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MODEL REDUCTION TECHNIQUES FOR SPEEDING UP THE

THERMAL SIMULATION OF PRINTED CIRCUIT BOARDS

Lon-Kou Chang* and Chai-Chi Shui
Department of Electrical and Control Engineering

National Chiao-Tung University
Hsinchu, Taiwan 300, R.O.C.
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ABSTRACT

This paper initiates a measuring method to reduce the traditional
three-dimensional thermal circuit models into the two-dimensional com-
pact ones. The new thermal models are represented by the equivalent
circuits which can be simulated in the SPICE. Furthermore, the ambi-
ent temperature and the power of the components are also decoupled
to equivalent voltage and current sources, respectively. Therefore, when
the ambient temperature or the power of the component changes, the
compact thermal models can still work without doing any regeneration
work. The proposed technique can greatly reduce the simulation time
of heat transfer of printed circuit boards. Furthermore, the reduced
models can be connected to any place on the model of the printed cir-
cuit board. The proposed technique provides a systematic synthetic
way to build up models of printed circuit boards.

I. INTRODUCTION

In space electronic circuits or in power elec-
tronic circuits, the electrical characteristics of power
electronic circuits and devices are greatly influenced
by the operating temperatures of semiconductor
devices. Thus it is important to simulate the coupled
electrical and thermal systems simultaneously in the
circuit design process.

Many papers have been published dealing with
the analysis of the temperature of printed circuit
boards (PCBs). Pinto and Mikic (1986) employ the
analytical method. Funk et al., (1992) use a semi-
analytical method to prodict the steady-state tempera-
ture of printed circuit boards (PCBs). In considering
a possible design situation to repetitively use a cir-
cuit board model, Godfrey et al., (1993) develop
an interactive thermal modeling method. The mod-
els of the chip and board were decoupled. Thus, this

technique can save much modeling time in a case
which needs to generate repetitive numerical-models.

In the temperature analysis of the PCB, the
main governing equations are the heat diffusion
equations. The finite Element Method (FEM) was also
used to solve heat diffusion equations (Schaller,
1988). Chen and Yip (1992) use SPICE circuit mod-
els to characterize the thermal and dynamic behavior
of the PCB. They use the Finite Difference Method
(FDM) and imitate the circuit nodal equations to
transfer the finite difference equations to R-C-V-I
circuit models. With the use of electro-thermal cir-
cuit models, the circuit and thermal behavior can be
simulated simultaneously in a SPICE system (Pokala
and Divekar, 1989). However, since the electro-ther-
mal models are three-dimensional, the simulation
calculation needs a lot of time and memory capacity.
To improve the computation efficiency of the electro-
thermal models, two methods are developed. One is
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Fig. 1 The neighboring mesh points around the point (ij)

a reduction technique which provides the theoretical
supports to reduce the three-dimensional electro-ther-
mal models into two-dimensional or even one-dimen-
sional models (Vinke and Lasance, 1997). The other
one employs the Asymptotic Waveform Evaluation
(AWE) method which was proposed mainly for im-
proving the computation speed of transient tempera-
ture response (Celik et al., 1994; Chiprout and Nalhla,
1994; Lee et al., 1990; Liu et al, 1995).

In this paper, we propose a method which gen-
erates SPICE-styled reduced electro-thermal models
of PCBs. These electro-thermal models can be run at
high computation efficiency. Our simulation results
have shown that our models can produce temperature
simulations as accurate as those which are produced
by the FDM three-dimensional models. The simula-
tion speed of the proposed models is also much higher
than that of the FDM three-dimensional models.

II. THE ELECTRO-THERMAL MODEL

1. Heat Diffusion Equations

The system concerning thermal conductivity is
governed by the partial differential equations as
follows,

dT(k4^§^f>+§* z 3z K dt (1)

where kx, ky, kz are the thermal conductivity in x, y, z
directions, T(x, y, z, t) is the temperature, g(x, y, z, t)
is the heat generating rate, p, is the material density,
C is the material specific heat, and t is time.

The boundary conditions are also important to
the thermal analysis. For devices on the earth, con-
vection strongly affects the thermal activity in the
components of circuits. Therefore, the convection
governing equation is often applied in the thermal
simulation. Newton's law of cooling depicts the out-
ward energy transmitting rate as

qc=hA(T-Ta), (2)

where h is the convection heat-transfer coefficient and
Ts is the temperature of the surface of PCBs and Ta is
the temperature of ambient air.

Ry

V::
-A/W v>+ij

D > Qj -r C^) S°urce power'I
V;

ij-l

Fig. 2 The electro-thermal equivalent circuit at mesh (ij)

2. Equivalent Circuit Representation

A practical method for solving the partial dif-
ferential equations is to approximate the partial dif-
ferential equations to finite difference equations. For
a two-dimensional thermal object, the finite differ-
ence equations can be obtained by using x and y grid
lines to divide the planar object into many tiny mesh
panels. In the process of FDM each panel is presented
by its center point, called the node. For example,
Fig. 1 shows (1) a node (i,j), which is enclosed by
the dot (grid) line segments and (2) four surrounding
nodes. From Fig. 1 the associated finite difference
equations can be obtained as

u ?7+,J + 77_u-27Xy u rf+w + 7*_w-27*y
x - 2̂ +ky ,A,2

= PC

(AxY

TP + X -Tp.
ij ij

At

(Ayr

(3)

The comparison of both Eqs. 2 and 3 with the
conventional nodal equations gives an equivalent
electro-thermal circuit representation as shown in Fig.
2, where each voltage V(j represents the temperature
of node (/,/), R represents the thermal resistance, and
Cjj represents the thermal capacity of node (i,j).

III. THE TWO-DIMENSIONAL COMPACT
MODEL OF IC COMPONENTS

In this section, we will introduce how we use
the measuring method to obtain compact models of
IC components. Typically the packages of IC com-
ponents contain many distinct layers. Therefore, their
electro-thermal steady-state models will have three-
dimensional structures as shown in Fig. 3. The ex-
ample of one fourth portion of the three-dimensional
structure of a chip component is shown in Fig. 4,
where Is represents the power consumed by the chip,
n is the number of the mesh panels within he chip
area, and VT represents the equivalent voltage of the
ambient temperature. Since the bottom side of the
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Fig. 4 One-fourth dei-tro-thermal structure of an IC component

Pig, S The compaci dds

IC is assigned lo touch the circuit board and both the
front and left sides are actually inside the IC package,
DO .HI convection is counted for these three sides.
This is (he reason why ambient equivalent voltage V7

is not connected to these three sides.

Vths,,,u

Fig. 6 The simplified cijuivuk-nl enmptCI circuit

-trvj

Fig. 7 Applying .ill the nodes In (he original model with ihe same
voltage

1. The Compacting Method

To simplify the demonsiration. we will use Figs.
5 lo 9 to demonstrate the proposed compacting
method. The method is depicted as follows:

Step I: Choosing the compacting side
The electro-thermal model of an IC component

is considered having six sides. Choose the side which
will face to board as the compact side. For example,
the shadowed side shown in Fig. 5 is chosen to be the
compacting side.

The succeeding work is to obtain the two-dimen-
sional compact model as shown in Fig. 6, where
Vth/todil and R&Pfodel represent Ihe Th£venin's
equivalent voltage and resistance between node I and
ground, respectively. The RthNtldei_Nmte2 ' s the neigh-
boring resistance between node I and node 2.

Step 2: Obtaining the values of all the. Th£venin"s
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Fig. 8 Applying all the nodes U the compact model with the tan
v oil age

\hW

Fig. 10 Applying VA 10 node I and VB i
compaul model

all ihe other nodes of iht1

Fig. 9 Applying \ \ to node I and VB to uli the oilier nnde-. *it die
original model

equivalent voltages and resistances
The Thevenin's equivalent voltages and resis-

tances of each node in the compact side can be ob-
tained by the process below

Procedure Vlh_and_Rlh[MA.Vl,I-R,h)

Var M. The three-dimensional electro-thermal model
A: The compact side of M
N(A): The total node number of A
Vtf,'. Thevenin's equivalent voltage
R,h'. Thevenin's equivalent resistance

for i=l to N{A) do
choose two constants V, and V2

connect all the nodes in A with the voliage
source V,,, V,2 VjAM)

which have the same voltage values of V,
measure all the currents of V,,, i.e.. [/il*,,,/*/
change all the voltages of Vw to V2

measure all the currents of Vw, i.e.. |/2Wrf«
use (he equivalent relation of Fig. 7 and Fig. 8
to construct Hq. (4)

Solve Eq. (4) to obtain [V//il.w<-, and \Rih\s,,<iri

End Process

(4)

Step 3: Obtaining the values of all the neighboring
resistances

Similar to the procedure shown in step 2, each
neighboring resistance, say the one which connects
node 1 to a node /. can be measured and calculated
by applying a voltage source V'*, to node i and voltage
sources Vfl's to all the other nodes on the compacting
side. The currents of the voltage sources are mea-
sured from Fig. 9 and denoted by / 3 ' s . /4"s are the
currents of branches of Vth-Rtll and branches of volt-
age in Fig. 10. All the /^'s and /4 ' s of the nodes in
the compact side are depicted in Table I, which shows
that

+ -+<|/?W,V-[/4Wrt)

=/|.2+/|. .1+.--+A.9 (5)
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Table 1 All the branch currents (unit: mA)

Nodel
Node2
Node3
Node4
Node5
Node6
Node7
Node8
Node9

Total Currents

[h^Nodei

7.0128
1.7016

-0.2783
1.0481
0.0816

-0.6513
-0.5303
-0.7151
-0.7222
6.9479

UA\ Nodei

3.2932
3.4812

-0.0866
2.4784
0.2800

-0.6120
-0.4722
-0.6958
-0.7181
6.9481

[^3] Node i~ U4] Nodei

3.7196
-1.7786
-0.1917
-1.4303
-0.1984
-0.0393
-0.0581
-0.0193
-0.0004
-0.0002

1+1. j+i i .j-i-1

The percentage error obtained from Eq. (5) is
only (0.0002/3.7196)xl00(%)=0.0054%. Actually
this small error comes from the calculation trunca-
tion and round-off errors. Therefore, Eq. (5) has al-
ready shown clearly that we need to consider all the
possible current paths from node 1 to all the other
nodes, i.e., there must exist neighboring resistors con-
necting node 1 to all the other nodes and they can be
obtained by

R
V3-V4

Node\ Nodei
^ ^ Nodei ^-^ Nodei

1=2, ..., 9 (6)

To obtain all the other resistances, a calculation simi-
lar to Eq. (6) is then applied to all the nodes on the
compacting side until all the neighboring resistances
are obtained.

Usually many neighboring resistances are very
large so that they can be regarded as open circuits
and omitted. Therefore, we can simplify the com-
pact model further in different complex extents by
neglecting the large resistances, each of which con-
nect two nodes far away from each other. To express
the neglect level, we have the following definitions
of simplification levels.

2. More Simplified Models

Rectangular Wrapping Layer Consider all the
orthogonal grid lines which connect all the nodes. A
rectangular wrapping layer of a node / is an enclosed
grid segment path which connects the neighboring
nodes of node /. The first wrapping rectangular layer
of a node i is the rectangular wrapping layer connect-
ing the nodes nearest node /. The second rectangular
wrapping layer is the layer connecting the nodes near-
est the nodes in the first rectangular wrapping layer.
By using the similar drawing method one can con-
struct the third or higher order rectangular wrapping
layers.

From the currents shown in Table 1 the neigh-
boring resistance connecting the node-pair with a

l+i.j-i

l+i, j+i

iliiLi+liJ

1+1, j - i

i . j- i

Fig. 11 The neighboring resistors of the order-1 simplified circuit

Fig. 12 The neighboring resistors of the order-2 simplified circuit

longer distance has a bigger resistance value.
Therefore, we can simplify the compact model in the
following ways,

• The order-1 simplified model In the sim-
plest compact model the nodes at two ends of
any neighboring resistor lie in the first rect-
angular rapping layer. For instance, Fig. 11
shows all the neighboring nodes in the order-
1 simplified model.

• The order-2 simplified model As shown in
Fig. 12 all the neighboring nodes in the order-
2 simplified model lie in the second rectangu-
lar wrapping layer.

• The order-w simplified model All the neigh-
boring nodes in the order-n simplified model
lie in the nth rectangular wrapping layer.

IV. ELECTRO-THERMAL MODELS FOR
THE AMBIENT TEMPERATURE AND
THE POWER OF THE IC COMPONENTS

During the operation of a circuit the ambient
temperature may vary with some situations such as
the poor convection environment or the temperature
rise of the power components on the circuit board.
Furthermore, considering the modeling flexibility, we
expect that a powerful thermal simulation system
should have the capability to build the thermal model
of a circuit (board) in a handy way. Therefore, the
system should have a library containing a variety of
thermal models of components. Using this kind of
system, the whole electro-thermal equivalent circuit
can be easily built up by gluing all the component
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K* Nodei ^V

KeqNodei

Nodei'S

Nodei

(a) (b)

Fig. 13 (a) The decoupled equivalent circuits associated to the
ambient temperature and chip power (b) the original
Thevenin's equivalent power sources

models to the model of a circuit board. In this kind
of system, optimizing the design of the library mod-
els becomes important. For this objective, we pro-
pose a technique to extract the equivalent power
sources from the Thevenin's equivalent circuit branch
obtained in Step 2 to the circuit shown in Fig. 13(a).
By using the method proposed here, the (IC) compo-
nents with the same package of features can use the
same library model, which has the decoupled VT,
equivalent to ambient temperature, and Is, equivalent
to the chip power. Furthermore, both the VT and Is

can be controlled by external sources.
We assume that the whole circuit system has

only two kinds of heat sources, i.e., the power of IC
chips and the ambient temperature. Therefore, a
Thevenin's equivalent power source shall be produced
by the supply power of the IC chip and the ambient
temperature. Since the electro-thermal model of the
chip power of an IC component is equivalent to a
current source and also all the elements in the electro-
thermal model are linear ones, the Thevenin's equiva-
lent power source contributed by chip power to node
/ shall also be the current source, denoted as KwNocieiVs

as shown in Fig. 13(a), where Is is the electro-ther-
mal equivalent current source of the chip power.
Since the electro-thermal circuit of the ambient tem-
perature is a voltage source, Thevenin's equivalent
power source contributed by ambient temperature to
node / shall be a voltage source, KtNodeiVT. The state-
ments above conclude that the circuits in Figs. 13 (a)
and (b) shall be equivalent and satisfy the relation of

VthNodei-KtNodeiVT+K\VNoddeilsRe,q (7)

Since Figs. 13(a) and (b) shall be equivalent
even though the chip power is zero, KtNo(lei must be
one and ReqNodei must be equal to RthNodei. Thus, the
final equivalent Thevenin's equivalent circuit is
shown in Fig. 14 and Eq. (7) can be simplified to

RthNode i

&W Nodei 1S

Nodei

VthNodei= Vr+KwNoddeiIsRth (8)

Fig. 14 The equivalent circuits associated to the ambient tempera-
ture and chip and chip power

The last unknown parameter, KwNodei, can be
obtained by using the following procedures:

(1) applying any ambient temperatures, VT, to each

node / of the compact side,
(2)using the measuring method to obtain the

corresponding Thvenin's equivalent voltages,
[VthNodei]', and

(3) employing VT, [VthNodei]' to Eq. (8) to obtain the

value of KwNodei.

V. EXAMPLES AND SIMULATION RESULTS

In the previous sections we have introduced our
measuring method to obtain a compact electro-ther-
mal model of a chip. In this section we apply the
proposed compacting method to an IC example and
compare the simulation results with the results ob-
tained by a three-dimensional electro-thermal model.
Furthermore, a popular PCB example with two chips
(Liu, et al., 1995; Funk, et al., 1991) is also tested
here.

1. An IC Example

The properties of an IC are depicted as follows.
The package has the size of ;tx_yxz=20mmx8mm
x2mm. In z-direction, the lead frame locates from
0.875mm to 1.125mm and circuit dice locates from
1.125mm to 1.375mm. The 1/4 portion of the IC
package is shown in Fig. 15. We use dot grid lines to
chop the IC into several mesh panels. The 1/4 por-
tion of IC three-dimensional mesh structure is shown
in Fig. 16. The panel sizes in both of the x and y
directions are lmmxlmm and 0.25mm in z direction.
Each panel is represented by a dark node at the cen-
ter of the panel. The total number of the mesh panels
in the 1/4 portion of IC is 11x5x9.

Table 2 shows the parameters of the IC package
with the circuit chip inside. The area of circuit chip
is assumed covering ten mesh panels in the center part
of IC and the power consumed by the IC is 0.125W.
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I 1 • 1 • I he temperature distributii
pod models along v=o

ngy-G

11 ol the nplined 1

R | Ifi The bauom side »r the IC and its mesh paneli and node

I oi simplification, each mesh panel of the circuit chip
i-v assumed to consume the same power, in OIIUM
words, 0.0I25W For each chip mesh panel. The IC
bas been modelized and simplified to ii\u compact
ones. All oi ihi'in have been simulated and the simu-
lation results are shown in l i y s . 17-20, where the
percentage error î  defined In Eq. (9),

Erratic 1 =

The percentage error del ined in Ecj. (9) i*̂
calculated from the temperature difference bet-
ween the n-order simplified compact model ami the

three-dimensional model. One cm see thai ihe higher
ilk1 ordei "I the model iv ihe less ihe simulation e m u .
the shorter the computation lime, and ihe les-* the in-
quired memory will he, Those resulU are shown in
Table 3, Actually, ll we use the lull order model.
i .e. . all ihe poss ib le neighboring resistors are
considered, we will obtain it hiyhK accurate model.
T h i s e f f e c t c a n b e s e e n f r o m F i g s IX a m i 211
M o r e o v e r , i f t h e 1 - o r d e r m o d e l i s t a k e n , w e w i l l s e e
1 IiLI 1 ihe computation performance is around fifteen
limes (letter than which is obtained from the three-
dimensional model.

2. A PCB with Two Chips

Figure 21 shows the top view of the PCB with
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Table 3 The performance comparison between three-dimensional model and six simplified compact models

model orders total nodes total components CPU time (S) memory size(KB)

order-1
order-2
order-3
order-4
order-5

full order
3-D model

111
111
111
111
111
111
442

284
548
830
1070
1220
1595
1308

0.76
0.97
1.31
1.63
1.85
1.97
5.29

201
369
391
561
745
889
1832

u
o

I-*

3

;m
pe

ra
t

E=
2
3
to

ad
y-

u

\5O •

120 •

n o •

100 -

90 -

80 -

70 ;

60 :

50 ̂

40 ^

30 -

x\
~ v - \••--.. x \--... ^--.. \ \

—« :::s^$\\

— Orderl
—•- Order2
•••*•• Order3
~»- Order4
—- Order5
—— Full Order
-•*•- 3-D original

1 2 3 4 5 6 7 8 9 10 II

X along y=0

Fig. 18 The temperature percentage errors of the six simplified
compact along y-0
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Fig. 19 The temperature distribution of the six simplified com-
pact models along x-0

two chips. The radiation is not considered here. The
property parameters of the whole board and chips are
shown in Table 4 and Fig. 22. The mesh size is 1 mm
in all directions, x, y, and z. The connection resis-
tances between the models of IC chips and PCB are
assumed to be very small in this article. To show the
temperature simulation of the PCB, the temperature
distribution along two lines of y=22 mm and _y=27
mm are calculated. The simulation results are shown
in Figs. 23-24. For this example one can see that both
the order-1 and full order models give almost the same
temperature distribution results.

VI. DISCUSSION

Our many simulation results have shown that (1)
the full order compact model is as accurate as the
three-dimensional electro-thermal model, (2) when a
board contains very few chips, a simplest compact
model can also produce the results as accurate as those
which are produced by the three-dimensional models.

$
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50

40 -
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B 3 0

a
cu

20 -

10 -

—•— Order 1 error

-*-- Order 2 error

-*•- Order 3 error

—- Order 4 error

-•-• Order 5 error

--— Full Order error

X

-»,..

1 2 3 4 5

Y-axis

Fig. 20 The temperature percentage error distribution of the six
simplified compact models along x=0
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Table 4 The parameters of PCB and chips

Components PCB chip i Chip2

Jt(W/°C)

htop(Wmm2°C)
C,(J/g°C)
p(g/mm3)
•* initiali W

•* ambieiuK *-'/

* source\ " /

0.0163254

0.00000638
2

0.0023
25
25
0

Layerl 0.000669
Layer2 0.00433
Layer2 0.00433

0.00000638
1

0.002
25
25

1.25

Layerl 0.000669
Layer3 0.00433
Layer3 0.00433

0.00000638
1

0.002
25
25
1.3

70mm

27mm

22imn

4.6inin

4mm
IC2 3.1mm

ICT| 2.6mm

17mm S2inm lOOuun

Fig. 21 The top view of the PCB

EPOXY

CHIP

ADHESIVE

copper

Thickness Conductivity
(ram) (W/mrat)

...L7JL 0.000669

.0.28 0,00433

0.038 9;°^3.?

"ox»i 0.328

filbercaid 1.575 0.00297

Fig. 22 The composition of the PCB and the chip on it

Our measuring method may also be fulfilled by using
practical instruments in the future if the associated
measuring instruments are developed.

Moreover, our compacting method can be used
to build up the electro-thermal components library.
As long as the library has been generated, the electro-
thermal model of a PCB can be set up by simply con-
necting all the component models, which are stored
in the library, to the PCB model such as what we have
done in Section 5.2.

Since we consider that the wire locations on
the PCB cannot be determined before the detailed
routing results are obtained and the data needed
for analyzing a PCB which is routed in multi-layers
is huge, we use two-dimensional average thermal
board models and compact component models to ana-
lyze the PCBs. Although the proposed compacting
method can also be applied to simplify the three-di-
mensional thermal model of a PCB, one still needs
huge memory size and the detailed routing data for

u

50

-•- Order 1

•—•• 2-D original

10 20 30 40 50

X position (Y=22mm)

60 70

Fig. 23 The composition of the PCB and the chip on it

U

80

75

70
2
3

2
u
Q.
P

5 65

60

55

50

— Order 1

-••• 2-D original

40 8050 60 70

X position (Y=27mm)

Fig. 24 The composition of the PCB and the chip on it

the simplification process. Therefore, unless one can
have either a very big computer memory or real mea-
suring instruments to apply the proposed measure
method to obtain the compact PCB thermal model,
we suggest choosing the average thermal board mod-
els and the compact component thermal models to
analyze the PCBs.
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