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Abstract. We present a complete proof for the invariant optimal assignment for consecutive-k-out-
of-(2k+1):G cycle, which was proposed by Zuo and Kao in 1990 with an incomplete proof, pointed
out recently by Jalali, Hawkes, Cui and Hwang.
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1. Introduction

A cyclic consecutive-k-out-of-n: G systemconC(k, n : G) is a cycle ofn(> k)

components such that the system works if and only if somek consecutive compon-
ents all work. Supposen components with reliabilitiesp[1] 6 p[2] 6 · · · 6 p[n]
are all exchangeable. How can they be assigned to then positions on the cycle
to maximize the reliability of the system? Kuo, Zhang and Zuo [2] showed that if
k = 2, then the optimal assignment isinvariant, i.e., it depends only on the ordering
of reliabilities of the components, but not their value. Invariant optimal assignment
is very important in practice. In fact, in the real world, one usually knows the
ranking of reliabilities of components, but not their exact values. For example, the
ages of the components are known and one cannot compute the exact value of
reliability from the age of each component. However, one may rank reliabilities of
components according to their age by the rule that the older the less reliable. Kuo,
Zhang and Zuo [2] also showed that fork > 3 andn > 2k+1,ConC(k, n : G) has
no invariant optimal assignment. Forn 6 2k + 1, Zuo and Kuo [3] claimed that
there exists an invariant optimal assignment

(p[1], p[3], p[5], . . . , p[6], p[4], p[2], ).

However, Jalali, Hawkes, Cui and Hwang [1] found that their proof is incomplete.
In this paper, we give a complete proof for this invariant optimal assignment in
casen = 2k + 1.
? Supported partly by the National Science Foundation under grant CCR-9530306.



52 DING-ZHU DU ET AL.

A similar situation occurred in a line system. A linear consecutive-k-out-of-n:
GsystemConL(k, n : G) can be defined in a similar way to the cyclic system
ConC(k, n : G). Kuo, Zhang and Zuo [2] presented an invariant optimal assign-
ment forConL(k, n : G) with n 6 2k. However, the proof is incomplete too. This
was also pointed out by Jalali et al. [1]. In addition, they gave a complete proof for
the line system. It is worth pointing out that by settingp[1] = · · · = p[2k+1−n] = 0,
the cycle systemConC(k,2k + 1 : G) becomes the line systemConL(k, n : G).
Thus, our result yields the result of Jalali et al. [1]. The cycle case is in gen-
eral much more difficult than the line case, and our proof adopts a new approach
different from previous attempts.

2. Main Result

In this section, we show the following.

THEOREM 1. ConC(k,2k + 1 : G) has invariant optimal assignment

(p[1], p[3], p[5], . . . , p[2k+1], p[2k], . . . , p[6], p[4], p[2]).

Let p1, p2, . . . , p2k+1 be reliabilities of the 2k + 1 components on the cycle in
counter-clockwise direction. For simplicity of the proof, we first assume that

0< p[1] < p[2] < · · · < p[2k+1] < 1.

Our proof is based on the following representation of the reliability of consecu-
tive-k-out-of-n: G cycle forn 6 2k + 1.

LEMMA 1. The reliability of consecutive-k-out-of-n: Gcycle forn 6 2k+1under
assignmentC can be represented as

R(C) = p1 . . . pn +
n∑
i=1

qipi+1 . . . pi+k

= p1 . . . pn +
n∑
i=1

pi . . . pi+k−1 −
n∑
i=1

pi . . . pi+k

whereqi = 1− pi andpn+i = pi.
Proof.The system works if and only if all components work or for somei, the

ith component fails and the(i + 1)st component, ..., the(i + k)th component all
work. Sincen 6 2k + 1, there exists at most one suchi. Therefore,

R(C) = p1 . . . pn +
n∑
i=1

qipi+1 . . . pi+k.

Note that

qipi+1 . . . pi+k = pi+1 . . . pi+k − pi . . . pi+k.
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This implies the second representation. 2
To prove Theorem 1, it suffices to show that in any optimal assignment,

(pi − pj)(pi−1− pj+1) > 0 for 1< i < j < 2k + 1. (1)

That is, selecting any component to be labeledp1, we always have

(pi − p2k+2−i)(pi+1− p2k+1−i) > 0 for i = 1, . . . , k. (2)

For simplicity of representation, we denotei′ = 2k + 2− i. Note that(k + 1)′ =
k + 1 and(i′)′ = i. Furthermore, without loss of generality, we assumep1 > p1′
throughout this proof. Then the condition (2) can be rewritten as

pi > pi′ for i = 1, . . . , k. (3)

We will employ an inductive argument to prove thesek inequalities in the following
ordering:

p1 > p1′

pk > pk′

p2 > p2′

pk−1 > p(k−1)′

. . .

Let Ci be the assignment obtained fromC by exchanging componentsi and i′
andCi,j,... ,y,z = (Ci,j , . . . , y)z. Let C∗ be an optimal assignment. We divide this
inductive argument into the following lemmas.

LEMMA 2. Under assumption thatp1 > p1′, we must havepk > pk′ and
p2 . . . pk−1 > p2′ . . . p(k−1)′.

Proof.Consider

06 R(C∗)− R(C∗1) = (p1− p1′)(p2 . . . pk − p2′ . . . pk′)qk+1.

Sincep1 > p1′, we have

p2 . . . pk > p2′ . . . pk′ . (4)

Note that

06 R(C∗)− R(C∗k )
= (pk−pk′)[(q1′p1+q1pk+1)p2 . . . pk−1−(p1′q1+q1′pk+1)p2′ . . . pk−1)′ ]

(5)

and

(q1′p1+ q1pk+1)− (p1′q1 + q1′pk+1) = (p1− p1′)(1− pk+1) > 0.
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We first claim thatpk > pk′ . In fact, if p2 . . . pk−1 > p2′ . . . p(k−1)′, then it follows
from (5) thatpk > pk′ ; If p2 . . . pk−1 < p2′ . . . p(k−1)′, then it follows from (4) that
pk > pk′ .

Now, we show thatp2 . . . pk−1 > p2′ . . . p(k−1)′. Note that

06R(C∗)− R(C∗1,k)
=[(p1pk − p1′pk′ )+ (pk − pk′ )pk+1− p1′p1(pk − pk′)](p2 . . . pk−1− p2′ . . . p(k−1)′)qk+1

=[(p1pkq1′ − p1′pk′q1)qk+1 + (1− p1p1′ )(pk − pk′)p2 . . . pk−1− p2′ . . . p(k−1)′).

Moreover,p1q1′ − p1′q1 = p1 − p1′ > 0 andpk > pk′. Therefore,p2 . . . pk−1 >
p2′ . . . p(k−1)′. 2

To show inductive step, we first prove an equality.

LEMMA 3. Supposem < k/2. Then

2m+1∑
i=1

k−1∏
j=0

p−m+i+j −
k∏
j=0

p−m+i+j


=

m−1∑
i = 1

 i∏
j=1

pkpj ′

 (pi+1q(i+1)′

 k−i∏
j=i+2

pj

1−
 k∏
j=k−i+1

pjpj ′

pk+1


+

m∑
i=1

1−
i∏

j=1

pjpj ′

 k−i∏
j=i+1

pj

 (pk−i+1q(k−i+1)′)

 k∏
j=k−i+2

pjpj ′

pk+1

+ q1′p1 . . . pkqk+1+
 m∏
j=1

pjpj ′

 k−m∏
j=m+1

pj

1−
 k∏
j=k−m+1

pjpj ′

pk+1

 .
Proof.Note that

p1′p1 . . . pk+1

= p1′p1 . . . pk+1qk′ + p1′p1 . . . pk+1pk′

= p1′p1 . . . pk+1qk′ + q2′p1′p1 . . . pk+1pk′ + p2′p1′p1 . . . pk+1pk′

= · · ·

=
m−1∑
i=1

 i∏
j=1

pjpj ′

 k−i∏
j=i+1

pj

 (pk−i+1q(k−i+1)′)

 k∏
j=k−i+2

pjpj ′

pk+1

+
m∑
i=1

 i∏
j=1

pjpj ′

 (pi+1q(i+1)′)

 k−1∏
j=i+2

pj

 k∏
j=k−1+1

pjpj ′

pk+1

+
 m∏
j=1

pjpj ′

 k−m∏
j=m+1

pj

 k∏
j=k−m+1

pjpj ′

pk+1
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and

p1 . . . pk − p1′p1 . . . pk − p1 . . . pk+1

= q1′p1 . . . pkqk+1− p1′p1 . . . pk+1.

Thus,

2m+1∑
i=1

k−1∏
j=0

p−m+i+j −
k∏
j=0

p−m+i+j


=

m∑
i=2

q−m+i−1

k−1∏
j=0

p−m+i+j +
2m+1∑
i=m+2

q−m+i+k
k−1∏
j=0

p−m+i+j

+ p−m+1 . . . p−m+k + p1 . . . pk − p0 . . . pk − p1 . . . pk+1

=
m−1∑
i=1

 i∑
j=1

pjpj ′

 (pi+1q(i+1)′)

 k−i∏
j=i+2

pj


+

m∑
i=1

 k−i∏
j=i+1

pj

 (pk−i+1q(k−i+1)′ )

 k∏
j=ik−i+2

pjpj ′

pk+1

+
 m∏
j=1

pjpj ′

 k−m∏
j=m+1

pj

+ p1 . . . pk − p1′p1 . . . pk − p1 . . . pk+1

=
m−1∑
i=1

 i∏
j=1

pjpj ′

 (pi+1q(i+1)′)

 k−i∏
j=i+2

pj

1−
 k∏
j=k−i+1

pjpj ′

pk+1


+

m∑
i=1

1−
i∏

j=1

pjpj ′

 k−i∏
j=i+1

pj

 (pk−i+1q(k−i+1)′)

 k∏
j=k−i+2

pjp
′
j

pk+1

+ q1′p1 . . . pkqk+1 +
 m∏
j=1

pjpj ′

 k−m∏
j=m+1

pj

1−
 k∏
j=k−m+1

pjpj ′

pk+1

 .
2

LEMMA 4. Supposem < k/2. If

pi > pi′ for i = 1, . . . , m, k −m+ 1, . . . , k (6)

and

k−m∏
j=m+1

pj >
k−m∏
j=m+1

pj ′ (7)

then

pm+1 > p(m+1)′
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and
k−m∏
j=m+2

pj >
k−m∏
j=m+2

pj ′ .

Proof. We first showpm+1 > p(m+1)′. For contradiction, supposepm+1 <

p(m+1)′. It follows from (7) that

k−m∏
j=m+2

pj >

k−m∏
j=m+2

pj ′ . (8)

By Lemma 3,

0 6R(C∗)− R(C∗m+1)

=
2m+1∑
i=1

k−1∏
j=0

p−m+i+j −
k∏
j=0

p−m+i+j +
k−1∏
j=0

p(−m+i+j)′ −
k∏
j=0

p(−m+i+j)′


−

2m+1∑
i=1

p(m+1)′
pm+1

k−1∑
j=0

p−m+i+j −
k∏
j=0

p−m+i+j


+ pm+1

p(m+1)′

k−1∏
j=0

p−m+i+j −
k∏
j=0

p(−m+i+j)′


=(pm+1 − p(m+1)′)


m−1∑
i=1

 i∏
j=1

pjpj ′

(pi+1q(i+1)′

 m∏
j=i+2

pj

 k−i∏
j=m+2

pj


−(p(i+1)′qi+1)

 m∏
j=i+2

pj ′

 k−i∏
j=m+2

pj ′

1−
 k∏
j=k−i+1

pjpj ′

pk+1


+

m∑
i=1

1−
i∏

j=1

pipj ′

 m∏
j=i+1

pj

 k−i∏
j=m+2

pj

 (pk−i+1q(k−i+1)′)

−
 m∏
j=i+1

pj ′

 k−i∏
j=m+2

pj ′

 (p(k−i+1)′qk−i+1)

 k∏
j=k−i+2

pjpj ′

pk+1

+ (q1′p1 . . . pmpm+2 . . . pk − q1p1′ . . . pm′p(m+2)′ . . . pk′ )qk+1

+
 m∏
j=1

pjpj ′

 k−m∏
j=m+2

pj −
k−m∏
j=m+2

pj ′

1−
 k∏
j=k−m+1

pjpj ′

pk+1


<0,

a contradiction. The last inequality holds because it follows from (6) and (8) that
every term in{· · · } is positive.

Now, we show
k−m∏
j=m+2

pj >
k−m∏
j=m+2

pj ′ .
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By Lemma 3, we have

0 6R(C∗)− R(C∗m+2,... ,m−k)

=
 k−m∏
j=m+2

pj −
k−m∏
j=m+2

pj ′


·

m−1∑
i=1

 i∏
j=1

pjpj ′

(pi+1q(i+1)′

 m+1∏
j=i+2

pj

 k−i∏
j=k−m+1

pj


− (p(i+1)′qi+1)

 m+1∏
j=i+2

pj ′

 k−i∏
j=k−m+1

pj ′

1−
 k∏
j=k−i+1

pjpj ′

pk+1


+

m∑
i=1

1−
i∏

j=1

pjpj ′

 m+1∏
j=i+1

pj

 k−i∏
j=k−m+1

pj

 (pk−i+1q(k−i+1)′ )

−
 m+1∏
j=i+1

pj ′

 k−i∏
j=k−m+1

pj ′

 (p(k−i+1)′qk−i+1)

 k∏
j=k−i+2

pjpj ′

pk+1

+ (q1′p1 . . . pm+1pk−m+1 · pk − q1p1′ . . . p(m+1)′p(k−m+1)′ . . . pk′)qk+1

+
 m∏
j=1

pjpj ′

 (pm+1− p(m+1)′

1−
 k∏
j=k−m+1

pjpj ′

pk+1

 .
It follows from (6) andpm+1 > p(m+1)′ that every term in{· · · } is positive. There-
fore,

k−m∏
j=m+2

pj >
k−m∏
j=m+2

pj ′ . 2

LEMMA 5. Supposem < k/2. Then

2m+2∑
i=1

k−1∏
j=0

p−m+i+j −
2m+2∑
i=1

k∏
j=0

p−m−1+i+j

=
m∑
i=1

 i∏
j=1

pjpj ′

 (pi+1q(i+1)′ )

 k−i∏
j=i+2

pj

1−
 k∏
j=k−i+1

pjpj ′

pk+1


+

m∑
i=1

1−
i∏

j=1

pjpj ′

 k−i∏
j=i+1

pj

 (pk−i+1q(k−i+1)′)

 k∏
j=k−i+2

pjpj ′

pk+1

+ q1′p1 . . . pkqk+1

+
1−

m∏
j=1

pjpj ′

 k−m∏
j=m+1

pj

 k∏
k−m+1

pjpj ′

pk+1.

Proof. It is similar to the proof of Lemma 3. 2
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LEMMA 6. Supposem < k/2. If

pi > pi′ for i = 1, . . . , m+ 1, k −m+ 1, . . . , k (9)

and

k−m∏
j=m+2

pj >
k−m∏
j=m+2

pj ′ (10)

then

pk−m > p(k−m)′ (11)

and

k−m−1∏
j=m+2

pj >
k−m−1∏
j=m+2

pj ′ . (12)

Proof.We first show (11). For contradiction, supposepk−m < p(k−m)′. By (10),

k−m−1∏
j=m+2

pJ >

k−m−1∏
j=m+2

pj ′ . (13)

By Lemma 5,

0 6R(C∗)− R(C∗k−m)

= (pk−m − p(k−m)′)

m∑
i=1

 i∏
j=1

pjpj ′

(pi+1q(i+1)′)

k−m−1∏
j=i+2

pj

 k−i∏
j=k−m+1

pj


−(p(i+1)′qi+1

k−m−1∏
j=i+2

pj ′

 k−i∏
j=k−m+1

p + j ′
1−

 k∏
j=k−i+1

pjpj ′

pk+1


+

m∑
i=1

1−
i∏

j=1

pjpj ′

k−m−1∏
j=i+1

pj

 k−i∏
j=k−m+1

pj

 (pk−i+1q(k−i+1)′)

−
k−m−1∏
j=i+1

pj ′

 k−i∏
j=k−m+1

pj ′

 (p(k−i+1)′qk−i+1)

 k∏
j=k−i+2

pjpj ′

pk+1

+ (q1′p1 . . . pk−m−1pk−m+1 . . . pk − q1p1′ . . . p(k−m−1)′p(k−m+1)′ . . . pk′)qk+1

+
1−

m∏
j=1

pjpj ′

k−m−1∏
j=m+1

pj −
k−m−1∏
j=m+1

pj ′

 k∏
k−m+1

pjpj ′

pk+1


< 0,

a contradiction.
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Now, we prove (12). Consider

06R(C∗)− R(C∗m+2,... ,k−m−1)

=
k−m−1∏
j=m+2

pj −
k−m−1∏
j=m+2

pj ′


·


m∑
i=1

 i∏
j=1

pjpj ′

(pi+1q(i+1)′

 m+1∏
j=i+2

pj

 k−1∏
j=k−m

pj


−(p(i+1)′qi+1)

 m+1∏
j=i+2

pj ′

 k−i∏
j=k−m

pj ′

1−
 k∏
j=m−i+1

pjpj ′

pk+1


+

m∑
i=1

1−
i∏

j=1

pjpj ′

 m+1∏
j=i+1

pj

 k−1∏
j=k−m

pj

 (pk−i+1q(k−i+1)′)

−
 m+1∏
j=i+1

pj ′

 k−i∏
j=k−m

pj ′

 (p(k−i+1)′qk−i+1)

 k∏
j=k−i+2

pjpj ′

pk+1

+ (q1′p1 . . . pm+1pk−m . . . pk − q1p1′ . . . p(m+1)′p(k−m)′ . . . pk′)qk+1

+
1−

m∏
j=1

pjpj ′

(pm+1pk−m − p(m+1)′p(k−m)′)

(
k∏

k−m+1

pjpj ′

)
pk+1

.
It follows from (9) and (11) that every term in{. . . } is positive. Thus, (12) holds.2

By Lemmas 2, 4 and 6, we know that (3) holds. Therefore, Theorem 1 is proved
for 0< p[1] < · · · < p[2k+1] < 1.

Finally, we deal with the case that some equality signs hold in 06 p[1] 6 p[2] 6
· · · 6 p[2k+1] 6 1. If p[1] = p[2] = · · · = p[2k+1], then Theorem 1 is trivially true.
If there existsi, 16 i < 2k + 1, such thatp[i] < p[i+1], then for sufficiently small
ε > 0, we have

0< p[1] + ε < · · · < p[i] + iε < p[i+1]
− (2k + 1− i)ε < · · · < p[2k+1] − ε < 1.

For them, we already proved the optimality of assignmentC∗ in Theorem 1, that
is, for any assignmentC, R(C∗) > R(C). Now, we can complete our proof of
Theorem 1 by settingε→ 0.

3. Discussion

Zuo and Kuo [3] proved only thatR(C∗) > R(C∗i ) for any i. This cannot imply
thatR(C∗) > R(C) for any assignmentC. Thus, their proof is incomplete.
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Note thatConC(k, n : G) for n 6 2j cannot be induced fromConC(k,2k+ 1 :
G). Moreover, our inductive argument does not work in cycle systemConC(k, n :
G) for n 6 2k. Thus, some additional techniques are required to solve the general
case.
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