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Abstract. In this paper we settle the existence problem for 4-cycle systems of K, — E(F) and
of 2K, — E(F) for all 2-regular subgraphs F.

1. Introduction

The m-cycle (ag,ai,...,a,—1) is the graph induced by the edges in
{{ai,ai11}, {ao,am-1}} |i € Zy—1}. An m-cycle system of a graph G is an ordered
pair (V(G), C) where C is a set of m-cycles whose edges partition E(G). There have
been many results considering the existence of m-cycle systems of G; see [3] for a
survey. In particular, necessary and sufficient conditions have been found for the
existence of a 3-cycle system of K, — E(F) for any 2-regular subgraph F[2], and
have been found for the existence of n-cycle systems (that is, hamilton decom-
positions) of K, — E(F) for any 2-factor F[1]. In this paper we solve the existence
problem for 4-cycle systems of both K, — E(F) and of 2K, — E(F) for any
2-regular subgraph F.

For any 2-regular subgraph F of G, let G — F denote the graph formed from G
by removing the edges in F (we use G — F and G — E(F) interchangeably).

2. The Results

We begin settling the existence of 4-cycle systems of K, — E(F) and of 2K,, — E(F),
for any 2-regular subgraph F, by finding some solutions for small values of x.

Let K (4, B) and 2K (4, B) be the set of 4-cycles in a 4-cycle system of K| 5 and
2K\ 4, Tespectively with bipartition {4, B} of the vertex set. The following is easy
to prove, and also follows from a more general result of Sotteau [4].
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Lemma 2.1. There exists a 4-cycle system of K, and of 2K, if and only if each
vertex has even degree, the number of edges is divisible by 4, and a,b > 2.

Lemma 2.2. There exists a 4-cycle system of K, — E(F)

(a) if n="Tand F = Cs,
(b) if n =19 and F is a 2-factor consisting of one 4-cycle and three 5-cycles, and
(c¢) if n =35 and F is a 2-factor consisting of seven 5-cycles.

Proof. (a) (Z7,4(0,3,1,5),(1,4,2,6),(0,6,5,2),(3,5,4,6)}) is a 4-cycle system of
Ki—(0,1,2,3,4).

(b) Let ({a;|i€ Z7}, P(ao,ai1,a2,a3,a4;as,as)) be a 4-cycle system of
K7 — (ap,a1,az,a3,a4) (see (a) above). Form a 4-cycle system (Z9,C) of
Kio— ({(G,i+1,i+2,i+3,i+4)|ie€{0,510}} U {(15,17,16,18)}) as follows.
Let C = P(0,1,2,3,4;15,16) U P(5,6,7,8,9;17,18) U P(10,11,12,13,14;0,5) U
K({15,16}, {5i,5i + 1,51 +2,5i +3,5i + 4i € {1,2}}) UK({17,18}, {5, 5i + 1,
S5i+2,5i+3,5i+4|i€{0,2}}) UK{i+1,i+2,i+3,i+4},

U+ 1L,j+2,j+3, j+4)]3)) € {0,5),(0,10), (5,10)} U {(0,6,10,7), (0,8, 10,
9), (5,1,10,2), (5,3,10,4)}.

() Let¢; = (i,i+1,i+2,i+3,i+4). Let (Z15U{32,33,34},C;) be a 4-cycle
system of Kj9 — (co U es Uco U (15,34,32,33)), and let ({i|16 <i < 34},C;) bea
4-cycle system of K19 — (c16 U ca1 U g U (31,32, 34, 33)) (these exist by (b)). Then
a 4-cycle system (Zss, C) of Kjs— (coUcsUcioUcieUea Uex U (15,33,
31,32,34)) can be formed by defining C = C; U C, UK (Z16, Z32\Z16).- O

We now turn to settling the existence of 4-cycle systems of K, — E(F). Let
€(G) = [E(G)].

Theorem 2.1. Let F be a 2-regular subgraph of K. There exists a 4-cycle system of
K, — E(F) if and only if n is odd and 4 divides ¢(K,) — €(F).

Proof. The necessity follows since each vertex in each 4-cycle has even degree, and
since each 4-cycle contains 4 edges.

The sufficiency is proved by induction. If n = 3 then F = Cj3, if n = 5 then no
2-regular graph F satisfies the necessary conditions, and if » = 7 then the result
follows from Lemma 2.2(a).

Now suppose that for some n =2x+ 1> 9, for all odd z < 2x+ 1 and for

any 2-regular subgraph F’ of K, for which 4 divides (Z — €(F"), there exists a

2
4-cycle system of K, — E(F'). Let F be a 2-regular subgraph of K»,;; such that 4
divides ; —€¢(F). Notice that if |E(F')|=|E(F)|—3, then

<2x2— 1> —€e(F) = <2x2+ 1) —¢(F) —4(x— 1), so by induction there exists a

4-cycle system of K,,_; — E(F’). Notice also that it suffices to assume that
|V(F)| > 2x — 2, since otherwise cycles of length 4 can be added to F to form a
larger 2-regular graph that also satisfies the necessary conditions. We consider
four cases in turn.
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Case 1. Suppose that F contains a cycle ¢ of length 3, say ¢ = (2x — 2,2x — 1, 2x).
Let F' =F —c. By induction there exists a 4-cycle system (Zp,_1,C) of
Koy — E(F'). Then (Zy—1,C) UK({2x — 1,2x},Z5,_2) is a 4-cycle system of
Kowp1 — F.

Case 2. Suppose that F contains a cycle of length k>6, say
c=(2x—k+1,2x—k+2,...,2x). Let c; = (2x—k+1, 2x—k+2,...,2x = 3)
and let F/ = (F—c¢)Uc;. Then by induction there exists a 4-cycle system
(Zyx-1,C) of Ky —E(F'). Let the 4-cycle in C containing the edge
{2x—=3,2x—2} be c2=(2x—3,2x—2,z,y); clearly y#2x—k+1 since
{2x—k+ 1,2x =3} isin ¢;. Let C; = (C\{c2}) U{(2x —k + 1,2x — 3,y,2x — 1),
(12,20 — 2,2x) UK ({2x — 1,2x}, Zo—1\{2x — k + 1,2x — 2,»}). Then (Z2y41, C1)
is easily seen to be a 4-cycle system of Ky,1 — E(F).

Case 3. Suppose that F contains at least two cycles of length 4, say
c1=(2x—7,2x—6,2x—5,2x —4) and ¢; = (2x —3,2x — 2,2x — 1,2x). By in-
duction there exists a 4-cycle system (Zy1,C) of K| — E(F’), where
F'=(F—-(ciUc))U (2x—7,2x — 6,2x — 5,2x — 4,2x — 3). Let the 4-cycles in C
that contain the edges {2x—2,2x—3} and {2x—4,2x—7} be
¢3 = (2x—2,u,w,2x — 3) and ¢4 = (2x — 4,y,z,2x — 7) respectively (c3 # ¢4 since
2x — 3 is joined to 2x — 4 and to 2x — 7 in a cycle in F’). Then either w # y or
w# z.

If w#y then let C =CUK({2x,2x—1}, Zp\{2x—7,2x—3,2x—
2,w,y}) U {(2x —2,2x,w,u),(w,2x — 3,2x — 7,2x — 1), (2x,2x —7,z,y),
(y,2x — 4, 2x — 3,2x — 1)}. Otherwise, since w # z, let C; = CUK({2x,2x — 1},
Lo a\{w,z}) U{(2x — 2,2x,w,u), (w,2x—3,2x—4,2x—1), (2x—4,y,z, 2x),
(z,2x = 7,2x — 3,2x — 1)}. In either case, (Z2.11,C1) is a 4-cycle system of
Koy — E(F).

Case 4. Suppose that F consists of cycles of length 5, except possibly for one 4-
cycle; since n > 9, F contains at least two cycles. We consider two possibilities in
turn.

First suppose that F is not a 2-factor of K,. Then Ilet
c=(m—-1,n—2,n—3,n—4,n—>5) € F,and we can assume that n — 6 is a vertex
that is in no cycle of F. Let (Z,_¢, C1) be a 4-cycle system of K,,_¢ — E(F — ¢); this
(;’) — €¢(F), 4 divides (’;) — €(F) —
((” ; 6) — (e(F) — 5)) — 12x— 20, so 4 divides (” S 6) — (e(F) = 5). Let
{i|n—7<i<n-—1}, Cy) be a 4-cycle system of K; — ¢; this exists by Lemma
2.2(a). Then (Z,,C,UC, UK(Z,-7,{i|n—6 <i<n-—1}))isa 4-cycle system of
K, — E(F).

Finally, suppose that F is a 2-factor of K. If F consists of one 4-cycle and
(n —4)/5 5-cycles, then 4 divides Z —n and 5 divides (n — 4), so n = 19 (mod
40). If F consists of n/5 5-cycles, then similarly » = 35 (mod 40). By Lemma 2.2(b)

exists by induction because, since 4 divides
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and (c) there exists a 4-cycle system (Z,,,C;) of K,, — E(F}) if ny =19 or 35
respectively, where F) is a 2-factor consisting of 5-cycles and at most one 4-cycle.
Let (Z, — Z,,—1,C>) be a 4-cycle system of K,,_,, 11 — E(F>) where F> consists of
(n — n;)/5 5-cycles, none of which includes the vertex n; — 1; this exists by the first
possibility in Case 4. Then (Z,,C; UCy UK(Z,,-1,Z, — Z,,)) is a 4-cycle system
of K, — E(F) as required. O

The necessary condition that n be odd in Theorem 2.1 can be avoided by
considering 4-cycle systems in 2K, — E(F), and so this is addressed in the fol-
lowing result.

Theorem 2.2. Let F be a 2-regular subgraph of 2K,,. There exists a 4-cycle system of
2K, — E(F) if and only if 4-divides ¢(2K,,) — ¢(F) and n # 3.

Proof. The necessity is clear, so suppose 4 divides n(n — 1) — €(F) and n # 3. The
proof is by induction on n. It is trivial to solve the problem for n < 5. Again, it
suffices to assume that |V(F)| > n — 3 (for otherwise, vertex disjoint 4-cycles can
be added to F).

Suppose that n > 6, and that for all 4 < »’ < n and for any 2-regular subgraph
F of 2K, for which n(n — 1) — ¢(F") is divisible by 4, there exists a 4-cycle system
of 2K, — E(F"). We consider three cases in turn. Notice that

4 divides 4n+8 =n(n—1) —e(F) — ((n —2)(n — 3) — (e(F) — 2)). (%)

Case 1. If F contains a 2-cycle ¢ = (n — 2,n — 1) then let F/ = F — ¢. By induction
and x, there exists a 4-cycle system (Z,—,,C;) of 2K, ,—E(F'), so
(Z,,CyU2K({n —2,n — 1}, Z,_,)) is a 4-cycle system of 2K, — E(F).

Case 2. If F contains a cycle of length x >4, say c=(n—1,n—2,...,n—x),
thenlet F/ = (F —c¢) U where ¢ = (n—3,...,n —x) (so if ¢ is a 4-cycle then ¢’ is
a 2-cycle). By induction and x, there exists a 4-cycle system (Z,_,,C;) of
2K,—» —E(F"), so (Z,,CiU2K({n—1,n—=2}, Z,4)U{(n—1,n—3,n-2,
n—4), (n—1,n—2,n—4,n—3)}) is a 4-cycle system of 2K,, — E(F).

Case 3. Suppose all cycles in F have length 3. If n =06 then ({Z; x Z»,
{00, G, 1)y (1,1, (4 2,0)), ((,0), (1), (i42,0), (i+1,1)) [i € Z3}) is a
4-cycle system of 2K¢—E(F), and if n=7 then ({oo}U(Z3x Z,),
{((,0),(3,1),(+1,0),i+ 1,1)), ((0),(i+1,0),(i,1),00), ((5,0),(i+1,1),
(i,1),00) |i € Z3}) is a 4-cycle system of 2K; —E(F), in each case with
F =Ujez,((0,/),(1,/),(2,/)). Otherwise, since |V(F)| >n—3, the necessary
condition implies that n > 12. Let F contain the 3-cycles¢; = (n — 1,n —2,n — 3)
and c; = (n—4,n—5,n—6). Let (Z,_¢, C)) be a 4-cycle system of 2K,,_¢ — E(F")
with F/'=F—(c;Uc¢), and let (Z,\Z,—7,C;) be a 4-cycle system of
2K7 — (¢1 Ucp). Then (Z,,CyUCyU2K(Z,—7, Z,\Z,—s)) is a 4-cycle system of
2K, — E(F). O
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