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1 Introduction and frequency while ensuring asymptotically vanishing tracking
rror. Related research using VSC for an air-air interception prob-

In recent years, the study of the design of guidance law fi . .
interception has attracted much attention. Proportional navigati[)(%g can be found in Brierley and Longcharigg] and Zhou et al.

(PN) has been widely used as the guidance scheme in the hom 1. In tho_se studi_es, they used fixed b_oundary _Iayer to attenuate
phase of flight for most missile systems because of its simplicify’ chattering of hlgh-fre(\q/lgegcy be“av!or. |?1 th'i paper, vt\)/ehnot
and easy implementation. These include quasi-optimalAél- nly propose continuous s to alleviate the chattering behav-

. . ior by classic designs while guaranteeing asymptotically vanish-
band and Hardy1]), augmenting PNArbenz[2]), predicted PN ing tracking error but also consider minimizing a quadratic per-

(Kim et al.[3]), general PN'Yang and Yetj4]), pure PN(Becker formance index for reducing energy consumption of the control

[5]), ideal PN (Yuan and Cherr{6]), and true PN(Yuan and X - ; :
. . efforts in reduced-order dynamics with a prescribed degree of
Chern[7]). Among them, two generic classes of PN laws eX|s§I bility (Anderson and Moorgl2]).

?;‘Efgﬁég% cr)glgtvicgt?(?rtrtlze Ecr)snjreorl 3;(;ili(tera\§|§&1wof theuf)eur;’liler SThe organization of the paper is as follows. In Section 2, prob-
and ideal PNlor the tar et—pursuer Iine-of—gi te Jg.’eﬁeral PN lem formulation is first given. It is followed by the design of
get-p 9.9, g continuous-type VSC control laws for the two cases of the

E)r:%iutjzjuiﬁal-';ﬁs (L\f)cr)\;?;\/f%i’ce"\jva;hgssumeex(ljsﬂjn%e Zt\;ﬁ;g;ﬁ_thqpngitudinal-axis control being available and unavailable. In Sec-
eral PN and ideal PNor unavailable(true PN and pure PN tion 4, numer_lce_tl simulations are prese_ntec_i and compared with
However, from the practical point of view, the longitudinal-axi th;se[?%]??gl;ﬁﬂgtgt% etﬁéoﬁgglgp?riel\la\r/égag's%%dsiﬁ?nng ?:ri]r?all
control is generally not available during the terminal guidan% tg 5 . th . Itp P ) y:
process since the missile is not mounted with an extra thruster Fetion > summarizes the main results.

this process. It is known that PN can provide better performance

against the nonmaneuvering target or the low-maneuvering target.

However, along with the development the modern weapon sy3- Problem Formulation

tems, the classical PN guidance laws and its generalization mayl_ . . . . .
not be adequate against the high-maneuvering target. As the mal NiS Paper considers the design of guidance law for homing

neuverability of the target increases, the performance of PN wj Issile interception. The relative motion between a missile and its

become worse and lack of robustnéZarchan[8]). To provide target is described by the spherical coordinate system with the

sufficient robustness of control law, Variable Structure Contrdl'9n fixed on the location of the m'ss'le. as deplcted in Fig. .1’
(VSC) technique is applied in this paper to homing missile guidV"€r€& . &, ande, denote the three unit coordinate vectors in
ance design. The acceleration of the weaving target is treatedt%%SDhe“cal c_oordlnate system, respectively.

the external disturbance and the nonlinear characteristic of a °f the design of the guidance law, we assume that both the

missile-target interception process is also taken into account fg*ssne a_nd target are point masses and only system klnematl_cs
are considered. The governing equations for the relative motion is

the design. .
It is known that VSC scheme possesses the advantages of fI4En by (Yang and Yand13])
response and less sensitivity to system uncertainties or distur- a2 92 —a
bances than those by other methods. However, traditional VSC F=r@*—r6°cos ¢p=ar—aw, @
technique often results in a chattering behavior because of its r 0 coSe-+2F 0 COSh— 21 B8 SiNb=ary—ay, @)

discontinuous switching control law. The chattering behavior has

some drawbacks including damage to mechanisms, excitationapfd

unmodeled dynamics and waste of too much energy for reaching . . _

the sliding surfacgsee e.g., Slotine and L[9]). Although the r+2i p+r6?cosp sing=ar,—ayy,. (3)
gg%“gg;;Eocuanndggerl]%ﬁ; mztg%grgggfﬂﬁ% %_?r%lg&%irgylggﬁ;\'/%?re,r is the relative distance between the missile and target,
its asymptotic stability performance cannot be guaranteed. Owiand ¢ are the azimuth and pitch angles, respectivaly, , .,
to these disadvantages of traditional variable structure control
this paper, we employ VSC design technique to synthesize ¢
tinuous control laws to reduce the control effort in both magnitu

gﬁdaw, denote the three commanded acceleration components of
‘tﬁe missile in the spherical coordinates, which are to be designed
gg'achieve the interception mission. In additias, , ar,, and
ar, are the associated target's acceleration components in the
spherical coordinates. Dynamical behavior of the syst&m(3)
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study of such a case without VSC design can be found, for in-
stance, in Vathsal and Rd46] and Yang and Yan13]. The
other case is that the applicable control forces contigiand us

only since, in general, during the terminal guidance process, the
missile is not mounted with a thruster in its longitude-axis.

3.1 Case for Longitude-Axis Control u; Being Avail-
able. First, we consider the case of longitude-axis control
being available. Recall that the objective of the interception is to
design a control law that makes the system stat@pproaches
zero(i.e.,r—0). To fulfill this purpose and follow the VSC de-
sign procedure, we choose the sliding surface as

$=(51,5,,53) =%+ Mx; =0, (10)

where M e R®*3 is a positive-definite matrix to be determined
later. It is noted that, if the state lies on the sliding surface, the
reduced model will have the form

Fig. 1 Geometry of interception process

The goal of the paper then becomes to design a guidance law for X;+Mx;=0. (11)

achieving the interception mission. That is, to accomplish the pefhis implies that the performance,—0 exponentially, which
formance ofr —0. achieves the main goal of the paper. In addition, the more
positive-definiteness the matrM as given in(10) is, the faster
3 Design of the Guidance Law the speed of convergence the system state is. However, is might
require more control energy. It is hence important to select a
sllitable matrixM to meet practical consideration. Suppose we
now require that the motion on the sliding surface has a conver-
S'ence speed close & “ and the system motion on the sliding

To achieve the main goal of the paper as stated in Section 2
this section we employ the Variable Structure ContfgSC)
technique to fulfill the design task. In general, VSC design proc

dure consists of three major stefsee e.g., DeCarlpl5]; Slotine : . . A .

and Li[9]). The first step is to choose a sliding surface, which %Jr?;atli%i_'s optimal in the sense of minimizing the following cost
a function of system state. It is followed by the design of the ’

controller for governing the motion on the sliding surface such " aty T T

that the reduced-order dynamics possesses desired stability perfor- fo e (x; QX1 +XoX%;) dt, (12)

mance. The final step is to construct an extra control for guaran-

teeing that the system state will reach the sliding surface in a finjighereQ=Q™=0 is a constant matrix. Following the design pro-
time and forcing the system state to stay near the sliding surfaggdure of Anderson and MoofEL2], pp. 60—62 by treatingx, as
For the interception problem, we have the design as given beloyyirtual control input, the optimal control of Eql) with cost

Let x=(x{,X3)T, where x;=(x,X;,X3)"=(r,6,¢)" and x, ~function (12) is then obtained as,=—Mx,, whereM satisfies
=(x4,X5,%X5)"=(,6,0)T. The system equationél)—(3) then the algebraic Riccati equatiqRE):

become M(al)+(al)M—M2+Q=0. (13)
X1 = X2 “) Here,| denotes the identity matrix.
and The second step for VSC design is to synthesize the first part of
o control that governs system motion on the sliding surface, which
Xp=1(x)+G(x)(u+d), ®) will make the sliding surface an invariant manifold, i.80, in
where the absence of disturbances. From Hg$-(5) and(10), we have
X X3+ X1X& COS X3 5= Mx,+f(X) +G(x)(u+d). (14)
f1(X) 2X4X5 Thus, the control force can then be obtained as
|t _ 2X5Xg tanxz—
f(x)= fz&; = Xy O ued=(us9,ust, usH =G LX) f(x)—Mx,].  (15)
3
— 2X4X6_X§ COSX3 SiNXs The final step is to construct an extra contral™®
X1 =(u,uy ,uP)T that can compensate for the effect of distur-
1 0 0 bances and guarantee the reaching condition. That is, to guarantee
the system state reach the sliding surface in a finite time and stay
1 0 near there hereafter even in the presence of disturbances. For this
G(X)= X1 COSX3 , (7) purpose, we impose the following assumption on the
1 disturbanced.
0 0 il Assumption 3.1There exist non-negative scalar functignéx)
Xq such that/d;|<p;(x) for i=1,2,3.
_ T, _ B T 8 To guarantee the reaching condition, we might select the con-
U=(Ug,Uz,Us) =(—amr.~mg, ~amgy) ®) troller from two classical VSC designs as given(ir6)—(17) be-
and low (see e.g., Slotine and [9], DeCarlo et al[15], Brierley and
Longchamp[10]):
d=(d;,d,,d3)"=(ar, a7 ‘aT¢/>)T- 9) o )
Note that, the dynamical syste@®—(5) is already in regular form U=~ (pi(¥)+m)sgrs;) for i=1.2,3, (16)
(for definition, see e.g., DeCarlo et &L5]). and
In the following, we consider two cases for the design. One is e )
to assume that the longitude-axis control fongds available. The ui°=—(pi(x) + mj)sats;/ &) for i=1,2,3. 17)
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In Eqgs.(16)—(17), 7; and &, are positive constants, and sgrénd  that G;;(x)>0 for all i=1,2,3 and|G;(x)|=1/r, for i=1,2,
sat () denote the sign and saturation functions, respectively. Thhere G;;(x) denotes thdi, i)-entry of the matrixG(x). From
constantss; are referred to as the boundary layer widths of thEqgs.(7), (14), (19), and Assumption 3.1, we have

sliding surfaces for saturation-type control. The overall control for si5=5-[Gi()(ue+d))]

VSC design is then constructed s u®9+u'®. Though these two )

types of controls might attain the desired performance, however, 2s;

they inherit some drawbacks. First, the discontinuity of sign-type < =Gii(X)(pi(x) + 7;) - 2Is] +Gii(X)pi(X)- s
control as given in16) leads to the chattering of system dynam- !

ics. In practical applications, chattering is generally undesirable <—75Gii(x)-|si]. (22)

since it involves extremely high control activity and might furthelcl-hus the system state will reach the time-varying regiqiix,)
excite high-frequency dynamics neglected in the course of MGH-a finite time. In fact, the reaching tintg,,.,can be calculated

eling. Second, though the saturation-type controller as given g satisfies the relationshift;ae< MaX —i<slS(Xo) |- Fo/ 71},

(17)is a continuous one, it has a constant width of boundary IayWherexO denotes the initial state and the initial time is assumed to

and the magnitude af'®, as given in(16), reduces to zero as the pe { — o "Moreover, for any giver>1, it is noted from(21) that

‘?’Stem st_at(ej ap]E)roachels ;Pe S“d'nﬁq suhrfaceh This fn:jlght rt()asu'tl'&(d/dt)si2='sisi<0 for all the system state within the set

the magnitude of control effort smaller than those of disturbanc L : .

when system states lie within the boundary layer. Thus, t ‘?ﬁ(x't)\@l(x.’t)' It implies that, for>1, the time-varying re-
; on @ 4(x,t) is an attractive and invariant set for the closed-loop

saturation-type control can only guarantee the system state en

; e . - dynamics. That is, the system state will reach the regigfix,t)
Ing the boundary Iayer but not providing the asymptotic StabllltQﬁind it will stay inside there hereafter once it enters this region. We
in the presence of disturbances.

In the following, instead of using the control designs as i%hen have the next result : : -
(16)—(17) acontinL’Jous control law is proposed below to alleviat Theorem 3.1 Suppose the disturbancdssatisfy Assumption
' prop §.1. Then the interception performance for syst{d-(5) can be

the chattering behavior while retaining the system performanceg hieved at an exponential rate by the VSC control law 249

exponential stability. The proposed control is modified from thﬁ V> A M)~A(M) for all i=1,2,3, wherex(-) and

saturation-type controller. To this end, we define the foIIowm%ma)(.), respectively, denote the smallest and largest eigenvalues

functions andM satisfies Eq(13).
ey 2s, i—123 18 Proof: From the discussions above f6>1, we know that the
9i(si)= |s|+ee 7t T (18) system state will enter the regich,(x,t) in a finite time and

remain inside there hereafter. It remains to show f#at0 ast

with >0 andy;>0, which will be selected by the designer. The ¢, any xe ®4(x,t). By the definition ofs(x)=%;+Mxy,

— T H
overf'i]l control lawu=(u,,u,,us)" for guidance can then be \ye then have
modified as

t
U= U (p;(X)+ 77)gi(s;) for i=1,2,3 (19) xl(t):e‘M‘xl(OHf e M 7Is(x(7))dr. (22)
0

with uf9 as given in(15). Note that, the modified control law in

) . it .
(19) above is defined and continuous everywhere including tk%rlfe MGO’ this implies thate ® Xl(?)HO exp%nentlally ad
sliding surface, = oreover, since xe®4(x,t), we have [s(x)]

3 — .
The idea behind the modified guidance law is to construct 3>i-1/8¢€ ", where] || denotes the Euclidean norm and
time-varying region® 45(x,t) of the sliding surface as defined by t
fe_M(t_T)S(X(T))dT
0

D 5(x,t)={x||si(x)|<B- e "" for i=1,2,3 withp=1}.

t
By defining the width of the region®g4(x,t) to be sHe’MtH-J [eM7]-||s(x(7))||d7
mini_; » { Bee” ", it is clear that the width ofb 5(x,t) expo- 0
nentially converges to zero. 3 .
Now, we will show that, under the modified guidance @), $2 36'( e Mmin(M)t, f ermaM) 7, o= ydeT)
the performance of the design can be achieved. First, consider the = 0
case when the system state is outside the reglorix,t)
(=P s(x,1)]g=1). That is,|s;(x)|=1- e " for somei=1,2,3. 3
During the interception process, it is reasonable to assume that SE Beihi(t) (23)
X1>0, || < /2 and the relative distaneebetween the target and =t
missile is smaller than the initial relative distange This implies  with

|
te MMt if =\, (M),
hi(t)= L -

e MMt (@maM=7t_ 1) | if g N (M),
K M), 77 N

By L'Hospital rule (see e.g., Buck[17]), if yi>NnadM) 3.2 Case for Longitude-Axis Controlu,; Being Unavailable.
—Amin(M), thenh;(t)—0 ast—«. From (22)—(23), we havex, Next, we consider the case of being unavailable. That is, the
—0 exponentially as—o if ¥>\na{M)—Amin(M) for all i controlu in (19) is reduced asi=(0,u,,u3)". It is observed from
=1,2,3. This completes the proof. B Eq. (6) thatf(x) becomes a null vector whexy#0 andXs=Xg
Remark 3.1 The control law as provided in Theorem 3.1 is=0. Then, from(4)—(5), x5(t)=0, Xg(t)=0 for all t=t, and
continuous and alleviates the chattering behavior, which improvegt) approaches a finite value ¥s(tg) =0, x(tg) =0 and the
the drawbacks inherited from those derived from sign function.disturbancesl is suitably compensated by the conttolAs mo-
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new sliding surface for VSC guidance design. Instead of con- X1Xg2; cos xzdt
structing a tracking control law as proposed in Section 3.1 to steer

X; to zero for alli=1, ... ,6, in thefollowing, we only need to flS

tivated by such observation, we can choage-0 andxg=0 as ftf

0

check whethek, approaches zero without the conteglwhile x5 <

andxg reaching the sliding surfaces=0 andxs=0. Details are

given below. t rolk
Choose the sliding surface=(s;,s,)"=(Xs,xg)"=(0,0)". gf (ro—kt)xé(O)dtJrf (ro—kt)(e,e™ 72 2dt

Following the same procedure as discussed in Section 3.1, the 0 ts

guidance law can then be selected as

i
X xadt+ f X xadt
0 tg

kt2 roes kes kes
= U9ty for j= =x2(0)| rots— —=|+| 53—+ —5—ts—| e 272s
ui=uf%4u'® for i=2,3, (25) 5( )[ ols 2} <2y2 12 525,
where ke 2
- Ik
uf=— G () fi(x) (26) - 4728 22t (35)
and Here, we have used the fact that, aftey enter the region
u'e=—(pi(x)+ 7)) Gi(Si_1). (27) ®,(x,1), |x5|<e,e” 72 Similarly, it can be shown that
2 2 2 2
Here,pi(X), 7; andg;(-) are as defined in Section 3.1. Similarly, ktg roes Kej keg oot
under the above guidance law, we have o X1 Xgdt<xg(0)| rots— o 273 * 4—%—%2—% e o
Si-18i-1=—7G;i(X)-[si 4| for i=2,3. (28) Ke2
Thus, the system states will reach the sliding surface in a finite - 4—7397273”)” (36)

time and the reaching timet,gcismax|s(Xo)| o/ 72,
|s3x0)|-r0/%3}.In addition, similar to the discussions in SectiorfCombining (35), (36), and (31), we thus have the next result

3.1, we can show that the séts(x,t)={x||s{(x)|<B-€e ', i which is independent df
=2,3 is attractive and invariant for the closed-loop dynamics for Corollary 3.1 Suppose the disturbancdssatisfy Assumption
any g>1. 3.1 and the longitudinal-axis control is unavailalie., u;=0).

Now, we will check the condition to guarantage—0 during Then, the interception performance for systéM—(5) can be
the interception withu;=0. Denotet; the time of interception achieved by the control laws as given (@5) if there exists &
such thatx,(t;)=0. From(5) and Assumption 3.1, we have >0 such that the initial relative velocity satisfies the following

condition:

t
X4(t)*x4(0)$f {X1[X5 COS' Xg+X5] + p1(x)}d7 3 kt2 roe? ke

0 X4(0)<—Kk= 2 {1 X2 4(0)| rotjsa— —o |4 | o2+ —b

I = j+3 jt 2 27j 47/]2

f

< f {Xa[x§ co$ xa+xg] +p1(x)}d7  (29) ke? ke? (o/k
° BTl LRl LRl —f pa(x)dt
for all 0<t<t;. To guarantee the interception, we require that % Y 0
(37)

X4(t)<—k for some k>0 (30)
For the case of;=tg=0, that is, the initial state lies within the
region®,(x,t), we have the next result.
t Corollary 3.2 Suppose thafxs(0)|<e, and |x5(0)|<e;.
X4(0)< ,k,f {xq[x2cog x3+x2]+p1(x)}dt.  (81) Then, the results of Theorem 3.2 hold if there exists>eD such
0 that the initial relative velocity satisfies the following condition:

We then have the next result. &2 k 2 rolk
Theorem 3.2Suppose the disturbancessatisfy Assumption y, (0)<—k— 2 [ & 2(1 e 27,ro/k)] f p1(x)dt.
3.1 and the longitudinal-axis control is unavailafie., u;=0). 2y 4 0
Then, the interception performance for systéi—(5) can be (38)
achieved by the control laws as given (25) if there exists &
>0 such that conditiori31) holds.
To further estimate the initial relative velociky(0) for guar-
anteeing the success of interception, suppose that the relative ve- o€ ke
locity satisfies(30). Then by integrating the first equation @f) F(k)=—k— 2 [ ! _2(1 e 2v1fo/k)], (39)
with x,(t)=0, we have 47

during the interception process. Fra@9), this can be achieved if

Note that, ifd;=0, thenp,(x) may be chosen as the zero
function. The condition as i(38) might be simplified. Denote

ty tg By calculation, we have the derivative
—x41(0) f x4(t)dt<f —kdt=—kt;. (32)
0 dF(k) 72 { (1 e 2rovj Ik 2royj e 20, /k)]_
This implies that 4y? ko
40
ti<rgy/k. (33) o ) (40)
) ) ) ) ~ This implies thatd F(k)/dk<O0 if
Sincex,(0)=rq andx,(t)<—k for all t during the interception 5 ) ,
rocess, we have € 2l 0y €
P > [—‘2(1+ L"‘)e”on/k]<1+2 —L . (41)
X (t)<ro—kt for O<t<t,. (34) = |4 k =2 4y
Denotets andt, the first time that the states andx, enter the By L'Hospital rule, we have (% 2rqy;/k)e 2'0%/*—~0 ask
region®,(x,t). It follows from (33)—(34) that —0. It follows that condition(41) holds in a neighborhood df
666 / Vol. 122, DECEMBER 2000 Transactions of the ASME
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=0. That is,F (k) is a decreasing function ¢fin a neighborhood nonmaneuvering case by VSC and RTPN designs. The associated
of k=0. Define F(0)=Ilim,_ oF(K). It is clear thatF(k) is a control efforts are depicted in Fig. 3 and the relative trajectories
continuous function. Thus, if,(0)<F(0)= _zj?,:zroejz/zyj, during interception are given in Fig. 4. Figure 5 shows the time’
then there exists &>0 such thaix,(0)<F(k). The next result '€SPOnses of the system states for maneuvering case with target's
follows readily from Corollary 3.2. acceleration being given b()43)._ In these figures, dotted hr(@_-
Corollary 3.3 Suppose thalxs(0)|<e,, |x5(0)|<es; andd, Deled by VSC], dash-dotted linglabeled by VSCPand solid
=0. Then, the results of Theorem 3.2 holdkif(0) satisfies the line (labeled by RTPNdenote the response curves resulted from
following estimation: the use of VSC control witli; being available, VSC control with
u,; being unavailable and RTPN control, respectively. It is ob-
served from Fig. 2 that the interception performance can be
achieved for the nonmaneuvering case by all of the three control
designs. The VSC1 curve exhibits exponential convergence rate,
: : which agrees with the results of the paper, while VSC0 and RTPN
4 Simulation Results display linear decay. Moreover, as observed from Fig. 2, all the
In this section, we present an example to demonstrate the use of
the main results. The target in this example is considered for both
maneuvering and nonmaneuvering cases. For the maneuvering
case, the target's acceleration is assumed to be in the direct o2

2

3
rofj
X4(0)<— - 42
(0<-2 o (42)

orthogonal to the line of sighf.OS) and has the form

ar=sin(0.1t)e,+cog0.1t)e,. (43)

In 1996, Yang and Yang proposed a realistic true proportion

navigation(RTPN) guidance law, which has the form

ay=—\F (6 cospe,+ pey). (44)

It was shown(Yang and Yand13]) that the target can be suc-

cessfully intercepted if the following condition is satisfied:
Fol 2

holro” A—1'

whereh,=r3+/¢p2+ 62 cog ¢,. To fulfill the requirement of45),

in this example,\=3 and the initial state is chosen ag
=5km, 6y=-0.2rad, ¢o=0.1rad, fo=—0.51km/hr, 6,
= —0.01 rad/hr andp,=0.05 rad/hr.

(45)

In addition to the initial condition in the proposed design, the
convergence ratex and the matrixQ in (12) are, respectively,

selected ag=1 and the identity matrix. The solution matiix of
the algebraic Riccati equatidid3) is then calculated to be

M =diag(2.414, 2.414,2.414 (46)
Moreover, the parameters are chosen to d3e=0.2, e;= €3

=0.1, y1=7y,=v3=0.1, =1, ,= 73=0.1, and the three non-

negative functions in Assumption 3.1 have the fopa(x)=0,

po(X)=1 andp;(x)=1. Note that, under the selection of param- °
eters, the criterior{42) in Corollary 3.3 is satisfied. This means
that the interception performance can be achieved by the propo:

VSC designs as given in Section 3.

4
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Fig. 3 Norm of controls for nonmaneuvering case with VSC
and RTPN case
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Numerical simulations are given in Figs. 2—5. Among these,
Fig. 2 displays the time responses of the system states for #ig. 4 Relative interception trajectories for nonmaneuvering

EY 1
time

Fig. 2 Responses for nonmaneuver target case with VSC and
RTPN controls
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target case with VSC and RTPN controls

Fig. 5 Responses for maneuvering target case with VSC and
RTPN controls
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