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Abstract
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1. Introduction

Throughout this paper, a configuration of a graph G means a mapping from V' (G)
into the set of non-negative integers NU{0}. Suppose p pebbles are distributed onto the
vertices of G; then we have the so-called distributing configuration (d.c.) 6 where we
let 5(v) be the number of pebbles distributed to v € V'(G) and dy equals >, oy 6(0)
for each induced subgraph H of G. Note that now dg = p.

A pebbling move consists of removing two pebbles from one vertex and then placing
one pebble at an adjacent vertex. If a d.c. o lets us move at least one pebble to each
vertex v by applying pebbling moves repeatedly (if necessary), then J is called a
pebbling of G. The optimal pebbling number of G, f'(G), is min{dg | 4 is a pebbling
of G}, and a d.c. J is an optimal pebbling of G if 0 is a pebbling of G such that
56 = /'(G).

Note here that the pebbling number f(G) of a graph G is defined as the minimum
number of pebbles p such that any distributing configuration with p pebbles is a
pebbling of G. The problem of pebbling graphs was first proposed by Saks and Lagarias
[1] as a tool for solving a number theoretical problems by Lemke and Kleitman [4].
In terms of pebbling, they expected the pebbling number of an n-cube to be 2”. Later,
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this problem was solved by Chung [1]. An alternative proof of the following theorem
in number theory was thus obtained.

Theorem 1.1 (Clarke et al. [2] and Lemke and Kleitman [4]). For any given integers
ay,as,...,aq there exists a nonempty subset X C{1,2,...,d} such that d|, . , a; and

> i xged(a,d)<d.

In [1], Chung also mentioned a conjecture by Graham: given two graphs G and H,
is the pebbling number of the Cartesian product of G and H, f(G x H), no bigger than
f(G)f(H)? So far, the problem remains unsolved in general. It is worth mentioning
that Moews [5] showed that the inequality holds for trees G and H.

On the other hand, the study of optimal pebbling number is equally interesting. First,
an absolutely nontrivial result on paths was obtained by Pachter et al. [7].

Theorem 1.2 (Pachter et al. [7]). Let P be a path of order 3t +r for 0<r<2, ie.,
|V(P) =3t+r. Then f'(P)=2t+r.

Recently, Fu and Shiue [3] found f'(T) for T a caterpillar by way of a general-
ized pebbling on a path. Since the statement of the theorem is too long, we omit it
here. Furthermore, in the same paper, they have proved an analog of the conjecture
mentioned above.

Theorem 1.3 (Fu and Shiue [3]). For any graph G and H, /(G x H)< f(G)f'(H).

Clearly, Theorem 1.3 gives an upper bound for the optimal pebbling number of a
product graph; for example, an n-cube O, =0, X K,. We note here that quite recently
an upper bound for f’(Q,) has been obtained.

Theorem 1.4 (Moews [6]). f/(Q,) = (3 )"0l

In this paper, we shall focus on the study of the optimal pebbling number of a
complete m-ary tree, where a complete m-ary tree with height A, denoted by 7}, is
an m-ary tree satisfying that v has m children for each vertex v not in the Aith level.
In Section 2, we first obtain f/(T) for a complete m-ary tree T with m>3. Then,
in Section 3, we show that the optimal pebbling problem of the complete binary tree
with height 4, T?, can be transformed to an instance of an integer linear programming
problem(ILP) and we find an efficient algorithm to find the optimal solution for the
instance of ILP which corresponds to the optimal pebbling number problem for the
complete binary tree.

2. m=3

Consider a d.c. § of G and let H be a connected induced subgraph of G. Then
0|y (6|y for short) is a d.c. of H induced by 6. In H, the maximum number of
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Fig. 1.

pebbles which can be moved to the vertex v using pebbling moves in |y is denoted
by dgx(v). Clearly, we have og(v)<dy for each v€ V(H). Now, we have the first
result.

Theorem 2.1. f/(T")=2" for each m=>3.

Proof. Let vy be the vertex in the Oth level (root) of 7;"=T, and ¢ be a d.c. such that
3(vg)=2" and 6(v)=0 for each v € V'(T)\{vo}. Then it is obvious that & is a pebbling of
T, and thus f/(T)<2". On the other hand, we will prove f’(7)>2" by induction on .
This is trivial for =0, so let 2z > 1. Assume that f’(T,’l”71)>2}’*l and let 7—uvy contain
components T, T5,..., T,. Cleartly, f/(T\)= f'(To)="--= f/(T,)= f/(T/",)=2"""1.
Now, let 0 be an arbitrary pebbling of 7" such that d(vg)=x¢ and o7, =x;, i=1,2,...,m.
Then, for i=1,2,...,m,

/ 1 1
ST < 3x0 + X + E %)
GE{1, 20 i—1,i+1,om}

This implies that
mf (T )< %xo + "Pxy + %2x + - 4 "2x,, <407, (*)

and we have 67 >2f/(T" ,)=2". Thus, f’(T)>2" and this concludes the proof. [

We note finally that the proof fails when m = 2 because then (m + 3)/4 > m/2. In
fact, f/(T?)<7 <23 (see Fig. 1).

If a d.c. of a complete binary tree 7 with height 4 can be obtained by placing x;
pebbles on each vertex in the ith level, i=0,1,...,A, we denote it by (xo,X1,...,Xs)7.
(We may omit T from this notation when it is clear which tree we are using.) In this
section, we mainly prove that the optimal pebbling of a complete binary tree 77 can
be obtained using a d.c. of this type where x; is even for each i > 0; we will call such
a d.c. symmetric. See Fig. 1 for an example.
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v — k-th level

u w + ¢ (k+1)-th level

Ukt — (k+2)-th level

Upoy + «— (h-1)-th level

up /\ — h-th level
Fig. 2.

Since f/(T3)=1 is easy to see, throughout this section, let 7 be a complete binary
tree with height 2> 1. For each vertex v € V(T') in the kth level of T, the branch of
T including v and all its descendants is denoted by T}, and the subtree of 7 obtained
by removing V(T,)\{v} is denoted by T,. If a d.c. J has the property that §|, =
(XksXg415--->xp)7, where x; is even for each i > k, then we say o is symmetric on 7,
and this implies that o7, (1) = Zf:i x; for each u € V(T,) in the ith level of T, where
k<i<h.

Lemma 3.1. Let 6 be a d.c. of T and v be a vertex in the kth level of T which has
two children u and w, and let & be symmetric on T, and T,,. If either h >k + 1 or
either o(u) or o(w) does not equal 1, then the following statements are equivalent,
in any case, (1) implies (2), and (2) implies (3).
(1) o7(v")=1 for each v' € V(T,);
(2) 67, — 301,(u) + 307.(v) + £07,(W)=5 x 2"* and

5Tw — %57"‘¢(W) + %51:1(1)) + éérﬂ(ﬂ)?% X 2hik;
(3) or(vp)=1 for each v, € V(T,) in the hth level of T.

Proof. Let |7, = (Vkr1, Vii2s---> Va)1,» Un € V(T,) be an arbitrary vertex in the ith
level of 7' and P = w,v,u, uy42,...,u, be the path connecting w and u,. Clearly, u;
is in the ith level of T, i =k + 2,k + 3,...,h; see Fig. 2. We first move pebbles
from V(T) \ V(P) to the vertices of P by applying pebbling moves such that the
number of pebbles in P is as large as possible. Then there exists a d.c. ¢’ of P
and my_1,...,m; which are defined by &'(w)=m;_; = o7, (w), '(v) = m = 67 (v),
&' (W) =mi1=yis1+ 3 Z;':Hz Vi, &' (un)=my=yy and &' (u;)=m; = y; + 5 Zj‘l:[+1 Y
fori=k+2,k+3,...,h— 1. Note that 57(u;) = 6p(u;). Now, we are ready to prove
our implications.
(1) = (2): Clearly,

Sr(up) =my + | 3(mp—y + [3(mp—z + | 5C..(mp + [3me—1]).. )] =1
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By taking away all the floors, we have

h
> ) m
—k—

1

1

h—1 h
=)' "o, m + ()" For @)+ Y | QT ity X wi | |+
i=k+1 J=i+1
h . h—1 A h
=3 Do, )+ B+ DG Ty Y G Y
i=k+1 i=k+1 J=i+1
h ' h—k '
=) Do+ 3 s+ D> [T+ DD QY | v
i=k+1 j=h—i+2
h .
=3 Do, ) + B+ D BT =G =1
i=k+1

This is equivalent to saying that

h
Z (2i=k+D) %)yi + %5T'U(U) + %5T‘t,(w)
i=k+1

=37, — 387,(u) + 387 (v) + £67,(w) =1 x 2" 7K,

Similarly, we obtain o7, — 107, (W) + 307, (v) + §07,(u) =1 x 2"7%,
(2) = (3): Without loss of generality, restrict attention to v, = u; € V(T,). Let
gi—1=my_1 and g; = m; + L%gi_lj, i=kk-+1,...,h Then

Or(un) = my + [ 3(mu—1 + [ 50mp—a + [5C..0mx + [5m 1)) .. )D)] = g

h

It suffices to prove that g, >1. First, we will prove that g;>2"~/ — %" 2= m;

i=j+1
for k — 1<j<h by induction on j. Note that 2=/ — Zf’:jﬂ 2i=/m; is even for
k —1<j<h — 1. Since o7, — %53(14) + %575(1;) + %5Tw(w)>% x 2h=k we have
S (i =1 Thus SO0, 206D 220D and gy =my_y 20D -
S 276Dy, so the assertion is true for j = k — 1. Assume that g;>2" —
Zf:jﬂ 21%m; for some j, k — 1 <j<h — 1, then g; 11 = my + |3g;|=>mpy +
2h=i-1 —Zf:jﬂ 2"_«"_1m,:2h_(/‘+1)—Zi’:(ﬁl)+1 2i=U+Dm;. completing the induction.
Setting j = h, we then have g, >1, so we are done.

(3) = (1): We shall use the ‘bottom-up’ idea to prove the implication. If A=k + 1,
by our hypothesis, either d(u)>=2, d(w)>=2, or dr(v)>=2. This implies é7(v)>1 and
we are done. Otherwise, let & >k + 1. Assume that we have shown Jdr(v')>1 for
each v' € V(T,) in the levels greater than j>k + 1 and let v; € V'(T,) be an arbitrary
vertex in the jth level which has two children u;,; and w;,;. By assumption, we have
or(up1)=0r,  (ujr1)+ L%((vaj(l?i)Jr H5Tuy+] (wj+1)])] =1 and 67(wj1)=0r,  (Wjs1)+

L%(5T‘,,f(”j) + 397, (wps))] = 1. Note that o7, (uj41) = 0, (wjs1) = Zf:_m Vi

Hj+1
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+— 0-th level

— h-th level

Fig. 3.

is even; this implies that either 5Tuj+](uj+1) = 57»@»+1(WJ‘+1)>2 or 51:L,/.(Uj)>2' Hence,
or(vy) = 5T'p,(v/') + %5@/_“ (uj1) + %5%“ (wj+1)=2, and we obtain d7(v")>2 for each
' € V(T,) in levels above k. Similarly, 57(v/)>2 for each v/ € V(T,,) in levels above
h. Either of these two facts implies that d7(v)>1. This concludes the proof of this

implication. [J

Lemma 3.2. Let 0 be a symmetric d.c. of T and 6 = (xo,x1,...,xp)7. Then 0 is a
pebbling of T if and only if Z?:o (21— D=1 x 2

Proof. Let v be the root of 7" which has two children u# and w. Then ¢ is symmetric
on T, and T, respectively. By Lemma 3.1, we obtain that J is a pebbling of 7' if and
only if

1, — 207,(u) + 107 (v) + Lo, (w)=1 x 2"
and
St, — 201,(W) + 107 (v) + Lor7,(u) =1 x 2",

Note that 07, = o7, = Sor_, 2/~ 'x;, d7,(u) = 7, (W) = Sob_, x; and &7 (v) = xo. Hence,
observing that the two inequalities are identical, we have the proof. [J

Lemma 3.3. For any pebbling & of T, there exists a pebbling & of T such that 6 is
symmetric on T and o7 = d7.

Proof. The proof follows by constructing 5 recursively starting from the highest level.
To do this, we let 6 be a pebbling of 7 which is symmetric on 7, and 7, where u
and w are two children of v (see Fig. 3). We will first construct another pebbling 6"
of T from 6 which is symmetric on 7, and 7, by rearranging the pebbles on T,,.
Then, by adjusting the number of pebbles on v, w, and 7,, we will have a pebbling
b symmetric on 7, and with no more pebbles than 6. The proof ends when v reaches
the root.
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We shall use the same notations as we have used in the proof of Lemma 3.1. Without
loss of generality, let d7, > 7,. For convenience, we introduce three functions defined
on the set of distributing configurations of 7. For each d.c. of T, o, let

(o) = oy, — Yor,(u) + Soz () + Loy, (W),

pule) = ar, — 3o, (W) + 307, (0) + gor, (1)

and

D) = yu(e) = pu(@)-

Now, by observation, we have the following facts:

(1) ¢(2) = a7, — oz, — (g, (u) — aug, (w)).

(2) By Lemma 3.1, since 0 is a pebbling of 7 which is symmetric on 7, and T,
we have 7,(6)>1 x 2"7% and 7,(8)>1 x 27,

(3) Let |7, ={(Vit15 Vit2s-- > Yu)1,- If $(6) < 0, then there exists an index j > k+1
such that y; > 0. (For otherwise, by the definition of ¢, ¢(6)>0.) Now, define ¢’ by
01, = Pkt 1> V2o -5 Yjm2s Vim1 + 427 = 2, Vit 1s 0 Vi) T,
Then ¢’ is symmetric on 7, and T, 07 = dr, and 67 (w)= 07, (w)+ 2, which implies
that ¢(3') = () + 1, 0, (v) = 0r,(v) + 1 and 7,(3") = 7,() + 5.

Using the above facts we can construct a d.c. 8" of T by way of the following
procedure:

begin
Let 69:=6, ¢p:=¢(6?) and i:=0;
while ¢ < — ] do

(Z,({ﬁl, ) zi)>r , and

j>k + 1 is an index such that z(') >0,
let 007 :=6'|7 , 60TV, —5’|T, and

let 6(i+1)| <Z£21’Z]({IlZ) 7251)2’ 51)1 + 4 Z(l) 252§21’ 2511)>Tw;
p=0o+1;
i=i+1;

end

Clearly, the d.c. 8" = 6) obtained satisfies the following properties:

(a) " is symmetric on T, and T,,;

(b) 07 = dr;

(c) 7, =07, and 07, = Jr,; this implies that 07, >07 ; and

(d) ¢(0")= — 1. Furthermore by (1) and (3), if ¢(0”) > 0, then & = é.

Most importantly, we have to prove the following property:

(e) 8" is a pebbling of T.
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If 0" =4, this was assumed. Otherwise, by (3), we have 67 (v) > dr,(v) which implies
that 6%(v')=d7(v') =1 for each v/ € V(T,). Furthermore, yu(é”)>yu(5)> x 2=k By
(d), we have ¢(0"”)<0; this implies that yw(é”)2yu(5”)>% x 2=k, If 0" #£ 0 we
must have # > k + 1, so, by Lemma 3.1, we have the claim.

Now we are ready to define 5. Let 8" ={Zk+1>Zk425---»Zn)7, and let A=0 if z;,; is
even and 1 if z;; is odd. We define & by o(v')=0"(v) for each vertex v/ € V(T,)\{v}
and S\T = (Xt Xk 415 - -, Xn) 7, Where xp=0"(v)+07, — 07, +22, Xp11=2441— 4 and x;=z;
for each j > k + 1. Clearly, o7, = o7, o (u) = o7, (w) = 07 (w) — A is even, and x; is
even for each j > k. This implies that yu(g) = yW(S) = 5T — %STW(W) + %ST'U(D) = %l
for some integer /, L%(;TW(W)J = %5rw(w): %(5}"11(w) — ), 0r =0, and & is symmetric
on 7.

Again we have to prove that 0 is a pebbling of 7. Since ¢" is a pebbling of 7, and
S(u) = 5(w) is even and 6(v/) = 5”(1; ) for each vertex v/ € V(T,)\ {v}, 1t suffices to
prove that o7, (v)=67 (v) and 72(0) = P (8) =1+ x 2"=* Since Pp(8")= — 1, we have

87, — 07, = ¢(0") + 3(87,(u) — 7, (w))
> [3(57,(u) = 07, (w) = D] = [3(57,(w) = 07, (w))].
This implies that
5r,(v) = &"(v) + 8. — 3% +24+2| L7, (w)]
> 0"(v) + [ 507, (u) — 07, (W))] + 22+ 2 x 3(57, (W) — 4)
= 0"(v) + [307,(u) + 307, (W)] + 2
> 8"(v) + [ 307,()] + [507, (w)] = 07, (v).
Note that b7, = &7, — 4, or,(w) = 87, (w) — 4 and &7 (v) = 8% (v) + 67, — 67, + 24 =
5%(1]) + ¢+ %5}’“@:) — 16 (w) + 24. Therefore, we have
Pu(8) = 7(8) = S1, — £61,(w) + $07,(v)
= (07, — 2) — ¢(0F, (W) = A) + 3(0% (v) + H(")
+ 307 (u) — 307 (w) +22)
= 07, — 307, (W) + 30% (v) + §07, () + 3(3") — &4
> 7u(8") + 36(8") — §

Now, if ¢(5”) > 0, then y,,(5") + + ¢(5”)> x 2=k Otherwise we have w(6”) +
108" =7u(8") + $(d") = yu(é”)> x 2h= k. This implies that yu(é) = 7,(8)=
1 x 2h=k — 1 But y,(5) = y.(3) = 11, l an integer; therefore 7,(0) = 7,(3)>1 x 2"—F,
Hence by Lemma 3.1, we conclude that & is a pebbling of 7. [
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Theorem 3.4. f'(T)=min{3 " 27| S0 (2 — =1 x 221, %o €{0,1,2,3}, and
x€{0,2}, i=1,2,...,h}.

Proof. By Lemma 3.3, since each pebbling of 7, J, has a symmetric pebbling 5 such
that 7 = o7, f'(T) can be obtained by minimizing Ef‘l:o 2'x; where (xg,X1,...,X;)
is a symmetric pebbling of 7. Now it suffices to claim that there exists an optimal
symmetric pebbling of T, (xp,X1,...,x;), such that x; <4 for each i€{0,1,...,A}.
Suppose not. Then in each optimal symmetric pebbling of 7, (yo, y1,...,ys), there
exists a smallest index 0<j </ such that y; >4. Since f'(T) <2", we must have j < h.
By Lemma 3.2, it is easy to check that 6U) = (V0se e s Ve 1, Vi =4 Vi1 +2, Yjsos oo os Vi)
is also an optimal symmetric pebbling of 7. By applying this operation repeatedly
we obtain an optimal symmetric pebbling of T, (xg,x{,...,x;), such that x7 <4 for
j=0,1,...,h This is a contradiction. Thus we have the proof. [J

Clearly, by Theorem 3.4, we can transform the optimal pebbling problem of complete
binary tree to the following instance of ILP:

h
min E 2'x;
i=0

h

Y@ - Hxzyx 2

i=0

x€{0,1,2,3} and x;€{0,2}, i=1,2,...,h D)

Although ILP is NP-complete, we have an efficient algorithm to solve (%), and thus
we can quickly find the optimal pebbling number of the complete binary tree. In what
follows we present the algorithm with full details.

Algorithm OPCBT(h)
Input: h (a positive integer).

Output: (xg,X1,...,Xx;) (an optimal solution of (xx)).
begin
{Step 1: initialization of ¢ =7 (2 — 1)y and x;, i =0, 1,...,h.}
Xx0:=3;

c:=(1 — § )xo;
for i=1to & do
x;:=2;
c=c+ (2 — g
{Step 2: testing x; =0 or 2, i =1,2,...,h.}
for i=/5 to 1 step —1 do
if ¢ — (2" — 1)x;=1 x 2! then
c=c— (2 - x;
x;:=0;
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{Step 3: testing xo =0,1,2 or 3.}
while ¢ — (1 — §)>1 x 2"*! and x, > 0 do
c=c—(1- %);
Xo:=xg — 1;
end

Theorem 3.5. Algorithm OPCBT produces an optimal solution of (xx), and its time
complexity is O(h).

Proof. Let (ng,ny,...,n;) be the output of Algorithm OPCBT. Clearly, (3,2,...,2) is a
feasible solution of (xx*) in Step 1; hence an optimal solution of (xx) exists. Now, we
shall claim that (ng,ny,...,n,) is the unique optimal solution of (*x). Observe that for
each integer k>1, 2-2F >3 4 Z;:ll 2 x 2F. Therefore, if (3,2,...,2,0,f541,...,1;) is
a feasible solution of (xx), then any feasible solution (xo,x1,...,Xk—1,2,kt+15---,M) 18
not optimal. On the other hand, if (3,2,...,2,0,n441,...,n;) is not a feasible solution
of (*x), then for each feasible solution (xg,X1,...,Xk—1,Xk, Bkt1,--->M5), Xk = 2. Hence,
if (xg,x},...,x;) is an optimal solution, by Step 2, starting from %, we see that x; =n;,
and then x;_, = nj,_,...,x{ = n;. Finally, by Step 3, we have xj = ng. This implies
that the output is the unique optimal solution. Since the time complexity of Algorithm
OPCBT is easy to see, we conclude the proof. [J

Concluding remark. Let 0= (x¢,x1,...,x;) be the optimal pebbling of T obtained from
Algorithm OPCBT. Then by Theorem 3.4, for any k < A, we have

h h
5]" = E 2ix,' Z% X 2h+] + E %X,‘
i=0 i=0

k h
B SUEUNSRIT PR it
i=1 i=0
h
=23 x2"+ L x4+ & ><2”)+2><%><4lk><2h+2%x,~
i=0

h
=222 g 2Ry Lo % x M=% 4 Z %x[. ( % %)
=0

Eq. (#*x) then suggests that, in order to obtain an optimal pebbling of 7, 2 pebbles
should be placed on each vertex of the (2 — 2)th, (h — 4)th,...,and (A — 2k)th lev-
els, using the lower levels to ensure that S0 ' 20 >2 x L x 202 1 577 1y
Therefore, we conclude that when /% is sufficiently large there exists an /4’ such that
(XnrsXpr 15+ 5xn) = (0,2,...,0,2,0,2,0,0), and that f'(T) can be approximated by

%(2”+1 + &) with small errors. To be more precise,

fI(TH = 2" + h)/3 + O(log h)



H.-L. Fu, C.-L. Shiue/ Discrete Mathematics 222 (2000) 89-100 99

and for i > O(logh), the value of x; in an optimal pebbling of 77 is
2, if h—iis even and positive, and
0, otherwise.

To prove this, let each n € {0,1,...,2"*2 — 1} have binary expansion n:Zfiol yi(n)2.
Write

h+1

Y(n)=yo(n) +2> yi(n) and y(n)=n— y(n)/3.

i=1

Let 6 = (x0,x1,...,X;) be a symmetrical d.c. of 77 with xo € {0,1,2,3}, x; € {0,2} for
i=1,2,...,h. Write n=07. Then

xo = yo(n) + 2y1(n), x1 =2y2(n),...,xp =2yp+1(n), (o o stk )
so by Lemma 3.2, ¢ will be a pebbling of T if and only if
a(n)=n—Y(n)/3=1 x 2" (% * % % %)

Sf'(T?) will therefore be the minimal n for which (x#xxx) holds. Since Y(n+1)<y(n)+
1 for all n, x is increasing with n. Let n0:2L2h/3j; then y;(ng) will be 1 if h—i is odd
and 0 < i < h, and O otherwise; therefore, W(ng) =2|h/2], and y(ng) = no — %Lh/ZJ
Set k = |h/2] — |jlog,h] — 1, and let h>2, so that k>0. Evidently, & > 2k, so
Vi—2k(n9) = 0. Therefore, for all ;>0 no bigger than 2", no carry out of y;,_x(ng)
will occur when adding 7 to ng, and so

Yh—2kr1(no +1) = yp_2k41(n0), - . ., Yir1(no + 1) = yuy1(no). (% s % % k)
Therefore, for 0<i <<2" 2,

[W(no + i) — 2| 4| <2(h — 2k) + 1<7 + 4|4 log, h] <7+ 2log, h
and

|X(n0+i)—(no+i—%L%’J)\<%+%log2h. (3 % % % % % %)

1
Let io = h/3 — log, h and i; = h/3 + log, h. We have 2/—2k > 2231l hl+D 5 p g4 for
h large enough, 0<ip<i; <2"~?*, and we may apply (xkksxxx) to get

a(no +io)<mg+ig — 2[4 + 7+ 2log, h < 1 x 2", for h sufficiently large,
so (#xxxx) does not hold for n = ny + iy, and
a(nog+i)=ng+iy — 2[4 — 7 —2log, h=1 x 2", for h sufficiently large,

s0 (#xxxx) does hold for n=ny+1i,. Therefore, if 4 is large enough, ny+ip < f’(Thz)<
no +iy and f'(T})=2""1/3+ h/3 + O(logh), as desired. The remark about the value
of x; in an optimal pebbling now follows immediatedly from (%) and (k).
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