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Abstract

This study presents contact ellipse characteristics of the roller gear cams consisting of cambered rollers and screw cam surfaces.
Principal curvatures and directions of generated cam surfaces are studied. The dimensions and the directions of contact ellipses are also
evaluated. The investigation results are most helpful to understand contact nature, and contact stresses of the roller gear cam, which
may be considered as design indices for performance consideration. © 2001 Elsevier Science B.V. All rights reserved.

1. Introduction

Roller gear cams are widely used in the industry for indexing. Compared with conventional indexing
cams, roller gear cams require less space and provide accurate, high-speed motions. To date, most studies
have been devoted to developing generation models based on the ideal condition of line contact between the
cylindrical-type of cutters and cam surfaces. However, due to manufacturing and assembly errors, contacts
of a roller gear cam become point contacts rather than line contacts.

Some researchers have put their efforts into setting up generation models for line-contact cases [1-6]. The
cylindrical-type of cutter is most frequently used for generation of cam surfaces [1]. However, several types
of cutters can be selected for the cam surface generation. Chakraborty and Dhande [2] introduced several
types of followers for generating the three-dimensional cam surfaces by applying the screw theory. Yan and
Chen [3-5] proposed conical and hyperboloidal types of roller followers to reduce the contact surface
sliding phenomena in the generation of the roller gear cam, however, they did not study their contact
characteristics and pre-load advantages.

The operating performance of a roller gear cam depends on its geometry and kinematic characteristics.
Yan and Chen [3-5], and Tsay and Lin [6] presented geometric models of the roller gear cam with line
contact. Tsay and Lin [6] evaluated the normal curvatures of cam surfaces. Yan and Chen [3,4] presented a
formula for calculating the undercut conditions of generated cam surfaces. Oizumi and Emura [7] proposed
a globoidal-cam worm gear transmission assemblage using two roller-wheels to adjust pre-loading. How-
ever, all of these studies were based on the line-contact model of the roller gear cam. Since kinematic and
dynamic effects are ineluctable due to manufacturing and assembly errors, contacts of a roller gear cam may
become point contacts at the edges of the cam surfaces. When the contact point moves to the edge of a cam
or follower, a high contact stress is induced which may result in wearing or failure of the cam surfaces.
Therefore, the roller profile should be modified to ensure that the contact point is located within the widths
of cam tracks, and contact ellipses are not truncated at the edge of cam surfaces.
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Litvin [8] proposed the generation of conjugate surfaces and investigated the meshing properties of
spatial gearing with point contact. According to the concept of point contact, Litvin and Tsay [9] estab-
lished a numerical method for simulating the conditions of meshing and bearing contact. Litvin et al. [10]
also studied the relationship between curvatures and contact ellipses for conjugate gear-tooth surfaces.
Wang et al. [11] studied a roller with a modified constant-radius crowned profile to simulate the contact
between roller and cam surfaces. However, the characteristics of the contact ellipse between cambered
rollers and cam surfaces have not been studied. Since the angular displacements of output turrets are not
constant functions of input angular displacements of cam axes, the principal curvatures and directions of
cam profiles have to be modified as proposed by Litvin for gearing design. In this study, a roller gear cam
mechanism with point contact is investigated. Principle curvatures and directions of the roller follower and
cam surfaces are studied. The dimensions and orientation of the contact ellipse are also investigated. The
results are most helpful for designing the roller gear cam mechanisms.

2. Mathematical model of the roller

A cylindrical roller-type cutter is usually used for cam surface generation. The coordinate systems
selected for the cam surface generation are shown in Fig. 1, where coordinate systems
S1(X1, 1, Z1), S2(Xa, Yo, Z>) and Sy (Xy, Yy, Zs) are attached to the follower, cam, and frame of the roller gear
cam mechanism, respectively. In Fig. 1, X; is the shortest distance of the turret and the cam axes, /,,;, and
Imax the top and bottom bounds of the roller-type cutter, r the radius of the cutter, and S(¢) is the angular
displacement function of the turret with respect to the rotation angle of the cam axis ¢. Fig. 2 shows the
coordinate system and design parameters of the roller-type cutter. The position vector of the roller-type
cutter can be represented in coordinate system S, as follows:

)
Zg”: rcos0 |. (1)
rsin 0

The locus of the cylindrical-type cutter can be transformed into the fixed frame coordinate system S, as
follows:

iz,.z,
h
ln\x
X, X,
o g

@) R ¢ X

! Qi o ] 0,.0, o
oD

N
D
X, -

Fig. 1. The coordinate system of the roller gear cam mechanism.
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Fig. 2. Coordinate system and design parameters of the roller-type cutter.

lcosS —rsinScosl — X,
2(11) = —rsinf
[sinS + rcosScosf

, 2)

where parameters / and 6 are the surface coordinates of the roller-type cutter. The unit normal vector nj(‘-1 ) of
the roller-type cutter E}l ) can be obtained from

o oz jorx oz /o0 —sinScos (
YT gl W | TSm0 3)
0x, /0l x 0%’ /00 cos S'sin 0

3. Equation of meshing for the roller and cam

If V;-l ) and V;-2>, respectively, represent the velocity vectors of the instantaneous contact point (or contact
line) on the cutter and cam surfaces, expressed in the fixed coordinate system Sy, then the relative sliding
velocity V}m between the cutter and cam surfaces at the contact point can be derived as follows:

7S’ cosScosO + 1S sinS — rsin 0
VI =Vl - vP = 0 x 2V — Xii; x 0 =?|  rsinScosf—IcosS + X, (4)
rS'sinScos — IS’ cos S

where

1 _dS dSd¢

“d T dpdr So?%j, o? =0k and 0" =0V - o? (5)

)

where o) and @® are the angular velocities of the turret and the cam, respectively, S’ the partial derivative
of the angular displacement function S with respect to cam rotation ¢ and k is the unit direction of the
turret rotation axis. The equation of meshing [9] ensures continuous tangency of the two contact mating
surfaces and can be represented by

f(1,0) =0 - Vi? = 0. (6)

Eq. (6) indicates that the unit normal n}l) of the cutter surface and the relative velocity V}m of the cutter
and cam surfaces are mutually perpendicular. Eq. (6) is the so-called equation of meshing for cylindrical-
type of cutter and generated cam surfaces.
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Fig. 3. Coordinate system and design parameters of the camber roller.

4. Profile of the cambered roller

In order to design a roller-cam mechanism with point contact, a cambered roller, as shown in Fig. 3, was
adopted. Parameter / represents the radius of the cambered roller follower as measured from the center of
the roller to the contact point on the surface Esh) represented in the S coordinate system. The angle 4 is the
contact angle measured from the Y;-axis to the contact point, the symbol R, the radius of the crowned roller
surface, rp. the maximum roller radius of A4, and [/, is the surface coordinates of the cambered roller
measured along the turret rotation axis. According to the geometric relationship shown in Fig. 3, the profile
of the cambered roller can be expressed in the coordinate system S; as follows:

I, +R.sint
" = hcos 4 , (7)
1
hsin A

where & = R.(cost — 1) + rmax, and parameters t and A are the surface coordinates of the cambered roller
surface. The left and right bounds of 7 are defined as

.= lmin - lr .- Zmax - lr
sin”!' | 22T ) Cr<sin T 22T, (8)
R, R,

The unit normal nﬁ’” of the cambered roller surface can be obtained from

(k) ") 14 sint
o _ OFy [Orx T jOL cosTcos /. |. 9)

n,’ =
‘62?)/ 0t X azﬁh)/ 62‘ costsin A

The surface unit normal nih) can also be translated into coordinate system S, by applying the following
matrix transformation equation:

cosS —sinS 0 cos Ssint — sin.Scos tcos A
n(fm =| 0 0 —1|n{" = —costsinl : (10)
sinS cosS 0 sin S'sin 7 + cos S cos T cos A

5. Principal curvatures and directions of cylindrical roller-type cutters

Since the profile of the proposed roller has a crowned surface, the bearing contact of the roller gear cam
becomes point contact instead of line contact. Due to the elasticity of the cam and roller surfaces, under
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loading, the contact between these two mating surfaces is spread over an elliptical area. The principal
curvatures and directions of the roller and cam surfaces, which are necessary for evaluating lubrication
conditions, contact stresses, and deformations, are investigated to define the size and the orientation of the
contact ellipse on the contact surface.

For convenience of expression, the symbol r'!) represents the position vector of the cylindrical roller-type
cutter E;»l ) expressed in Eq. (1). The principal curvatures K}l) and ;c,(}) of the cutter surface satisfy the

Rodrigues’ equation [9]:
N a—— (1)

where V, is the relative velocity at the contact point, n, the velocity of the tip of the cam surface unit
normal, and superscript ““1”’ represents the surface of the roller cutter. The principle directions at roller-type
cutter point P coincide with the tangent lines rgl) and rél) on the roller surface. Egs. (2), (3) and (11) yield
that:

1. For the case of df = 0, the first principal direction e}l) and curvature K(fU are given as follows:

L0 1
1 1
e_;-) = 11) =10 and K_;-> =0. (12)

2. For the case d/ = 0, the second principal direction eﬁll) and curvature ;cé[) are obtained as follows:

1 0
m_ x ~ m _1
e, = =|—sin0| and x, =-. (13)
‘ru)‘ r
0 cos 0

The principal directions e}l ) and e,(,l), as well as the corresponding principle curvatures Kﬁll) and K;ll) of the
cylindrical roller-type cutter, represented in Eqgs. (12) and (13) are expressed in the coordinate system
S1(X1, Y1, Zy). The principal directions can also be represented in the coordinate system S, (X, ¥, Z,) by pre-
multiplying the transformation matrix as follows:

cosS —sinS 0
Ly = 0 0 —11. (14)
sinS  cosS 0

6. Principal curvatures and directions of the generated cam surface

The cylindrical roller- type cutter generates the cam surface, which means that the roller-type cutter
Z(fl and the cam surface E are in line contact during the process of generation. It is assumed that the
principal curvatures xlD and Kps () as well as the corresponding principal directions e}] ) and eﬁql) of the roller-
type cutter E at the contact position P are given, and the motion parameters at all instantaneous points
are also known Our goal 1s to determine the principal curvatures k@ and Kq and the corresponding
principal directions, e?), q , of the generated cam surface )2 . Fig. 4 shows the relatronshlp between the
principal directions of Zf and E . Angle ¢ is formed by the unit vectors ef ) and el? of the first principal
directions of the roller-type cutter surface and the generated cam surface, and is measured counterclockw1se
from ej») to e?. The coordinate transformation between coordinate systems S, (ef ,eh ) and S, (el e ) is
expressed as follows

coseg —sing 0
L,=|sinc cosag O],
0 0 1
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Fig. 4. Principal directions of roller and cam surfaces.
and
cosg sinog 0
Ly, = | —sinog cosag O0|. (15)

0 0 1

Two mating conjugate surfaces must satisfy the condition of continuous tangency, therefore, the following
relationships must be maintained [10]:

r(11,01,8) =1%(12,0,,9), (16)
and

n' (1, 01,8) = n® (1,02, ¢), (17)
where 1! is the position vector of the cylindrical roller-type cutter measured from the origin of the co-

ordinate system S; to the contact point, r'® the position vector of the generated cam surface, corre-
spondingly, n") and n® the surface unit normal parameters, / and 0 the surface coordinates, S the angular
displacement of the turret and ¢ is the angular displacement of the camshaft. In the designing of roller gear
cam, S(¢) € C? is given. Due to the requirement for continuous tangency between the roller and cam
surfaces [10], the following conditions are also maintained in the neighborhood of contact point P:

l..(l)(lhele) :l.-(z)(125627d))7 (18)

l:1(1>(ll>017s) :ﬂ<2)(127027¢))7 (19)
and

d (). V12) = ¢ (20)

dr '

Egs. (18) and (19) yield the following relationships [9]:
Ve = v 4 y(12) (21)

and
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where the subscript r indicates the velocity at the contact point in relative motion over the surface, V\!?
the sliding velocity at the point of surface tangency and n is the surface unit normal at the corresponding
contact point. Egs. (21) and (22), expressed in the coordinate systems S,,(ef,-1 ), eil)) and S(e!?, eff)), yield

[10]
[,,(2) 1) (12)
Vr Vr Vr
I = +17 (23)
IR FaRe
[0 ()
A D L [(w(u) X m) 'e/] (24)
_fl;lz) () (0" xn)-e,
'vgn] - lvgw ) vgm] -
2 - 1 12 ’
_v<q) ) w2
and
_1'15,2)_ _1'1§1> o'? xn) - e
a2 | = lam | T [( (12) ) } (26)
; ; (0" x'n) - e,
Vectors VI and 0, (i = 1,2), and Eq. (11) yield that
[ () - () ()
A e e @)
N 00—y |0 o
h - h h
and
0] ek 0 1[0] [ ’
ﬁ512> 1o —K, v((f) - ™2 vff) : (28)

The Rodrigue’s formula and coordinate transformation matrix equations (27) and (28) result in:

2@ | Ne)

7| =LakKaLi| 7, | (29)
K1e) e

h h

Substituting Egs. (21), (27) and (29) into Eq. (24) yield that

2 (12) (1) (12) (1)
Vil vy (0 x oY) -e;
(2)] _Kll o |+ : (30)

(Ki — LapKoLy,)
’ L v, (n x @12 ¢V

Eq. (30) contains two linear equations with two unknowns vj(‘-2

We now consider Eq. (20) and rewrite it as follows:

) and v22> .

i VP a0 (00 x 1) + 02 < i0] =0, (31)
According to differential geometry, it is known that [8]:
0" =n{" + (0" x n), (32)

and

FUZ O v, (33)
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where subscripts r and tr indicate the velocity of the contact point in relative motion (over the surface) and
in transfer motion (with the surface), respectively. Substituting Eqgs. (32) and (33) into Eq. (31) and using
certain mathematical operations yield that

i) V02 VD (00 x 00%) 40 [(0) x V') = (0 x VP) + (o) < V)] =0, (34)
Substituting Egs. (11) and (21) into Eq. (34), one obtains a system of two equations with two unknowns, VJ(})
and vf)z

(12)
Vf
[ ) | Kot
Vi

=n. [(w(2> X VEP) — ( x V¢ )

+ (00 x @02) . VI D vy

)]

T
(0 x &1?) - e v
(0D x 1) e e
Vi
Eﬂ(V“”) : (35)
Egs. (30) and (35) comprise a system of three linear equations in two unknowns V(fz), and Vf). The re-
quirement for solving the system equation to derive a unique solution is that the rank of the system
equations should be two. This condition enables to obtain the following equations for the principal cur-
vatures and directions of the generated cam surface Z,(f'z)'

243t
tan2c = 5 - 13(12; — (36)
ty — by — (5, — 15, )33
(1) (1)
@ 0 — By — 1 — (157" — 15, )33 (37)
1 N 133 COS 20 ’
and
2.+ 8
K§2) + Kt(12> — K(fl) + Kgll) + 13t 3 (38)
’ 33
where
hsy = ((n“) x o) eﬁl)) - Kf(V;lz) e}l)), (39)
by = ((n“) X w(lz)) e(l)) Kp (V;lz) eﬁﬁ), (40)

f53 = . [(wm x Vgp) _ (wm x Vg)) _ (d,m v r(l))} + (0 x 0(12) . Vi

S (V) = (Vi) )

and o is the angle formed by the principal directions of the roller-type cutter and the generated cam sur-
faces, as shown in Fig. 4.

7. Principal curvatures and directions of the cambered roller

The Rodrigues’ equation can also be used to determine the principal curvatures and directions of the
cambered roller surface, Eﬁh)(r, 1),, where 7 and 4 are the surface coordinates. According to Egs. (7), (9) and
(11), the principal curvatures and directions are obtained as follows:
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(h)

1. For the case of d4 = 0, the first principal direction e, )

and curvature K, are obtained from:

l'<h) i COST 1
eﬁ.”) = — | —sintcosA| and K;h) =_—. (42)
(h) . . ’ R
I | —sintsin A ¢

2. For the case of dt = 0, the second principal direction eff) and curvature K;lh) are obtained from:
() [0

=—~—-=| —sink and

| —cosi

(h) COST
Fmax + Re(cost — 1)

(43)

8. Surface contact analysis

Since the roller is a crowned surface, the cambered roller and cam surfaces are in point contact.
Therefore, edge contact will not occur even as a result of assembly errors and the meshing of the roller and
cam surfaces will remain a point contact located near the middle region of the cam surface.

To investigate the contact of the roller gear cam, the follower surface and cam surface must be expressed
in the same coordinate system, say S,. The contact points can be found by applying the tooth contact
analysis (TCA) technique [9]. At the contact point of the cambered roller and cam surfaces, the following
conditions must be maintained:

' (z,4,8) =7 (1,0,5), (44)
and
n(z,,8) =n?(1,0,9), (45)

where parameters 7 and A are the surface coordinates of the cambered roller surface T . » [ and 0 the surface
coordinates of the cam surface Zf S the angular displacement of the turret during the cam surface
generation process and 5 is the angular dlsplacement of the turret on the roller surface. Eq. (44) expresses
that the roller surface Zf and cam surface Z‘._/ have a common contact point determined by their respective
position vectors, r;-m and r}z). Eq. (45) indicates that the roller surface Ey’) and cam surface E}z) have a
common unit normal at their common contact points. Eqs. (44) and (45) consist of five independent
equations with six unknowns, since |n;h)| = |n;2)| = 1. The rotation angle ¢ of the cam axis is considered as a
given value, and thus S(¢) is known. The remaining five unknowns t, Z,d,/ and 0 can be determined by
solving the nonlinear system equations. The contact point can be obtained by substituting the solved five
unknowns into the cam surface equations. Furthermore, the displacement errors AS(¢) can be obtained by:

AS(¢) = 6(¢) — S(o). (40)

Consequently, the contact path and the displacement errors caused by assembly errors can be determined
by applying the TCA results.

9. Contact ellipse

When the principal curvatures of the cambered roller th and ;c;h) and the surface of the roller gear cam

%) and ;c ), and their respective principal directions e; ) e,i ), el? and e? q , as well as the angle ¢ are known,

then our alm is to calculate the dimension and orientation of the contact ellipse at contact point. Fig. 5
shows the dimension and orientation of the contact ellipse with respect to the principal directions of the
cam and the roller. Angle o, measured counterclockwise from e}h) to the minor axis 7, determines the
orientation of the axes # with respect to the first principal direction of the cam surface e}h). The dimensions
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Fig. 5. Coordinate system of the contact ellipse.

and the orientation of the contact ellipse can be obtained in terms of the principal curvatures, angle o and
the elastic bearing approach J.. The necessary calculation equations are given as below [10]

1 12

= 7 [K(ZU _ K<22> — (g% —2g18>c0s 20 +g§) / }7 (47)
1

B— 7 [’C(zl) _ K(;) + (g% — 2g1g>c0s 20 —&-g%)]/z}, (48)

Y
Il
?\
—
~
\O
S—

Je
and
g sin2a
tan2o0 = —————— (51)
g1 — g c0s820
where

K(Zl) = K;-h) + K,Sh),
2 @ 4 K}<12)7

KZ = Kf

h h
g1 = Kj(‘) 7K£1)7
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and
g =1 — i) (52)

The symbol J., which can be obtained from experimental data, represents the elastic deformation of the
bearing surfaces. The magnitudes of the major and minor axes of the contact ellipse ¢ and b are expressed in
terms of the elastic deformation J.. In this study, the value of J, is set at 0.00635 mm, which equals the
thickness of the coating used for contact pattern rolling testing [8].

10. Example and results

A 12-stop indexing roller gear cam, which has a 30° index period with the modified sine (MS) motion,
was selected as an illustrative example to investigate the curvature characteristics and contact ellipse. When
the input angle ¢ of the cam rotates from 0° to 360° at a constant angular velocity of 2n rad/s, the turret
sequentially processes the following three operations. The first is a dwell period when the input angle ¢
varies from 0° to 30°. The second is 30° indexing period when the input angle ¢ rotates from 30° to 150°,
and the last is also a dwell period while the input angle ¢ varies from 150° to 360°, as shown in Fig. 6.

Since the cam mechanism has a single rib, the surfaces I and II are labeled to identify two sides of cam
surfaces. Each turret roller behaves in exactly the same manner as every other roller. Although, two ad-
jacent rollers engage different surfaces of the cam track at the same time, only one active cam surface drives
follower indexing. These conditions are shown in Fig. 6 as active sections I, 11 and III.

The basic parameters for the roller gear cam are given as follows: X, = 45 mm, cutter radius » = 6 mm,
Iin = 21 mm, /,,x = 26 mm, and the camber roller radius R, can be 500 or 650 mm (refer Figs. 1-3).

Fig. 7 shows the principal curvatures generated on surfaces I and II during the indexing period. These
curvatures intersect with a constant value at the beginning and end points of the indexing period. Obvi-
ously, the principle curvatures can be classified into three parts. In the first and third periods, the cutter
generates developed rule surfaces and the curvatures are constant in value, or zero. During indexing, the
first and second curvatures for surfaces I and II are nearly mirrored at the center point. The first principal
curvature was found to vary from 0 to 0.0375946 I/mm, and the second principal curvature from 0 to
—0.0495235 I/mm. The difference between the first and second curvatures on the cam surface showed a
tendency to increase over the indexing period depending on whether the surface began with a developed
rule surface that the first and second curvatures equalled zero.

Fig. 8 shows the contact ellipse on the cam surface under ideal assembly conditions with roller camber
radii of 500 and 650 mm, respectively. The major axes of the contact ellipses for the roller camber radius
R. = 650 mm were found to be longer than those for R, = 500 mm. A comparison of these camber results in

Active Section II Surface I

JNo " NO
ALAARAUARAARARAARR A

Active Section I Surface II

% (AALANLAEAUANRANNARARARARRRAY

T
150 360

Follower Indexing Angle (deg)
0
1

Cam Rotation Angle (deg)

Fig. 6. Schematic diagram of the indexing period.



4660 J.-S. Lo et al. | Comput. Methods Appl. Mech. Engrg. 190 (2001) 4649-4662

0.04

Surface |

First Principle

Second Principle

Principal Curvatures (1/mm)

Surface Il
—— — First Principle

—— — Second Principle

-0.06 T T T I T T [ T B T
0 60 120 180 240 300 360
Cam Rotation Angle (deg)

Fig. 7. Comparison of the principal curvatures.

Contact Path

Fig. 8. Contact ellipses on the cam surface: (a) with R, = 500 mm; (b) with R, = 500 mm.

terms of the ratio of semi-major and semi-minor (a/b) of the contact ellipse, is shown as Fig. 9. In the case
of the R, = 500 mm, the minimum a/b ratio of the active section I obtained was a/b = 8.1145, a = 1.8259,
b =0.2250, at ¢ = 135°, the maximum a/b ratio obtained was a/b = 10.2428, a = 2.1662, b = 0.2114, at
¢ = 49°. Similarly, for R, = 650 mm, the minimum a/b ratio of the active section I obtained was
a/b=9.2519, a =2.0818, b = 0.22502, at ¢ = 135°, the maximum a/b ratio obtained was a/b = 11.6783,
a=2.5078, b =0.2147, at ¢ = 49°. These results show that the ratio of (a/b) increased over the camber
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Fig. 9. Comparison on the ratio of semimajor and semiminor axes.
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radius, and also indicates that high contact stresses may be induced such that contact ellipses may became

longer and narrower.

Fig. 10 shows the variation in the angle ¢ between the major direction of the contact ellipse and the
principal direction of the cam surface. In it we see that the variation in the angle ¢ is generally symmetrical
with the indexing procedure, and the minimum shift angle occurred at the middle, the maximum shift angle

is at the two indexing end points.
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89.4 —

89.2 —
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Fig. 10. Shift angle « for the example.
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11. Conclusions

In this study, the principal curvatures and directions of the roller gear cam surfaces were investigated.
The dimensions and orientations of the contact ellipses for the roller gear cams with a camber roller were
calculated based on the Rodrigues’ equation and Litvin’s studies. The bearing contacts of the roller gear
cam were also shown in the illustrative example. It was found that the dimensions and the directions of the
contact ellipses affect the contact behaviors and performances of the roller gear cam. The results are most
helpful to understand the contact characteristics and lubrication of the roller gear cams, and may be
considered as one performance index for the design consideration.
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