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problem ~n~ sh~ th~ ~be ~g~ri~hm is opt~en. 

~Lo ]Im~m~om 

~ p ~ c ~ y  ~ u ~  on ~he v~rizn~ of ~h~ ~ r ~  of 

Chem ~] ~imum ~ vm~im~ of ~h~ ~ n  of 

p~opo~ m ~mbim~d vmrimm~: ~he ~o~m ~f H~moi 

im th© fcP~'~n[. 

o ~  order, ~ rul~ of ~ k  move~ ~re: 
~¢ 1. Every ~o~ ~isk c~n b~ ~m~h~m~o~y 

v~mi~y, H~m~u 300, T~i~mm, ROC. 

0 ~ .  
]In o~h~r wor~, ~hree ~A~ of mov© ~nc~in~ 

L 

A, B, C: A is F~OM peg, a and C are TO 
pegs. 

~op ~o bottom; similarly for 

C ~ g ~ I ~ / 9 3 / $ ~ . ~  © ~ 3  - E~' i er  Sciem~ ~b~ishe~ B.V. All ~ i~s  ~u~ved I 
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R(A(X,..,n)o~(0),~(0)) 

R(&(~),~(0),C(L..,~d )) ~(~(~),~(~),C(2,..,~- ~)) R(~(n),~(2),C(L~,..,~d)) 

N(&(O)°~,(~I,C(L..,a- 1 )) R(A(1 )og(~),C{2,..,ad )) R(A(2),B(n),~( L3,..,a- ~.)) 

R(A(0),B(L..,n),C(0)) 

RC&(L..,n),B(0),C(0)) 

N(&(n),N(0),C(L..,~- ~)) N&{n),g(l)oC(2,..~ad )) N(&(n),g(2),C( L3,..,~o 1)) 

R(A(0),B(~),C(L..,~d)) ~(A( X ),B(~),C(2,..,~d)) ~(A(2),B(~),C(I,3,..,~d)) 

~(&(L..,~d ),B(~),C(0)) R(A(2,..,~d ),B(~),C( ~ )) R(A(L3~..,nd ),B(n),C(2)) 

R(A(I,..,n- X ),B(0),C(n)) R(A(I,..,n-X),~(X),C(a)) R(A( a,3,..,nd ),~(2),C(n)) 

~(A(0),B(0)oC(L..,n)) 
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4(o): 

R(4, ~, c): 
c(n): 

a(n):, 

peg A ~ h  no disk; sirailar~y for 
~(0) and C(O). 
s~z~¢ of pegs 4,  ~ ~nd C. 
~he ~ i n i ~ l  number of disk ~oves  
required ~o ~r~rasfer n dis~ ~o ~h¢ 
n e~  position clockwise ( 4  ..~ B 
C --~.4). 
~h¢ rninimsl number oZ disk ~oves 
re~ired ~o ~ransfer n disks ~o ~h¢ 
n e~  position ~ic~ockwi~e (4  ..~ 
C - ' ~  ~ 4 ) .  

An op~i~a[ a ~ g o r i ~  is derived fro~ ~he ~o~- 
~o~ng l e ~  end proved to ~e correct. 

} ~ s  1lo For ~ ~ 1, t~e minimal ~ b e r  o f  disk 
n,~ve$ for ~ . f o n , ~ , ~  ~(4(2,0.., n), ~(]1), C(O)) 
~to R(4(O), B(L. . . ,  ~), C(O)), ~ c(n) - ]1. 

]I~x~ITo ~or n ) I ,  c~nskler ~he o p ~  ~ransfor- 

~(A(O), ~(~ .... , n), C(OD. The ~r~ disk ~ove is 

e(o), c(o)) 
R(4(2,...,n), c(o)). 

Hence ~he ~iniraa~ n u ~ e r  of disk r~oves for 
~ransfor~i~g z~(4(2,...,n), ~(]1), C(O)) into 
R(4(O), B(]1 .. . . .  ~), C(O)), is c ( . ) -  ]1. o 

(~) t ~ f o ~  z~(4(z,..., ~), e(O), C(O)) ~to 
R(4(~), ~(~, . . . ,  n), C(O)), 

(2) t ~ f o ~  R(4(2,.. . ,  ~), ~(D, C(O)) ~to 
z~(4(o), B(~,..., ~), c(o)); 
and a(n)- z, fer t~e fot~w~ m~n~fozma~n~, 

(]i) ~ r ~ f o ~  z~(4(]1,o.., n), ~(0), C(O)) ~to 
~(4(o), ~(~), C(2,..., n)), 

(2) t ~ / o n ~ e  ~(A(2,..., n), ~(1), C(O)) ~to 
R(4(o), ~(o), c(~,..., n)). 

shown. 

f o ~ t ~ ,  of R(A(L..., ~), ~(0), C(O)) ~to 

moues e ~  $~own in ~y,. 2(a). 

]?~¢¢Co For ~ ;~ 3, ~he ~ r s n s ~ o r ~ i o n  of 
~(4( I , . . . ,n ) ,  ~(0), C(O)) into R(,4(O), 
B(I, . . . .  n), C(O)) can be divided into ~hre¢ s~eps: 

Step I shows ~he Iransforraa~io~ of  
R(4(I ..... n, ~(0), C(O)) into ~he s~a~e prior ~o 
'disk n bein~ ~oved from pe~ 4 ~o peg ~, 

Step 2 shows ~he ~ove  of  disk n fro~ peg 4 
~:o peg B, 

Step 3 shows ~h¢ ~r~nsfor~a$ion of ~h¢ s~a~e 
when disk ~ has been r~oved from peg 4 ~o peg 

into R(4(O), ~(Z, . . . .  ~), C(O)). 
In ~he Iin~l s ~ ¢  of S~ep 1, only disk n is on 

pe~ 4 ,  and disk 1 or disk 2 or none is on peg B 
while ~h¢ o~he~ are on peg C. And in ~he initial 
s ~ e  of $~ep 3, only disk ~ is o~ peg ~,  ~ d  disk 
I or disk 2 or none is on peg 4 ~hile ~he o~hers 
are on peg C. Hence ~he ~r~s~o~a~ion d i a ~ a ~  
is shown in Fig. 2(z). [] 

I I ~  ~. ~or ~ ;~ 3, cor~i~er t~e optimal t ~ -  
f o ~ o .  of  Z~(4Q1,...,n), ~(0), C(O)) ~nto 
R(A(O), B(O), C(L... ,n)); t~e detai~ of ~/¢ 

~ ' o  The ~ransfo~ation R(A(1 . . . . .  n), BCO), 
C(O)) ~to R(A(O), B(1, . . . ,  n), C(O)) (:an be di. 
vided i ~ o  five s~eps: 

Step 1 shows the transformation of  
R(4(L..., n), B(O), C(O)) in~:o ~he state prior ~o 
disk n being m ~ e d  ~rom peg 4 ~o peg B, 

Step 2 z h ~  ~he move of disk n from Peg 4 
tO peg B, 

Step 3 s h ~  ~he transforn~tion of ~he s t~e  
when d~k n has been moved f'rom peg A ~o peg 
B into the s~s~e prior ~o disk n being moved from 
peg B ~o peg C ,  

Step 4 show~ ~he move of  disk ~ fro~ peg ~ ~o 
peg C, 

Step ~ sh~v~ ~he ~ r ~ f o r ~ i o n  of ~he s ~ e  
whe~ ~i~  ~ h~s ~ee~ ~oved fro~ peg B ~:o peg 

Fir~, ~ ~he ~ n ~  s ~ e  of S~ep ~t, only disk n is 
on peg 4 ,  and disk 1 or di~k 2 or none is on peg 

while o~hers ~re on peg C. L ~ r ,  in ~he iui~ial 
s~a~e of Seep ~, only disk n is on peg ~,  ~ d  disk 
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1 or disk 2 or none is on pe~ ,4 while o~her~ are 
on peg C; and in ~he final ~a~e of $~ep 3, only 
di-~k n is on peg ~, and disk I or di-~k 2 or none is 
on pe~ C whi~e o~hers are on pe~ A. Finally, in 
~he ~i~ia~ s~a~e o~ Seep 5, only disk n is on pe~ C, 
and disk ~ or disk 2 or none is on pe~ ~ whi~e 

o~her~ are on p ~  A. Hence ~he ~ransfo~a~ion 
diazrarn is s h o ~  in Fiz. 2(b). [] 

R(A(L..,~)oS(0)o¢(0)) 

RCA(a),~(0),C( l,..,n- D) N(ACn),g( D,C(2,..~- D) RCACn),~(2),CCI,~,..,n°D) 

~(A(0I,g(!,..,hi,C(01) 

F~g. $. 

R(A(L..,n)oB(0),C(0)) 

R(A(~),g(0),C( L°.,~o ~)) N(A(~),g(D,C(2,°.,n- D) R(A(n),B(2)~C(L3,..,~° D) 

R(A(0),g(n)oC( L.°,n° I)) N(A( Dog(a),C(2,..,n° D) N(A(2),N(n)°C(LN,..,n° D) 

N(A( L°.,~- D,B(n),C(0)) N(A(2,°.,no D,B(n),C(D) N(A(L3,..~- 1 ),g(n),C(2)) 

N(A( g ~.,~* 1 )~N(N,C(~)) l(g(2,..,n- 1 ),B(1),C(n)) R(A( L3,..,n- l),g(2)oC(~)) 

R(A(0),B(0),C(L..~)) 
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#(2), C(O)) ~ o  R(A(~), #(X), C ( 2 , . . . , , -  I)) 
are 3 and a(~ - 1 ) -  4, respectively, the op~ima~ 
~rex~form~don can be modified as: 

I?~o~o We warn ~o prove ,hL~ lemms bY indue,ion. 
Xt is c~eariy , ~ e  for ~ ~ 2° We a~ume ,his ~emma 
is ~r~e for ~ - 1. T~i, ea~ump,ion impHe~ 

(1) ~he minimz~ numbers of di~k move~ for 
~r~n~form~n~ ~(A(I,  3 , . . . , n -  1), #(2), C(0)) 
[~o R(A(0), ~ ( i  . . . .  , ~ - D, C(0)) and R(A(0), 
#(0), C(I .... , ~ - i)), ~re c(n - 1) - 3 and a(n - 
1) - 3, respec,ive~y; 

(2) ,he r ~ n i ~  num~e~ o~ disk ~ove$ for 
,mnsform[ng ~(A(I,  . . . .  ~ -  I), #(0), C(0)) imo 
R(A(~-), #(~, 3 , . , . ,n  - I ) ,  C(0)) and R(A(0), 
#(2), C(1, 3 . . . .  , n - l ) ) ,  are c ( ~ - i ) - 3  and 
~(~ - I ) -  3, re~pec,ive~y. 

~y  ~ 1 end 2 a~d ~he above ~vo re~ui,s, 
we o~ain 

(3) *he minim~d numbex~ of di,k m~e~ for 
,ran~ormi~g ~(A(2, ... .  ~ - i), #(i),  C(0))'in~o 
R(A(2), #( i ,  3 , . . . , , -  D, C(~)) ~nd ~ (A(L  
3 , . , . ,n  - I), #(2), (7(0)) into R(A(~), #(~ . . . .  , 
- i), C(O)), are ~o,h c(n - i) - 4. 

~©e~u~e ,he ~ni~a~  n ~ b e r ~  of disk move~ 
for , r a n ~ f o r ~  ~(A(1, . . . .  ~ -  D, #(0), C(O)) 
into ~(A(I ,  3,..., ~ - I), #(2), C(0)) ~nd ~(A(2), 
#( i ,  3,.°., n -  I), C(0)) ~,o ~(A(0), # ( i , . . . ,  n 
- I), C(0)), are bo,h 3, i, is obvious ~ha~ 

(4) ,he ~ i n ~  n ~ b e r  of disk move~ for 
~r~mfor~in~ ~(A(I ,  3 , . ; . , ~ -  I), #(2), C(0)) 
imo R(A(2), #( i ,  3,°.., n -  I), C(0)) i~ ~ l e ~  

~y ~ . ~ a  3 and 4 and ,he above four resuh~, 
we oh,#in Fi~. 3. Xn ~ig. 3(a), ,here is ihe op, i~H 
, ra~or~a, ion o f  ~(A( I , . . . ,  ~), #(0), C(O)) imo 
~(A(0), #( I ,  . . . .  n), C(0)): 

~(,~(1,..~,n), #(0), c(o)) 

-~ (A(~) ,  #( i) ,  c(~,...,~ - I)) 

-~R(A(~), #(~), CO, ~,...,~ - I)) 

-~(A(o) ,  #(1, .... , ) ,  c(o)). 

~,cau~¢ ~ae m i n ~ d  ncm~e~ o~ dL~k ~ove~ ~or 
* r ~ o ~ L ~  ~(A( I , . . . ,~ ) ,  B(0), C(0)) into 
R(A(I, 3,..., ~), #(~), C(0)) ~nd ~(A(I ,  3,..., n), 

R(A(I .... , , ) ,  e(0), C(0)) 

- ~ ( A ( . ) ,  ~(I), C(~,...,. - I)) -~ ... 

--,~(A(0), #(I, .... n), C(0)). 

Hence we have proves ,h~, ~he m~nima~ ~umber 
of dL~k move~ for ,r~n~formin$ ~(A(X, 3 , . . . ,  ~), 
#(9), C(0)) into ~(A(0), #(1 . . . .  , ~). C(0)) ~, c(~) 
- 3. By ~he s~me ~e,hod, we ~lso prove *ha* ~he 
m~ima~ number of disk move~ for ~ran~fo~in$ 
~(~(1,  3, . . . ,~) ,  #(~), C(o)) L~o ~(A(0), #CO), 
c ( i , . . . , , ) )  is a ( , ) -  3 in ~i~. }(b). r~ 

" ~ e ~  ~. Per ~ ;~ 3, ¢(~) ~, 2.  a(~ - I )  - 3 a~d 
a(~) = 2.  a(~ - I )  + c ( ,  - I )  - ~. 

]I~re®Co By Lerm~a 5 and Fi~. 3, we obtain ¢(n)= 
(a(~ - I) - I] + I + [a(~ - I) - 3] -- 2 '  e(n - I) 
- 3  and ~(n) - [a(~ - I) - I] + I + [c(~ - i)  - 4] 
+ i + {~(~ - I) - 3] ~ 2. ~(, - I) + c(~ - I) - 6, 
for ~ ~ 3. [] 

Fi~ail},, applying ~e ~vo recurrence rela,ions 
in "I~eorem 6, we oh,#in ¢(n) and a(n) ~ rol- 
lers. 

T ~  7o For n ~ 3, 

2 + 3, 

4 +3. 

] I ~  ]I~ is ,~ivial ,ha, ¢(i), a(1), c(2) and a(2) are 
I ,  2, 4, and 5, respectively. ~y  rec~rrence re~a- 
, i o ~  i~ "~eorem ~L, ¢ ( n ) - 2  • a ( n -  1 ) -  3 amt 
a(~) ~ 2. e(n - I) - ¢(n - I) - 6, we have ¢(~) - 
EX + ~ ) ' - ~  + ( I  = V~) ' -~] /2  + 3 and a( , )  - 
~(i + V~)" + (I - ~ ) ' ~ / 4  + 3, f o r .  ~, }° [ ]  
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