate
normal data. In addition, discussions on improving
estimation of the process parameters and tips on how
to implement the empirical Bayes technique in an
industrial environment will be provided. Lastly, an
example to illustrate the use of the empirical Bayes
process monitoring is given.

2. EMPIRICAL BAYESIAN THEORY FOR
MULTIVARIATE PROCESS CONTROL

Using a Bayesian approach to monitor process data Suppose that we want to monitop process

is not entirely new. In the univariate setting, Sturm
et al. [7] developed empirical Bayesian techniques
to monitor continuous data. For count data, Yousry
et al. [8] used a binomial model with a beta prior
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characteristics simultaneously. Define the value of the
process characteristics at timeo be X,. This is a
vector of observations, each an observation of one of
the p process characteristics. Because our multivariate
observationX; has sampling error, assume that, at a
given timet, it is normally distributed about a mean
vector u, with variance—covariance matriX. The

Received 12 July 2000
Revised 5 January 2001



120

probability density function (pdf) fox, givenu; is
1
(2m)P/2| x|

1 Iy —1
X exp[—é(Xt — ) XXy — ﬂt)i|
(1)

where u, is the average process response at time
and X is an unknown non-negative matrix. Although

g1(X¢lps) =

we allow the process average to change over time, we

assume that the sampling variabiliyis constant.

To model the process average’s changes over time

assume thag; is distributed as a multivariate normal
with mean vectom and variance—covariance matrix
G. The probability density function fqu, is

1
g2(pelp) = @G|

1
x eXp[—E(Mt -G, - IL):|
()

Notice that the above model allows two sources of
variability: (i) the sampling variability, indicating the

amount of spread present between samples if the

process is not changing; and (ii) process variability,
indicating the amount of variability due to process
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and variance—covariance matrix

COV(u X)) =2 —Z(Z+G) 1z (5)

LettingW = X (X + G)~! be a weighting matrix, the
posterior mean4) can be rewritten as

Wu + (I — W)X, (6)

Intuitively, it is difficult to see what effedlv has on
the posterior mean. However,3f andG are diagonal
matrices (i.e. there is no correlation between process
characteristics) thew is also a diagonal matrix, and

it is easier to see the effect ¥f. Those components

of W which are large indicate that the corresponding
process characteristics have a large sampling variation,
which will pull the estimate of the process mean for
those process characteristics at timéoward their
prior means. Similarly, components @ which are
small indicate a large process variation compared to
the sampling variability will pull the estimate of the
process mean at timeioward the current observation,
X;. Usually in practice, there is correlation between
process characteristics and the effecWfis not so
clear.

With the components of the model in place, we can
now focus on using the process data to estimate the

changes over time. This generalizes the approachdifférentcomponents.

of Jain et al. [9]. In their 1993 paper, Jain and

his coauthors assumed that the underlying process3. ESTIMATING THE PROCESS PARAMETERS

variability is the same as the sampling variability, i.e.
G ¥. In our work in the electronics industry,
we found that by allowing the process to have
its own variability, we gained information about

the process behavior as well as information about 3.1.
how the sample behaves around the process mean.

Allowing the process variability to be different from
the sampling variability will make our estimation
of process parameters more difficult, but also more
rewarding.

Our problem is then to estimate the location of
the process at time using the prior information of
where the process was at time- 1 and the current
observatiorX;. Using Bayes Theorem, the pdf of the
conditional distribution oft, givenX; is

g1(X¢ ) g2(pr)
JWP) = T Kungoudi )
This distribution is known as a posterior distribution
in Bayesian terminology, with equatior®)( called
the prior distribution ofu,. It is easy to derive that
this posterior distributionf (u;|X;), is a multivariate
normal distribution with mean

E(u|X) =X, — Z(Z +G) (X, — w)

(4)
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In estimating the process parameters, consider first the
overall process mean vectgr,

Estimatingu (the overall process mean)

To estimateu, note that expected value ¥f is
EX;) = Eu Ex, Xelpe) = p (7)

for any time t. Because eaclX; is an unbiased
estimate ofu, a reasonable estimator pf ji, is the
overall average of theX;'s. Assume that we have
observed: data vector¥Xy, ..., X,. Then

1 n
17«=—Zxr
nt:l

Next we must estimate the sampling and process
variability. If one had multiple independent obser-
vations at timer, one could estimate the sampling
variance X, using standard formulas. However, in our
experience, replications are usually not available.

To circumvent this obstacle, we need to assume
that theu, are fairly stable, i.e. the process mean is
not shifting uncontrollably all of the time. Assuming

(8)
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that the process average at timeemains relatively By using a weighting factor that is less than one, an
constant over short time intervals, the correlation exponentially weighted moving average is created. By
betweenu, and u,+1 is close to 1 when the time incorporating the weighting into the empirical Bayes

intervals of taking data are small. If there is very little approach, we maintain our distributional structure, so
time lag between th&;’s, consecutiveX,’s can be that we can partition the variability into the sampling

thought of as independent random variables from the and process variability as well as using the distribution
same distribution. Under this assumption, one estimate to identify shifts in the process mean. An added benefit

of X is is that we never have to delete data from the system.
1 Old data is automatically weighted out.
3= _Z(x, — X)X — Xi41) 9) To incorporate weighting into our estimators,
2ni— assume the,’s are ordered in timeX{1, Xo, ..., Xr)
so thatX7 is the most recent observation. Then let
3.2. Estimatings (the process variance—covariance ZT AT—1x
. ~ =1 1
matrix) h=—"F—"" (12)
Zt:l)\’T_t
In estimating G, we first note that the overall T 7T p
variance ofX; can be expressed by the variance- % = 2=t X TX"l)(X’ Xi-1) (13)
covariance matrix 2) AT
T T—t a AT
N ATEX e — (X —
V= EX —p)X — ) =2+G  (10) V= 2=t Z(TI PEZD 4
\T—
=1

Using £ in equation 8) as an estimator fqu, then the . ] ] ] ]
overall variance ofX, can be estimated in the usual Herex defines the weight given to each time period,
way by wherex is an arbitrary number (usually® < 1 <
1.0). The choice oh depends on the process. If data
1S R . taken 50, 100 or 200 observations ago are no longer
V= n Z(X’ — WX — ) (11) relevant to where the process is currently, then the
=1 A should be chosen appropriately. To weight away
With our estimator of¥ and our estimator of the data that is 50 observations ago,is chosen to be
overall variation ofX;, V, we can estimatés by 0.832. Similarly, to weight away data that is 100 or
subtraction. That isG =V — %. 200 observations agd, = 0.912 and. = 0.955,
The reader may note that we are using the maximum respectively.
likelihood estimate of the variance and covariance, To make the analysis more computationally
where the denominator is the number of data points efficient, the above weighted estimators can be written
instead of the unbiased estimator in which one is in the form of recursive equations. Then one need
subtracted from the number of data points in the only take the previous estimate of the process mean,
denominator. This will aid us in the weighted case to sampling variance—covariance and process variance—
be presented in Sectigh covariance matrix and update with the current
Although we have all the key estimators in observation. The recursive equations are given below.
place, implementing Bayesian process monitoring in  Given the observation vectodé;, Xo, ..., X;, for
a manufacturing environment requires some special theith variable, denote the sample mearxpyand the
features. sample variance byft, and the covariance of th¢h
andjth variables by;; ;. 0;;; is the ¢, j)th element of
4 IMPLEMENTING EMPIRICAL BAYESIAN the_ma_trix\? at the timet_andﬁiz’{ = Bii,r. Without the
PROCESS CONTROL weighting factor, recursive est_lmatlon fgrmula_s of the
mean and overall variance at timéor theith variable
When simulating the behavior of their Bayesian are given by:
multivariate process monitor, Ja@t al.[9] found that _
their estimate of the prior mean contained all previous iy = Figq 4+t T AL
data points from 1 ta — 1. For many processes this
could be a disaster, as the process mean would soon bgngd
weighted down with ‘old’ data. Sturret al.[7] found 2
a way around this problem in the univariate case by > (¢ =DV, 4 n (t — Dxiy — %i,-1)? (16)
giving the current data more weight than older data. t 12

(15)

it =
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The covariance of th&th and jth variables at time
are:

. (t = Dvyj-1

Vijt = 7t

(= Dxir — Xip—1)(xjr — Xj 1)
+ 2

17)
Also, for the(i, j)th element of the matri at time
t, denoted bys;; ;, the recursive formula is given by

. 20t —1)6ij -1+ (xi s —xi 1~ (xj; — Xj1—1)
gt = 2t

(18)

In the weighted case, the recursive formulas are
more complicated. For the mean computation, we
simply multiply the previous average with the old sum
of the weights, multiply by the weighting factor, add
the new data point, and divide by the new weight.
Operations are similar for computing the variance and
covariance. Denote the sum of the weights at tirhg
w; = Y y_1 A7k, Then the recursive formulas for the
mean, variance and covariance are

AWy—1X;—1+ Xi s

Xig = ” (19)
t
A ~2 Z. ¥ 2 % )2
2 w107, g+ Xip —Xi,1—1)%) + (Xi s —Xi0)
Vi = w;
(20)
N Awy—1(0ij -1+ Xir—Xi—1) (X j =X 1 -1))
Vijt = w
'
(xi,t - ii,t)(xj,t - )Ej,t) (21)

Wy

The (i, j)th element of% at timer can be recursively
computed by

5 2)\wt—laij,t—1+(xi,t_xi,t—l)(xj,t_xj,t—l)
i =

2w,
(22)

To identify process drifting, the decision rule
developed by Jaiet al.[9] will be used. Letu* and
¥ * be the mean and covariance matrix obtained from
a set of in-control data. Then, denoting our posterior
mean as

=X, — X(E +G) X, — p)

=X; —ZV (X — p) (23)
the test statistic is the quadratic form
By = (uf — ) (EH 7w — ). (24)

The test statistic is then compared to a critical value,
Cp = x%,.09973 the 99.73th percentile of a chi-
square withp degrees of freedom, which corresponds

Copyright 2001 John Wiley & Sons, Ltd.
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Table 1. Variables and their target means

Characteristic Variable name  Target value
Outside diameter X1 90.0

Width X2 19.7

Seat height X3 25.2

Seat angle Xq 0.48

Seat concentricity X5 4.52

Table 2. The sample covariance matvix

Variable X1 X5 X3 Xa X5
X1 8.990 0.137 0.223 0.067—0.055
X0 0.137 0.830 —0.122 —0.030 —0.050
X3 0.223 —-0.122 2.220 0.589 0.041
Xy 0.067 —0.030 0.589 0.310 0.004
X5 —0.055 —0.050 0.041 0.004 0.830

to the regular 3-sigma control chart limits and
where p is the number of variables being monitored
simultaneously. In the empirical Bayes setting, all the
prior parameters in equatiofy) and @4) are replaced
by the corresponding estimates in equatiofg),(
(13) and (4), which can be computed recursively by
equations15) to (17) for the unweighted case, and by
equations18) to (22) for the weighted case.

An example of the technique is given in the
following section.

5. AN ILLUSTRATIVE EXAMPLE

The example presented in Jaat al. [9] will be
used to illustrate the multivariate empirical Bayesian
technique. In this example, data from a machining
operation for valve seat inserts is presented. The
variables and their target means are given in Table

Using all the data, Jairt al. [9] computed the
sample covariance matrix shown in TaBle

Jainet al.[9] then used ten observations to illustrate
their multivariate Bayesian procedure. Because the
covariance matrix above includes all the data, over a
span of time, this covariance matrix would correspond
to ourV = ¥ + G. Without additional information,
let £ = G = V/2. Similarly, let the target values be
the initial prior estimate of the mean. Let the target
values also be th@* in the test statisticB1. Then
letting our weighting factor, = 0.9, we can monitor
the ten observations and use the results to get a more

Qual. Reliab. Engng. InR001;17: 119-124
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Table 3. Results from ten observations

Observation X1 X» X3 X4 Xs Posterior mean B;
Target 90.0, 19.7, 25.2, 0.48, 4.52
1 93 200 240 0.0 50 91.6,19.9,24.6,0.22,4.77 1.3
2 90 18.0 25.0 0.0 5.0 90.6,18.9,24.9,0.13,487 3.1
3 90 190 260 1.0 6.0 90.1,19.1,255,0.65 542 3.0
4 94 180 260 1.0 3.0 921,618.8,25.8,0.91,435 45
5 91 20.0 270 1.0 6.0 91.919.1,26.1,0.76,4.46 2.4
6 88 200 250 0.0 6.0 89.9195,251,0.26,491 0.9
7 95 210 250 0.0 5.0 91.920.3,251,0.11,512 4.0
8 91 200 280 20 50 91.919.9,26.3,091,464 22
9 93 19.0 250 1.0 4.0 91.4,194,256,0.94,474 2.6
10 92 210 250 0.0 3.0 090.8,20.2,254,0.61,411 1.2
Variable X Xo X3 X4 Xs This paper develops a method for monitoring
S5 0114 0743 —0.282 —0.861 continuous multivariate data using an empirical Bayes
% 0114 0723 B 0.025 :0:120 B 0183 model. The empirical Bayes model gives us process
X3 _0.743 0.025 139 0581 0.243 information as well as sampling information about
X4 —0.282 —-0.120 0581 0.372 0.115 the process parameters being monitored. By putting
X5 —-0.861 0.183 0.243 0.115 0.809  a multivariate normal structure on the data, we can
identify correlations between the variables that may
have an effect on the quality of our product. By
) estimating both the process variation as well as
Table 5. Estimate db the sampling variation, we get a more thorough
- understanding of our process.
Variable X1 X2 X3 Xa X5
X1 0.519 0.094 0.711 0.327 0.196
X5 0.094 0.166 —0.110 —0.020 —0.199 APPENDIX A. SAS PROGRAM FOR
X3 0.711 -0.110 0.181 0.037-0.030 MULTIVARIATE EMPIRICAL BAYES PROCESS
X4 0.327 —0.020 0.037 0.026 —0.062 MONITORING
X5 0.196 —-0.199 -0.030 —-0.062 0.211
proc iml;
infile 'data.dat’;

up-to-date estimate of the process m@an® andG
as shown in Tabl8. (We chose the weighting factor to

bex = 0.9 to see how much the sampling covariance

matrix £ and the process covariance mat@xdiffer
at the end of the eight runs. A largérmoves the
estimates more slowly from the prior distribution.)

The cut-off point for the test statistic j&s o 9973 =

18.2, so none of the observations were close to being
significant. After the ten observations, our estimates of

¥ andG are shown in Tablé and5 respectively.
Note that the process variance for each of the X=priormu;

variables is substantially smaller than the sampling
variance. When implementing the empirical Bayes

v={

8.990 0.137 0.223 0.067 -0.055,
0.137 0.830 -0.122 -0.030 -0.050,
0.223 -0.122 2.220 0.589 0.041,
0.067 -0.030 0.589 0.310 0.004,
-0.055 -0.050 0.041 0.004 0.830};
testsig=v/2.0;

sig=v/2.0;

lambda=.9;

w=1/(1.0-lambda);

gamma=sig;

print sig;

print gamma,;

priormu={90.0, 19.7, 25.2, 0.48, 4.52};

oldxbar=priormu;
oldx=priormu;
do data;

process monitoring in factories, we usually found the o0t x1 x2 x3 x4 x5:
process variance was much smaller than the samplingx[1}=x1;

variance.

Copyright 2001 John Wiley & Sons, Ltd.

X[2]=x2;
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x[3]=
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X3;

X[4]=x4;

X[5]=x5;

print x;

xbar=w*lambda*oldxbar+x;

xbar=xbar/w;
v=w*lambda*v+(xbar-oldxbar)*(xbar-oldxbar)

‘+(x-xbar)*(x-xbar)";

v=v/w;
sig=2.0*w*lambda*sig+(x-oldx)*(x-oldx)';
sig=sig/(2.0*w);
postmu=x-sig*(v**-1)*(x-xbar);
bl=(postmu-priormu)‘*(testsig**-1)

*(postmu-priormu);

oldx=x;
oldxbar=xbar;
print xbar;
print postmu;
print bl

end;

print v;

print sig;
gamma=v-sig;
print gamma;
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