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The fractional thermal loading in a diode-end-pumped solid-state laser is deduced from experimental measure-
ment of the critical pump power. The results show that fractional thermal loading critically depends on the
pump-to-mode size ratio. This dependence is attributed to the effect of the pump-to-mode size ratio on the
population inversion and to the effect of energy-transfer upconversion. Rigorous modeling calculations have
been performed to yield a comprehensive understanding of the thermal loading in diode-end-pumped solid-
state lasers. © 2000 Optical Society of America [S0740-3224(00)01011-0]
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1. INTRODUCTION
An end-pumped configuration in solid-state lasers offers
the possibility of achieving high conversion efficiencies for
fundamental mode operation. Power scaling of diode-
end-pumped solid-state lasers is usually impeded by the
thermal effect that results from the small volume of the
pumping profile. One of the most important parameters
that quantitatively characterize the strength of thermal
effects is fractional thermal loading j, defined as the ratio
of the thermal energy generated in the gain medium to
the absorbed pump energy. The thermal loading leads to
a lensing behavior in the gain medium. The thermally
induced lensing effect is a critical factor for resonator de-
sign. Therefore, thermal loading needs to be thoroughly
understood and characterized for optimization of the reso-
nator design.

Several approaches,1–6 including calorimetric,4

interferometric,5 and mode-degeneration methods,6 have
been proposed for measuring thermal lensing or thermal
loading in end-pumped solid-state lasers. Recently Chen
and Kuo7 used the thermally induced depolarization of
the second-harmonic output to measure the fractional
thermal loading under lasing conditions.

Here a method of measuring the fractional thermal
loading in diode-end-pumped solid-state lasers under las-
ing conditions is presented. The experimental result re-
veals that the fractional thermal loading apparently in-
creases with increasing pump-to-mode size ratio. This
tendency is contrary to the prediction of the model devel-
oped by Hardman et al.,8 who studied the influence of
energy-transfer upconversion (ETU) on thermal loading
with the assumption that the inversion population den-
sity is correlated to the critical inversion density at the
threshold condition. To obtain a general, comprehensive
understanding of the thermal loading in end-pumped la-
sers, the present author has analyzed the inversion popu-
lation density by including ETU effects in the space-
dependent rate-equation model. This analysis shows
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that the inversion population is evidently not correlated
to the value at the threshold in an end-pumped laser, and
this result, associated with the ETU effect, leads to the in-
crease of thermal loading for a larger pump-to mode size
ratio.

2. DETERMINATION OF THERMAL
LOADING
The thermal lens of a laser crystal always affects the sta-
bility of a resonator. For a laser that is end pumped by a
fiber-coupled diode, the focal length of the thermal lens,
fth , is given by9,10
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where j is the fractional thermal loading, Pabs is the ab-
sorbed pump power, Kc is the thermal conductivity, no is
the refractive index of the laser crystal, dno /dT is the
thermal-optic coefficient of no , n is Poisson’s ratio, aT is
the thermal expansion coefficient, Cr is the photoelastic
coefficient, and vp is the average pump size in the active
medium. Note that we derive Eq. (1) by including the ef-
fect of the temperature gradient across the entire crystal
under conditions of conventional edge cooling.

For the linear cavity shown in Fig. 1 there exists a criti-
cal pump power Pcritical at which the thermally induced
lens will cause the laser cavity to be unstable. From the
standard ABCD matrix approach, the critical thermal
lens that corresponds to the critical pump power is given
by11
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where r1 is the radius of curvature of the input mirror, d1
and d2 are the distances between the mirrors and the in-
cident end of the laser crystal, and l is the length of the
laser crystal.

From Eqs. (1) and (2), the relationship between the
fractional thermal loading and the critical pump power is
given by
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Equation (4) indicates that, as the critical pump power is
determined, the fractional thermal loading can be ob-
tained with the parameters of the laser system. Based
on this fact, we measured the critical pump power from
the input–output characteristic of the cavity with a 1.0-
at. % Nd:YAG crystal and with an output coupler of
R 5 85% for several pump-to-mode size ratios vp /vo ,
where vo is the cavity mode size. The results are shown
in Fig. 2, where the arrows represent the critical pump
powers. Equation (4) reveals that, if the fractional ther-
mal loading is independent of the pump size, the critical
pump power is proportional to the square of the pump
size. However, from Fig. 2 it can be seen that enhance-
ment of the critical pump is not significant when the
pump-to-mode size ratio increases from vp /vo 5 1.3 to
vp /vo 5 1.6. This result implies that the fractional
thermal loading should depend on the pump-to-mode size
ratio.

With the measured critical pump power and from Eq.
(4) with the values of the parameters in the present cav-
ity, the deduced fractional thermal loading is shown in
Fig. 3 for several pump-to-mode size ratios. To extract
the fractional thermal loading with good precision we re-
quire knowing the quantities for the thermal and
thermal-optical parameters. Several values have been
found in the literature for a Nd:YAG crystal. The value
0.12 W K21 cm21 for the thermal conductivity is averaged
from the values 0.14,12 0.13,13–15 0.129,16 and 0.105.17

Room-temperature data of the thermal expansion coeffi-
cient aT are 5.8,17 6.81,16 7.5,14 7.7–8.2,12 and 8.2
3 1026/K.13 We use the value published by Wynne
et al.16 because it is close to the average value of available
data and includes values of the temperature-dependent
data. Published data of the change in refractive index
with temperature are, at room temperature, 9.0,16 7.3,12

8.3,14 and 9.86 3 1026/K.15 We use the average value of

Fig. 1. Experimental setup for measuring thermal loading.
Refs. 14 and 16 because these references provide
temperature-dependent data from which we calculate the
value of the almost linear increase of dno /dT with tem-
perature of d2no /dT2 5 2.6 3 1028/K2. The other param-
eters used in the calculation are no 5 1.82, a 5 7/cm, n
5 0.28,12 Cr 5 0.017,12 vo 5 0.38 mm, d1 5 0.5 cm, d2
5 19.5 cm, and r1 5 100 cm. Note that the accuracy in
determining thermal loading was limited by the measure-
ment of the critical pump power, the uncertainties in the
values of the model parameters, and the error introduced
by the fact that a temperature-independent thermal con-
ductivity was used. The systematic error is estimated to
be 618% of the value of the fractional thermal loading.
It is seen that the fractional thermal loading for vp /vo
5 1.0 is quite close to the quantum defect, 0.24, but it in-
creases significantly to ;0.35 for vp /vo 5 1.6. In other
words, there is no room for any significant physical con-

Fig. 2. Experimentally measured variation of output power as a
function of absorbed pump power for several pump-to-mode size
ratios.

Fig. 3. Experimental results for the relationship between frac-
tional thermal loading and the pump-to-mode size ratio.
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tribution to thermal loading beyond the quantum defect
in cw diode-pumped 1.0%-doped Nd:YAG lasers with
vp /vo 5 1.0. When vp /vo 5 1.6, however, there is a
significant physical contribution to thermal loading be-
yond the quantum defect.

Factors that contribute to thermal loading in Nd-doped
crystals have been discussed widely. The thermal load-
ing has been attributed mainly to the quantum defect,
cross relaxation, impurity quenching, and nonradiative
relaxation.4 A number of papers8,18–22 have shown that
ETU has a significant influence on the thermal loading of
the laser crystals. To explain the present result reason-
ably, we find that the ETU effect must be taken into ac-
count.

The laser field stimulates the inversion population pri-
marily over the region within the laser mode size. Out-
side this region, the inversion density is seldom stimu-
lated and continues to increase as the pumping rate is
increased. Therefore the fraction of stimulated emission
is lower for large pump-to-mode size ratios than for
smaller ratios. If ETU were not significant, as was
pointed out by Brown,3 at 1.0–1.1 at. % for a Nd:YAG
crystal the difference in heat fractions between no stimu-
lated emission and strong saturation is only approxi-
mately 6–14%. However, recent experimental
results23,24 show that the difference in heat fractions be-
tween lasing and nonlasing cases exceeds 60% in diode-
end-pumped Nd:YAG and Nd:YVO4 crystals. In the
present result the difference in heat fractions between
vp /vo 5 1.0 and vp /vo 5 1.6 conditions is found to be
;45%. It is thus not likely that ETU represents a negli-
gible effect in the heat generation of diode-pumped Nd-
doped lasers with large pump-to-mode size ratios or with-
out stimulated emission. In the analysis below, we can
obtain a reasonable explanation by taking account of the
ETU effect.

3. ANALYSIS AND DISCUSSION
The ETU process involves two nearby ions in the meta-
stable level 4F3/2 . One ion returns to the 4I9/2 , 4I11/2 , or
4I13/2 level by transferring its energy to the other ion,
which is, in turn, brought into a higher excited state.
Hardman et al.8 reported that the ETU effect leads to a
notable difference in the thermal lens between lasing and
nonlasing conditions for a diode-end-pumped Nd:YLF la-
ser. Hardman et al.8 assumed that the inversion popula-
tion density is related to the critical inversion density at
the threshold condition and derived the following frac-
tional thermal loading:
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processes and
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is defined as a measure of the magnitude of the effect of
upconversion on the overall decay rate from the upper
level, a is the absorption coefficient at the pump wave-
length, Pth is the threshold pump power, hnp is the pump
photon energy, t is the emission lifetime, g is the ETU
rate, l l is the laser wavelength, and lp is the pump wave-
length. Equation (5) means that the ETU effect will be-
come insignificant, as the pump power is far above
threshold. In addition, inasmuch as F(b) is an increase
of b and is regarded as the fraction of excited Nd31 ions
that involve ETU processes at threshold, the strategy of
decreasing b to reduce the influence of ETU is proposed.
From Eq. (7), expanding pump size can lead to a decrease
in b and then a reduction in thermal loading. Neverthe-
less, this conclusion contradicts the experimental results
described in Section 2. Note that we have derived Eqs.
(5)–(7) by assuming that the inversion population density
is equal to the critical inversion density at the threshold
condition. However, the inversion population density
above threshold in a cw laser is not always constant, ex-
cept when vp /vo → 0.18 Therefore it is not correct to re-
gard the term F(b)Pth /Pabs in Eq. (5) as the fraction of
excited Nd31 ions involving ETU processes above thresh-
old. As a consequence, Eq. (5) is not appropriate for the
expression of thermal loading.

As reported by Risk,25 when the pump size is slightly
larger than the mode size, i.e., vp /vo.1, the total popu-
lation inversion continues to increase as the pumping rate
is increased above the threshold value. The pump-to-
mode size ratio, vp /vo , is practically designed to be in
the range of 1–1.6 for pump power greater than 3 W to
prevent thermally induced diffraction losses. Because
the ETU process essentially depends on the inversion
population density, the influence of ETU on the thermal
loading of a high-power end-pumped cw laser should de-
pend on the pump-to-mode size ratio.

Here we use a space-dependent rate-equation analysis
to consider the influence of ETU on a cw laser. For a
single transverse mode and an ideal four-level laser, we
can write the rate equation as26,27

dn~x, y, z !

dt
5 Rprp~x, y, z ! 2 csn~x, y, z !Ffo~x, y, z !

2
n~x, y, z !

t
2 gn~x, y, z !2, (8)

dF
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n~x, y, z !fo~x, y, z !dV 2

F
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,
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where n is the upper-state population density, s is the
stimulated-emission cross section, c is the speed of light
in the medium, F is the cavity photon number, and

tc 5
2leff

c

1

L 1 ln~1/R !
(10)

is the photon lifetime, where leff 5 lcav 1 (no 2 1)l is the
effective length of the resonator, lcav is the length of the
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laser cavity, L is the round-trip loss, and R is the output
reflectivity. Rp is the pumping rate and is given by

Rp 5
Pabs

hnp
. (11)

The main difference between the present and previous
models26,27 is that, in the former, gn(x, y, z)2 was added
to Eq. (8) to take the ETU effect into account. The func-
tions rp(x, y, z) and fo(x, y, z) describe the spatial
variation of the pump beam and the fundamental laser
cavity mode, respectively. These terms are normalized
such that

E
rod

rp~x, y, z !dV 5 E
cavity

fo~x, y, z !dV 5 1. (12)

The beam profile of a fiber-coupled laser diode can be ap-
proximately described as a top-hat distribution28,29:
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where Q( ) is the Heaviside step function. For a single
transverse mode, TEM00 , fo(x, y, z) is given by
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2

pv l
2~z !leff

expF22
x2 1 y2

v l
2~z !

G , (14)
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Here zl is the position of the beam waist and the point
z 5 0 is taken to be the incident surface of the active me-
dium.

In the steady state, dn/dt 5 0, and the general expres-
sion for n(x, y, z) derived from Eq. (8) is given by
n~x, y, z ! 5
2Rprp~x, y, z !

F1

t
1 csFfo~x, y, z !G 1 H F1

t
1 csFfo~x, y, z !G2
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Before determining n(x, y, z) as a function of the pumping rate, we need to find the relationship between pumping rate
Rp and cavity photon number F. Substituting Eq. (16) into Eq. (9) and using dF/dt 5 0 yield the relationship between
the pumping power and the cavity photon number F:
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is the threshold without the ETU effect.
With the relationship between the pumping power and

the cavity photon number, we find the total population
number by integrating the population density over the
crystal volume:
N 5 E
rod

n~x, y, z !dV. (19)

If g 5 0, i.e., if there are no ETU effects, the total popu-
lation number is given by

No

Nth,o
5

Pabs

Pth,o
E
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1 1 cstFfo~x, y, z !
dV, (20)

where Nth,o 5 Pth,ot/hnp is the total population number
at threshold without ETU effects. Similarly, F needs to be
solved from

Fig. 4. Numerical calculations of N/N th,o and No /Nth,o as a
function of Pabs /Pth,o for several values of the pump-to-mode size
ratio.
E
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To illustrate that the total inversion above threshold
depends critically on the value of vp /vo , we use expres-
sions (13)–(19) and the following parameters: s 5 2.8
3 10219 cm2,12 g 5 2.8 3 10216 cm3/s,18 a 5 7 cm21,
vo 5 0.38 mm, L 5 0.006, R 5 0.85, and t 5 230 ms, to
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calculate N. Figure 4 depicts N/Nth,o as a function of the
ratio of the absorbed pump power to the threshold with-
out ETU effects, Pabs /Pth,o , for various values of the
pump-to-mode size ratio. The ratio No /Nth,o is also plot-
ted in the same figure to show the influence of ETU ef-
fects on population inversion. It can be seen that the to-
tal inversion initially continues to increase as the
pumping rate is increased above the threshold value. As
the pumping rate is intense enough to saturate the gain
distribution over the entire pumping region, N/Nth,o satu-
rates to a much larger value for a larger vp /vo , and so
does No /Nth,o . The difference between N/Nth,o and
No /Nth,o , however, represents the fractional reduction of
the population inversion that is due to ETU effects. Fig-
ure 4 shows that the larger the pump-to-mode size ratio
is, the more significant is the population reduction that is
due to ETU effects in an end-pumped cw laser. In other
words, as the pump size is increased for a given mode
size, the fraction of excited ions involving ETU processes
is increased. This is the reason why the thermal loading
is an increasing function of the pump-to-mode size ratio.

With No and N, the fractional reduction of the popula-
tion inversion that is due to ETU can be expressed as

FETU 5
No 2 N

No
. (22)

The factor FETU represents the fraction of excited Nd31

ions that involve the ETU processes. With the results
shown in Fig. 4, we calculate FETU as a function of
Pabs /Pth,o for several values of the pump-to-mode size ra-
tio, as plotted in Fig. 5. As expected, FETU increases with
enlargement of the pump-to-mode size ratio. Further-
more, FETU does not obviously decrease, as the pump
power is far above threshold. Even when vp /vo 5 1.6,
FETU rapidly increases as the pumping rate is increased
above the threshold value.

The heat generated from the ETU processes is due to
the multiphonon relaxation from the excited level back to
the upper laser level. The energy of the multiphonon re-
laxation is equal to the energy of the correlated downcon-

Fig. 5. Dependence of FETU on relative pumping power
Pabs /Pth,o for three values of the pump-to-mode size ratio.
version transition.8 Therefore all the possible ETU pro-
cesses emit the same heat, which is equivalent to the
energy of an absorbed pump photon. In terms of FETU ,
the heat power that is due to the ETU processes for the
laser crystal that is absorbing the pump power of Pabs is
given by FETUPabs . The fraction 1 2 FETU of excited
Nd31 ions that decay by means the lasing process, how-
ever, results in thermal loading equal to the quantum de-
fect. Hence the fractional thermal loading can be ex-
pressed as

j 5 FETU 1 ~1 2 FETU!S 1 2
lp

l l
D , (23)

where l l is the laser wavelength and lp is the pump
wavelength. With the result shown in Fig. 5 and Eq.
(23), we can calculate the fractional thermal loading as a
function of Pabs /Pth,o for several values of the pump-to-
mode size ratio, as plotted in Fig. 6. From Fig. 2 it is
clear that the critical pump power is approximately 4–5
times the threshold power. With Pabs /Pth,o ' 4 –5, the
fractional thermal loading shown in Fig. 6 was found to
be in agreement with the experimental results shown in
Fig. 3. This good agreement confirms our physical analy-
sis and validates our space-dependent rate-equation
model.

Finally, it is worthwhile mentioning that, although we
have treated only the result for a Nd:YAG laser, the ETU
process was found to be a common effect for a Nd-doped
gain medium, such as Nd:YLF,8 Nd:YVO4, and Nd:LSB
crystals.22 Therefore, for scaling up a cw diode-end-
pumped Nd-doped crystal laser to higher power, the
pump-to-mode size ratio should be designed to be lower
than 1.6 to reduce the influence of ETU.

4. CONCLUSION
In summary, a method based on the fact that there usu-
ally exists a critical pump power at which a thermally in-
duced focal length will cause the laser cavity to be un-

Fig. 6. Fractional thermal loading versus Pabs /Pth,o for three
values of the pump-to-mode size ratio.
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stable has been used to deduce the fractional thermal
loading. Experimental results show that the fractional
thermal loading is an increasing function of the pump-to-
mode size ratio. The dependence of the fractional ther-
mal loading on the pump-to-mode size ratio arises from
the combined effects of the ETU processes and the
unclamped behavior of the population-inversion density
above threshold. A space-dependent rate-equation model
that accounts for the ETU effect has been developed with
which the thermal experimental data for loading in end-
pumped lasers can be analyzed. The results of this
model show that the pump-to-mode size ratio should be
designed to be lower than 1.6 to reduce the influence of
ETU in scaling up a cw diode-end-pumped Nd-doped crys-
tal laser to higher power. This conclusion has been sup-
ported by experimental data.
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