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Abstract

In this paper, we present a two-stage test procedure for testing the hypothesis that the normal means
are falling into a practically indifferent zone. Both the level and the power associated with the proposed
test are controllable and are completely independent of the unknown variances. Relation to a single-stage
procedure is discussed when the two-stage sampling procedure cannot be completely carried through.
An example and tables needed for implementation are given. (©) 2000 Elsevier Science B.V. All rights
reserved.

Keywords: Analysis of variance; Two stage; Single stage; Power

1. Introduction

It is well known that, for a large sample size (100 observations will suffice in many
applications), the null hypothesis of equal means u; =--- =y (k > 2) can almost
surely be rejected if the underlying distribution is continuous. In applications, practi-
tioners often wish to know whether the means of interest fall into some meaningful
preference region under a hypothesis. This idea leads to the interval null hypothesis
Hy: S5, (u — fi)*/k < & against the alternative H,: Y% (u; — 1)?/k > &, where
it is the average of pi,..., and 0 (>0) is a zone of indifference which must be
specified in advance by an expert in his experiment. The null hypothesis Hy can be
interpreted as saying that there is little deviation among the means and the constant
0 can be interpreted as the amount of variation among means about which we are
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indifferent. Stating the null hypothesis as a region rather than as a point necessitates
the use of an unbiased test (see, e.g., Lehmann, 1986) which requires the evaluation
of percentage points of some noncentral distributions and, especially, the calculation
of a power function for a specified alternative (see, e.g., Ding, 1999).

In a one-way layout fixed-effects model, let there be k treatment populations
m,..., 7 such that observations obtained from population 7; are independent and
normally distributed with unknown mean g; and unknown variance o? (i =1,...,k).
Even if the variances are equal but unknown, the power of the noncentral F test for
testing the hypothesis Hy: > (u; — ji)*/o® < 6* depends upon the unknown common
variance, which renders it difficult to plan an experiment reasonably. Moreover, when
the variances are unknown and unequal, there does not exist an exact one-stage sta-
tistical procedure to solve the analysis of variance test problem (see, e.g., Bishop and
Dudewicz, 1978) if one wishes to have both the level and the power of the test con-
trollable at some fixed values. In this paper, we will employ the two-stage sampling
procedure (see, e.g., Bishop and Dudewicz, 1978; Stein, 1945; Rasch et al., 1997) and
propose an F' (analog of F) test for testing the null hypothesis Ho: S_(u; — 1) /k < 2
against the alternative H,: > (u; — 1)*/k > 6*. The distribution of the test /' by the
two-stage procedure drops the assumptions of unknown variances, hence the test has
the level and the power independent of the variances. We first introduce the two-stage
sampling procedure for the one-way layout in Section 2 and then calculate the criti-
cal values and the power of the test in Section 3. Statistical tables to implement the
procedure are provided. A numerical example for one-way layout to illustrate the
use of the F' test is given in Section 4. When the required sample sizes cannot be
reached in an experiment, the single-stage procedure (see Chen and Chen, 1998) can
provide a useful solution which is discussed in Section 5. The two-stage procedure is
a design-oriented procedure while the single-stage procedure is a data-analysis pro-
cedure with data being already available on hand. Their relation is also discussed.
In Section 6, an extension to two-way fixed-effects model is investigated. Finally, in
Section 7, a relation to the single-stage procedure in the two-way layout is outlined.

2. The F test

In a one-way layout, the fixed-effects model is given by
AX;j:Mj‘f—eij, i:1,...,k,j:1,...,n,-,

where the ¢;;’s are independent and normally distributed with mean zero and variance
o7, denoted by e;; ~ N(0,07). We may denote w; by w;=fi+o;, where ﬂ:Zf;l wi/k,
and o, is the treatment effect. The variances ¢2’s are unknown and possibly unequal.
Our goal is to test the null hypothesis that the normal means fall into a zone of
practical indifference of size 6% (> 0), i.e., to test the hypothesis

k k
Ho: > (i — a)/k <& vs. Hi > (i — @) /k > 67 (67 > &) (1)
i=1 i=1
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or equivalently to test the hypothesis with o; = y; — i

k k
Hy: Z ok < 6 vs. Hazz ok > 82 (6% > &%)
i=1 i=1
in such a way that both the level and the power of the test are controllable and are
not dependent upon the unknown variances. A two-stage sampling procedure (P,)
for this problem is given as follows:

Py : Choose a number z > 0 (z is determined by the required power of the test to
be discussed later), and take an initial random sample of size n, (at least 2, but 10 or
more will give better results) from each of the & populations. For the ith population
let S? be the usual unbiased estimate of ¢? based on the initial n, observations, and
define

2
N; = max {n0+ 1, |~

—i—l}, 2)

where [x] denotes the greatest integer less than or equal to x. Then, take N; — n
additional random observations (assuming no time trend) from the ith population so
we have a total of N; observations denoted by Xi,...,X,,...,Xw,. For each i, set
the coefficients a;1,...,ay,,...,an;, so that

1 — (N — o)y
aiI:"':aino:n—:aia
0
1 no(Niz — S?)
ingtl = = Ay, = 1 | =bs
Gim+1 WEN TN N s

and then compute the weighted mean

no N;
Xz::aiZij—Fbi Z Xij 3)
j=1 j=no+1
which is a linear combination of the first-stage sample data (X;,...,X;,,) and the
second-stage sample data (Xj,+1,...,Xi;). Note that the coefficients a;;’s are so de-
termined to satisfy the equations

Ni

N;
@) > ay=1, (byas=-=au and ()Y aj=z2
j=1

j=1

that the random variables ¢ :()? . — W)/\/z, i=1,...,k, have independent and identi-
cally distributed (i.i.d.) ¢ distributions each with ny — 1 d.f. (see, e.g., Dudewicz and
Dalal, 1975; Chen and Chen, 1998). The condition (a) is to ensure the unbiasedness
of X, for y;, (b) guarantees that the sample mean X, and the sample variance S?
based on the first- -stage observations are independent, and (c) is the variance estimate
of X, controlled at a power-specified value z which makes the choices of a;; possible
and guarantees that the {#,} have independent ¢ distributions.
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Finally, compute the test statistic

k v )2

where X is the arithmetic mean of X,,...,X,, and we reject Hy at level o if and
only if

F>F, (5)

where the level o critical value F, = F «(0,2,k,ny) and the P*-power-related z value
are determined such that the following simultaneous equations are satisfied:

k
P (F > F,|Ho: Y (i — a)/k < 52> <o (6)

i=1

and

k
P (ﬁ > Fy | Hat Y (e — )k > 67 > 52> > P*, (7)
i=1
where o € (0,1) and P* € (0,1) are predetermined values.

We can rewrite the test statistic /' in (4) as

NS D dy BT AY
e

)

where 7= Y1, 1,/k. N N
It should be noted that if X in (4) were taken to be a weighted average of X ’s
of the form >Z N.X,;/> N, then the test statistic in (4) would be

Po (- BN

which is a function of the unknown but random sample sizes A;’s. This contradicts
the two-stage procedure and it fails to determine the sample sizes in (2) with a
prespecified power when the population variances are unknown and unequal. Fur-
thermore, if X were taken to be the weighted average of X,’s, the noncentrality
parameter of F would be a function of the unknown N;’s and it would not consist
of the form of the parameters to be tested in (1). Finally, if all N; are taken to be
equal and are larger than or equal to ny + 1, either the required power P* cannot be
met or the procedure is not economical for the design. Hence, the X_ in (4) is taken
to be the arithmetic mean in order to reach a satisfactory solution to the problem
under investigation.

It is clear that the distribution of the test statistic # in (8) is independent of
the unknown variances ¢2’s. The power in (7) is controllable through z since if
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W — [ # 0 for some i it is intuitively clear (for analytical proof, see Bishop and
Dudewicz, 1978) that

lim P(F>F,)=1.

It is easy to see that the limiting distribution of F is a noncentral chi-square with
k—1 degrees of freedom and noncentrality parameter A=3"r_, (u;—i)*/z=Y_"_, 0?/z.
As discussed in Lehmann (1986), the noncentral x> has monotone likelihood ratio
property in A, thus, as n, is large, F is an asymptotically UMP test for Hy vs. H,.

For the test procedure F to be of practical usage for small g the critical values F,
and its power-related design parameter z must be determined, which will be discussed
in the following section.

3. The critical values and the power of F

The critical values F', and the power of F were obtained by Monte Carlo simu-
lation when n, is small (1o = 5,10,15). In our calculation we consider the asymp-
totically least-favorable configuration of the means for the power of F, subject to
S (u; — 1)* = ¢ (see, e.g., Bishop and Dudewicz, 1978).

It can be seen from David et al. (1972) that, for fixed J, the minimum range
of the u; (or o;) under Hy : Z;‘;l (i — p)?*/k < 6% occurs at the asymptotically
least-favorable configuration, for even &

w’=(-96,...,—6,9,...,0) 9)
with half of the u’s being —d and half being 0, and for odd &,

[k - kel e
”_( k+ \/k+1 \/ —1) (19)

with (kK + 1)/2 of the u’s being —9d+/(k—1)/(k+ 1) and the rest being

ov/(k+1)/(k—1). Similarly, the maximum range of the u; under H, : Zf;l
(: — f)?/k > 6*2 > &, for fixed 6%, occurs at the asymptotically least-favorable
configuration

W= (=0 JK/2,0,...,0,6" [K/2). (1

For each k (k =2(1)6,8) and each ny (no = 5,10,15), k independent ¢ random
variates, f,,...,% were generated by the formula t=Y/+/u/r, where Y is the standard
normal random variate generated from RANNOR (SAS Institute, Inc., 1990) and u
is the independent chi-square random variate with » = ny — 1 degrees of freedom
generated from the gamma random number generator RANGAM. The quantity ¢ in
(9) and (10) is replaced by (6/0*)(6*). For selected 0,0* and z, we formulate the
ratios J/0* and 6*/y/z in the calculation of (8) according to u, in (9) or (10) and
according to p* in (11). The reason to use the ratio §/0* instead of ¢ and the ratio
0%/4/z is to reduce the huge size of statistical tables and to include more choices of
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0 and ¢*. Similarly when p* in (11) is substituted for u’s in (8) we have seen the
ratio 0*/y/z in F. For example, when k =2, we use

F=[t = 7= (3/6")0"|V2)P + [t = T+ (8/3" (3" /\/2)T
for calculating the critical values of £ under (9), and
F=(t —1—8/VzP+(th—T+5/Vz)
for calculating the power of F under (11); when k£ =3, we use
F=[t =T~ (1/V2)(8/0" 8" /V2)F
e = 7= (1/V2)(0/5)(6"v/2)F
i — T+ V2(8/6° )67 [V2)F
for calculating the critical values of £ under (10), and
F=(t —T— V150 /VzY + (tr — T + (85 — T + V1.56" /\/2)?

for calculating the power of £ under (11). In each simulation run, for a specified
pair of values of §/6* and 6*/+/z, k ii.d. ¢ random variates were generated and £
in (8) under (9) or (10) for Hy was calculated. After 20,000 simulation runs, all
F values were ranked in ascending order. Then the 99th, 95th and 90th percentiles
were used to estimate the level 1%, 5% and 10% critical values Foq;, Foos and
Foro, respectively. Similarly, for given F, and 0*/\/z, F in (8) under (11) for H,
was calculated. This process was repeated 20,000 times and the power of (7) was
estimated by

No. times(F > F,)
20,000

The estimated critical values and the estimated power are given in Table 3 in the
appendix for o = 0.01,0.05,0.10, £ = 2(1)6,8, §/0* = 0,0.2,0.4,0.5,0.6, 0*/\/z =
1(.5)10, and ny = 5,10, 15. To reduce the table size without losing practical useful-
ness, we delete the cases of P* greater than 0.99 (using « = 0.05 as the guideline).
The critical values are reported to the first decimal place, and the power are accurate
to the second decimal place. An example of how to use Table 3 is illustrated as fol-
lows: If one has k =4 treatments in his experiments, and the initial sample available
is ny =10 observations, at the price of a=15% risk, he will feel comfortably indiffer-
ent among these treatments if they are within a one-half unit of variation (6 = 0.5)
among the means; on the other hand, if these treatments have variation larger than
one unit (0* = 1.0) among means, he would like to detect such a difference with
a required power, say, P* = 0.82. From Table 3, he can find the ratio 6*/\/z = 3.0
corresponding to the ratio 6/0* = 0.5 and the required power P* = 0.82. Then, the
design constant is found to be z = (6*/3.0)? or z =0.1111 which will be employed
in (2) to determine the required total sample size N; in the experiment. Simulation
study shows that linear interpolation in 6*/y/z would give satisfactory results for
values of P* being not tabulated.

Il

P (12)
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Table 1

Bacterial killing ability example (first 15 observations) and intermediate statistics
Solvent 1 Solvent 2 Solvent 3 Solvent 4
96.44 93.63 93.58 97.18
96.87 93.99 93.02 97.42
97.24 94.61 93.86 97.65
95.41 91.69 92.90 95.90
95.29 93.00 91.43 96.35
95.61 94.17 92.68 97.13
95.28 92.62 91.57 96.06
94.63 93.41 92.87 96.33
95.58 94.67 92.65 96.71
98.20 95.28 95.31 98.11
98.29 95.13 95.33 98.38
98.30 95.68 95.17 98.35
98.65 97.52 98.59 98.05
98.43 97.52 98.00 98.25
98.41 97.37 98.79 98.12

Intermediate statistics

52 2.10995 3.17085 5.88428 0.77969

a; 0.05200 0.03024 0.01803 0.04424

bi 0.05501 0.03902 0.01920 0.33637

N; 19 29 53 16

' 97.192 95.381 95.391 97.547

z=0.1111 F =350981

For moderate or large ny, the critical values and the power of the F test can be
obtained by using the noncentral chi-square approximation with & — 1 degrees of
freedom and noncentrality parameter A = k&*/z = k[(3/0*)(6*/+/z)]* under H, and
A=k(6*/\/z)* under H,. The critical values and the power of the chi-square test can
be computed by using the CINV and PROBCHI functions (SAS Institute, Inc., 1990).
They are given in Table 4 in the appendix for «=0.01,0.05,0.10, £=2(1)6,8, 6/0*=
0,0.2,0.4,0.5,0.6, and 6*//z = 1(.5)7.

4. A numerical example

The data in Table 1 is from an experiment reported in Bishop and Dudewicz
(1978) for studying the bacterial killing ability of four solvents. The percentage
of fungus destroyed was recorded. Let u; denote the mean percentage of fungus
destroyed by solvent i. If the experimenter regards a difference of 6 = 0.5 unit of
variation among the means to be irrelevant, and he wishes to detect a difference of
at least 0* = 1.0 unit of variation among the means, then he can translate it into the
null hypothesis

4
Hot ) (n — [)*/4 < (0.5
i=1
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Table 2
Bacterial killing ability (second-stage observations)
Solvent 1 Solvent 2 Solvent 3 Solvent 4
98.59 96.97 96.36 93.43 98.15 97.97
98.20 97.21 96.69 92.72 96.73
98.37 97.44 96.89 93.56 97.55
98.57 96.86 96.13 94.13 94.44

97.26 97.65 93.57 93.61

98.27 97.81 96.27 93.61

97.57 97.71 98.05 94.20

97.81 97.48 97.67 94.20

98.20 97.96 98.93

93.92 94.30 97.23

93.86 93.29 95.95

92.57 94.21 97.79

93.32 92.90 97.41

92.15 93.02 96.94

93.43 97.08

against the alternative hypothesis
4

Hat D (i — [)*/4 > (1.0)”
i=1

In the first stage of experiment ny = 15 observations (a random sample of size 15)
were run with each solvent. Wen and Chen (1994) discovered that these data are not
normally distributed. So, we have conducted a robust Levene’s test for homogeneity
of variances (see, e.g., Conover et al., 1981) and found a significant difference among
the variances (p value< 0.001). Further, Dudewicz and van der Meulen (1983)
have also shown robustness results which applies to the two-stage procedure for
general non-normal distributions. If the experimenter decides the level of the test
to be 5% and a power of at least 0.85, he can use the two-stage test procedure
by taking the initial sample of size ny = 15 observations from each population. The
critical value F, =25.9 and 6*/\/z = 3.0 at §/0* = 0.5 are found using Table 3, so
z=(1.0/3.0)>=0.1111. The initial sample variances based on the first-stage samples,
the coefficients for calculating the weighted sample means, and the final weighted
sample means, S?,a;,b;, N; and X, defined in (2) and (3) are given at the bottom of
Table 1. The remaining »; — 15 observations taken at the second stage are given in
Table 2. Using formula (4) we found the test statistic £ = 35.981, which exceeds
the critical value of 25.9, so H, is rejected.

5. Relation to the single-stage procedure

The two-stage procedure discussed in Section 2 is a design-oriented method which
determines the necessary sample sizes N; in order to meet a prespecified power
requirement. In situations where the two-stage experiment is terminated earlier due
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to budget shortage or some other uncontrollable factors, the required total sample
size N; in (2) cannot be reached, one may have to use the available n; (1, > (ng+1))
observations on hand and recalculate the coeflicients a;;’s according to the so-called
single-stage sampling procedure (see Chen and Chen, 1998) such that the statistical
inference theory can still work. The general single-stage procedure (P,) is described
below.

P,: Given a random sample of size n; from normal population (or treatment) 7;
with unknown mean y; and unknown variance o? (1 < i < k). Employ the first (or
randomly chosen) ny (2 < ng < n;) observations and calculate the usual unbiased
sample mean and unbiased sample variance, respectively, by

X i = ZXU/ o
j=1
and
St = Z(Xij — X /(ng = 1).
j=1
Then, calculate the coefficients

1 1 i —
U=—+ \/” ™ (252 — 1),
0

n; n n

1 1
Vim = — = — 2 (nz7/S? — 1),

n; n; n; — Ny

where z* is the maximum of {sz/nj, j=1,...,k}. Let the final weighted sample
mean be defined by

Xi. = szinj, (13)

where

W — U; for 1 < j < ny,
VTV for (ng+1) < j <,

and W;; satisfy the following conditions:

n;

Wy=1, Waz o =W S Wizz
4 2
J=1 j=1

It is well known (see Chen and Chen, 1998) that given the sample variances
S2, i=1,...,k the weighted sample mean X, has a conditional normal distribution
with mean ; and variance } Wjaf. Furthermore, the transformations

X X
S wE o VE

=

L

i=1,...,k

have i.i.d. ¢ distributions each with ny — 1 degrees of freedom. Note that in the
single-stage procedure, the data-dependent z* is used to replace the design constant
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z for the two-stage procedure. Thus, the power of the single-stage procedure is not
controllable.
The statistic

Fl :i()?i._)?..y

Z*

; (14)

i=1

where X is the arithmetic mean of the X;’s, is used as a test statistic for testing
. . ~1 .

the hypothesis Hy vs. H, in (1). Further, /' can be written as

~ - _ \2
P ‘ Xi—w X -0 m—F
P VZ* \Vz* VZ*

k i — )2
=> (t—-i+" )
i—l< vz*

Note that if X in (14) were taken to be the weighted average of X,’s, it would lead
to testing different hypotheses (could be meaningless ones) rather than (1).

The critical values of £ for testing Hy and its power against H, can be obtained
at the asymptotically least-favorable configurations given in (9)—(11) by using the
tables in which 6*//z is replaced by 6*/v/z*. For example, if k =4, ny =10, o =
0.05, 0 =1, 6* =2 and z* = max(S;/n;) = 0.64. Thus, §/0* = 0.5 and &*/\/z* =
2/1/0.64 = 2.5. From Table 3, we find the critical value Fos = 23.0 and the power
P*=0.67.

The actual power of the test using the single-stage procedure is data-dependent.
Its power could be larger than, equal to, or smaller than the required one using the
two-stage procedure whose sample sizes are determined by the prespecified power.
This point is elaborated as follows: If the sample size n; > no+ 1, i=1,...,k, were
given by the single-stage procedure and the following cases.

Case 1. If S?/n; = Sf/nj for all i # j, then the two- and single-stage procedures
have the same power because S?/n; =z, except for a rounding error in sample size
by definition (2) and S?/n; = max{S;/n;,j = 1,...,k} = z* defined by single-stage
procedure. Thus, z =z* gives the same power.

Case 2. If z¥ = max, < J-Sk(Sf/nA,-) < z, then the single-stage procedure has a power
larger than that of the two-stage one. A smaller z*-value means a larger sample size
n; than the required one by two-stage procedure and hence, it carries a larger power.

Case 3. If min,<;<x(S7/n;) > z, then the power of the single-stage test is smaller
than that of the two-stage test.

Case 4. All other situations, the single-stage procedure could have power larger
than, equal to, or smaller than that of the two-stage test depending on the actual
sample data and the true population variances.

6. The two-way layout

The two-way fixed-effects model in the analysis of variance is usually defined by
Xjp=pu+o;+ B+ @B +en (=1,....1;j=1,...J; k=1,...n;)
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where the random errors e;;’s are independently and normally distributed with mean
zero and unknown (and possibly unequal) variances aizj, and by convention,

1 J
Z &% = Z B =0,
i= Jj=1

Z(ocﬂ),-j =0 for every j (15)

i=1

and

J
Z (af); =0 for every i.
Jj=1

The null and alternative hypotheses under consideration are
1 1
Hy: Z /1 <& vs. H: Z 2/ > 6 > 8,

i=1 i=1

(16)
J J
HE: > BT <65 vs. H: DY B =057 > 63,

J=1 J=1

and

1 J I J
H;: Z Z(ocﬁ)fj/IJ <& vs. H: Z Z(ocﬁ)fj/U > 832 > 03,
i=1 j=I i=1 j=I
The purpose is to seek tests of these hypotheses based on statistics whose distri-
butions are independent of the unknown variances and the unknown means. In the
two-way layout, there are / xJ possible treatment combinations. We refer cell (i, )
to the treatment combination of level i of the first factor and level j of the second
factor. In each cell (i, ), the two-stage sampling procedure (P;) is given below.
P3: Choose a number z > 0 (to be determined by the power), and in each cell (7, j)
take an initial sample of size ny, Xj;,...,X;,,. Compute the usual unbiased variance
estimate Sizj. of afj based on the first n, random observations, and define

2

)
z

]Vij = max {I’ZO + 1,

+1}. (17)

Then, take N;; — ny additional random observations from cell (i,j) so we have a
total of N;; observations denoted by Xiji,...,Xiju,...,Xin,. For each cell (i,j), set
the coeflicients Ajj1s- -5 Aijngsevvs a,‘jN’:/, so that

1 - (NU - nO)bij

Ajj1 = = Qjjny = n = ajj,
0

Aijng+1 = ° = dijN,; = bij,

where

(N — ”O)Sij
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and then compute the weighted sample mean

Nij
XU = Z ainijk
- al/ Z X'z]k + bl] Z )(l]k

k=no+1
As in Section 2, it can be shown that the random variables
Xij.—(ﬂ+“i+ﬁf+(aﬁ)ij) (18)
Vz
have independent ¢ distribution with no — 1 degrees of freedom, denoted by ¢,,_;.
Finally, compute

lj=

1 &, A QA M e .
:j ZX"P Xj.:; ZXiJ-’ X...:EZZXU. (19)
J=1 i=1 i=1 j=1
These means in (19) are taken to be the unweighted ones carrying the same
argument raised immediately after expression (8).
Similar to the usual two-way layout argued by Bishop and Dudewicz (1978, p.
422), our test statistic for H) vs. H! is

F,=J Z w (20)
i=1 z

At level o the hypothesis H): S0, o2/I < &% is rejected if and only if
F>F},

where the level « critical value F T =F ?(51,2, 1,J,ny) and the P*-power-related z value
are determined such that

1
P (Fl > F|H): Z o/l < 5%) <u
i=1
and
~ ~0 !
P (Fl >F I H: > a/l > 67 > 5%) > P~ (21)
i=1

We can rewrite the test statistic £, in (20) by applying conditions (15) and the
definition (19) as
1
o S N (22)
i=1
where #; = Z_}]:1 it = Zf:1 Z_}{:l ty/lJ.
Similarly, the hypothesis Hj: Z.‘z{:l B;/J < 03 is tested using the statistic

F,= IZ X, -X) )2 (23)
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The null hypothesis Hj is rejected at level o if and only if

Fy>F,
where the level o critical value F Z:F“ ;(52,2, 1,J,nq) and the P*-power-related z value
are determined by the simultaneous equations

J
P (13“2 >Fy | H: Y ﬁf/Jgag) <o
j=1
and
~ ~0 J
PFy>Fy|H: Y i) >67> 85| > P (24)
j=1

The test statistic #, in (23) using conditions (15) can be rewritten as
J
Fr=1 Z(t_.j_t_..+ﬁj/\/2)2, (25)
j=1

where 7; = 31, /I
Finally, H; is tested using

I J ~ ~ ~ 5 \2
N X, —X, - X, +X
i=1 j=1 z

The hypothesis H: 37, E, | (af);/IJ < 03 is rejected if and only if
Fy> F3

where F ; and z value are determined by the simultaneous equations

1 J
P <F3 >Fy Hy: Y S (ap)i /< 52)
i=1 j=I

and
} » I
PFy>Fy[H: Y > (ap);/l] =657 > 68 | = P (27)
=1 j=1
As in the previous case the statistic 5 in (26) can be rewritten as
Z Z(t,, — I+ 1+ (af)y/ V2 (28)
i=1 j=I1

The statistic 7, in (22) F 2 1n (25) and F; in (28), respectively, are used to simulate
the critical values F l,F 2,F and their powers at their asymptotically least-favorable
configurations of &;’s, f’s and (2f8);’s similar to (9)—(11).

It is easy to see that the limiting distributions of F|,F, and F; are noncen-
tral chi-square with degrees of freedom / — 1,J — 1 and (/ — 1)(J — 1) and with

noncentrality parameters A, = Zl V02 )z, Ay = ijl [3]2./2 and 4; = Zl | Z, 1(ocﬁ) /z,
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respectively. The tables of the critical values and the power can be produced by us-
ing the noncentral chi-square distribution for moderate or large ny. The »-way model
of analysis of variance and its associated hypotheses can be similarly extended by
the analogue of the two-way model.

7. The single-stage procedure for two-way ANOVA

When the required sample sizes N;; (17) in the two-way layout cannot be reached
by the two-stage sampling procedure, one may employ the feasible single-stage pro-
cedure for a reasonable solution. The single-stage sampling procedure (P,) for testing
the hypotheses of (16) proceeds as follows.

P,4: Initially, we employ the first (or randomly chosen) n, observations within each
cell and compute the usual sample mean and unbiased sample variance, respectively,

o
Xij= Z Xiji/no
=1
and
0
Sp=> (X — Xy /(no — 1).
k=1

Then the weights of the observations in cell (i, /) are

1 1 [n;,—n
j 0
Uy=—+—
n;j n;j no
1 1 ny
Vy=—
n[j n[j n,'j — Ny

(nyz* /S5 — 1),
(29)

(nyz* /S5 = 1),

where z* is the maximum value of {Sl._z/./n,»j, i=1,...,0, j=1,...,J}. Let the final
weighted sample mean for cell (7,;) be defined by
X =Y WX, (30)
k=1
where
W — U;; for 1 <k < n,
ik = Vlj for (7’!0 + 1) < k < ni;.

Therefore, we compute

3> (i “f) @31
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1Y (50 ﬁf) (32)

_] ¢ - (fxﬁ)ijz
_ZZ(tii tL—t;+t + ﬁ)’ (33)

It can be shown (see Chen and Chen, 1998) that

ti‘:Xij._(ﬂ+ai+ﬂj+(aﬁ)ij)’ (34)
Vz*
fori=1,...,1, j=1,...,J, are distributed as independent Student’s ¢ each with ny—1
degrees of freedom. This result is due to the fact that given the sample variances
Sfj’s, the weighted sample mean X ;. has a conditional normal distribution with mean
t+ o + B; + (2f);; and variance Y-, W7, 07, as described in Section 5.

Similar to the case of one-way layout, the critical values and the power for the
single-stage procedure can be obtained by using the tables prepared for the two-stage
procedure.The relationship between the single- and two-stage procedure is similar to
the argument in Section 5.

In the situation where all n;;’s are equal to n, i.e., a balanced design, and the

81,0, and d; are equal to zero, the critical values of F 1,15 ;, and F ; for small n, and
selected numbers of I and J were calculated by Chen and Chen (1998).
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Appendix

The critical values and the power of the F test and chi-test are given in Tables 3
and 4, respectively.
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Table 3
Critical values and power of the F test
5% L (Foo1,P*)  (Foos, P*) (Fo10,P*) (;% ﬁ (Foo1, ) (Foos, P*)  (Fou0,P)
k=2, np=>5 0.6 3.0 373 0.08 222 034 17.3 0.53
3.5 43.6 0.10 273 040 214 0.61
0.0 1.0 19.0 0.02 7.7 0.14 4.8 0.26 4.0 49.6 0.13 31.1 0.53 25.1 0.71
1.5 19.0 0.05 7.7 0.29 4.8 048 45 558 0.18 36.0 0.62 29.4 0.78
2.0 19.0 0.11 7.7 0.52 4.8 0.70 5.0 63.0 024 41.8 0.70 344 0.84
2.5 19.0 0.25 7.7 0.74 4.8 0.86 5.5 677 035 472 0.77 39.7 0.88
3.0 19.0 046 7.7 0.88 4.8 0.94 6.0 77.8 038 532 0.83 451 092
3.5 19.0 0.70 7.7 0.95 4.8 0.97 6.5 844 0.50 592 0.89 50.9 0.94
40 19.0 0.85 7.7 0.98 4.8 0.99 7.0 91.7 0.61 66.1 092 57.1 0.96
45 19.0 0.93 7.7 0.99 4.8 0.99 7.5 975 073 725 094 634 097
0.2 1.0 19.2 0.02 7.9 0.14 5.0 0.26 8.0 109.1 0.76 80.0 0.96 70.2 0.98
1.5 19.5 0.04 84 0.26 53 044 8.5 1154 085 87.7 097 77.8 0.99
2.0 20.1 0.09 9.0 0.44 5.7 0.65 9.0 126.1 0.88 96.6 098 85.6 0.99
2.5 204 0.22 9.4 0.65 6.2 0.81 9.5 140.5 090 106.0 0.99 94.8 0.99
3.0 21.3 0.34 9.9 0.82 6.7 091
3.5 223 058 10.5 091 7.2 0.96 k=2, np=10
40 235 0.75 11.5 0.95 7.9 0.98
45 26.1 085 12.5 098 8.7 0.99 0.0 1.0 9.7 0.07 5.1 022 34 035
5.0 266 093 134 099 9.3 0.99 1.5 9.7 0.18 5.1 046 34 0.60
04 1.0 204 0.02 89 0.11 5.7 0.22 2.0 9.7 0.39 5.1 070 34 0.82
1.5 21.3 0.04 10.0 0.20 6.7 0.35 2.5 9.7 0.65 5.1 088 34 093
2.0 247 0.06 11.6 0.31 8.0 0.50 3.0 9.7 0.85 5.1 096 34 098
2.5 255 0.11 13.4 046 9.4 0.65 3.5 9.7 0.95 5.1 099 34 099
3.0 294 0.17 157 0.60 11.3 0.77 0.2 1.0 9.9 0.06 5.5 020 3.7 032
3.5 33.0 025 179 0.73 13.1 0.86 1.5 10.6 0.15 57 040 4.0 0.54
40 346 042 19.8 0.84 15.1 0.92 20 11.5 031 6.3 0.63 42 0.76
4.5 381 057 223 090 17.1 0.95 2.5 122 0.51 6.8 0.80 4.8 0.89
5.0 384 077 24.6 095 19.5 0.97 3.0 12.8 0.74 7.5 091 53 0.96
5.5 469 0.79 289 096 22.8 0.98 3.5 144 0.86 83 097 59 099
6.0 49.0 0.88 31.2 098 250 0.99 40 148 0.95 89 099 6.6 099
6.5 52.7 093 346 099 28.0 0.99 04 1.0 11.6 0.04 6.3 0.16 43 0.27
0.5 1.0 21.5 0.02 9.3 0.10 6.2 0.19 1.5 12.7 0.10 74 029 53 044
1.5 239 0.03 11.1 0.17 74 031 2.0 152 0.17 89 044 6.5 0.60
2.0 263 0.05 13.5 0.24 9.4 042 25 17.6 027 109 059 8.1 0.74
2.5 29.1 007 156 036 11.5 0.55 3.0 198 042 124 0.75 9.7 0.85
3.0 322 0.12 18.7 047 14.1 0.66 35 220 059 145 085 114 0.92
3.5 37.1 0.18 22.1 0.59 16.8 0.76 40 247 074 169 092 13.6 0.96
4.0 41.7 025 251 071 199 0.84 45 289 0.82 19.5 096 15.7 0.98
4.5 463 036 292 0.78 233 0.89 50 30.6 092 21.7 098 18.1 0.99
5.0 52.0 045 33.0 0.86 264 0.93 0.5 1.0 12.0 0.04 6.7 0.14 4.6 0.25
5.5 57.7 056 374 091 305 0.95 1.5 149 0.06 86 023 6.1 037
6.0 633 0.68 41.7 094 344 097 20 178 0.11 10.7 035 8.0 0.50
6.5 68.0 0.78 46.7 096 38.7 0.98 25 199 020 13.1 047 10.1 0.63
7.0 733 0.86 509 098 42.8 0.99 3.0 238 027 158 0.60 12.6 0.74
7.5 78.6 091 56.6 098 48.1 0.99 35 269 041 185 0.72 15.1 0.83
8.0 844 094 61.8 099 53.0 0.99 40 313 0.53 22.0 0.81 18.2 0.89
0.6 1.0 23.6 0.01 103 0.09 6.8 0.17 45 346 067 254 0.88 21.1 094
1.5 237 0.02 123 0.13 8.6 0.25 50 395 0.77 289 094 244 097
2.0 31.1 0.03 158 0.18 114 0.33 5.5 438 0.85 329 097 28.0 098
2.5 329 0.05 182 027 139 044 6.0 488 091 37.1 098 319 0.99
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Table 3 (Continued.)
20 (Foo,P*)  (Foos,P*)  (For,P*) 2 2 (Foo,P")  (Foos,P*)  (For0.P")
0.6 1.0 13.1 0.03 7.5 0.12 54 0.21 0.6 1.0 122 0.03 7.0 0.12 5.0 0.22
1.5 16.1 0.04 9.7 0.18 7.2 029 1.5 14.7 0.06 9.1 0.20 6.9 0.32
2.0 19.7 0.07 12.5 0.26 9.8 0.39 2.0 18.0 0.10 11.9 0.27 9.3 0.41
2.5 243 0.10 157 035 124 0.51 25 222 0.14 151 038 122 0.52
30 274 0.18 19.2 045 15.6 0.60 3.0 260 0.21 18.7 047 153 0.62
3.5 32.0 026 22.8 0.57 19.0 0.71 3.5 31.5 026 22.8 0.57 19.1 0.71
40 36.8 035 273 0.66 23.1 0.79 4.0 359 038 269 0.68 23.0 0.80
45 426 044 320 074 27.5 0.85 45 404 051 31.0 0.78 26.7 0.87
5.0 48.8 0.53 37.1 0.81 319 0.90 5.0 46.7 059 36.1 0.84 314 0.92
5.5 545 0.65 425 0.88 369 094 5.5 535 0.67 415 090 36.5 0.95
6.0 61.7 072 484 091 42.5 0.96 6.0 57.8 0.80 46.8 094 413 0.97
6.5 67.9 081 54.0 095 47.8 0.98 6.5 653 085 533 096 47.2 098
7.0 75.0 0.87 60.5 097 54.0 0.99 7.0 727 090 59.6 097 535 0.99
7.5 844 090 679 098 60.7 0.99 7.5 81.1 094 66.7 099 60.0 0.99
8.0 89.7 095 739 099 67.1 1.00
k=3, n=>5
k=2, np=15
0.0 1.0 305 0.02 134 0.12 89 0.25
0.0 1.0 83 0.08 45 0.25 3.1 037 1.5 30.5 0.03 134 0.26 8.9 047
1.5 83 0.23 4.5 0.50 3.1 0.64 2.0 30.5 0.08 13.4 0.51 89 0.74
20 83 047 45 0.74 3.1 0.84 2.5 30.5 020 134 0.77 8.9 0.90
25 83 0.73 4.5 0091 3.1 095 3.0 30.5 043 134 0091 89 0.96
3.0 8.3 090 4.5 0.97 3.1 0.99 3.5 30.5 071 134 097 89 0.99
02 1.0 9.1 0.07 5.0 0.22 3.4 034 0.2 1.0 30.7 0.02 13.5 0.11 9.0 0.23
1.5 93 0.19 5.1 0.44 3.6 0.59 1.5 31.0 0.04 13.8 0.24 9.3 0.45
2.0 9.7 040 5.6 0.67 3.9 0.80 2.0 31.7 0.08 143 047 9.8 0.69
2.5 11.2 0.57 6.2 0.84 44 091 2.5 323 0.18 152 0.70 104 0.86
3.0 11.6 0.79 6.8 0.94 5.0 097 3.0 33.6 038 16.1 0.87 11.1 0.95
3.5 12,5 091 7.6 0.98 5.6 0.99 3.5 353 059 16.6 095 11.7 0.98
04 1.0 99 0.05 5.7 0.18 4.0 0.29 40 36.1 082 17.8 098 12.8 0.99
1.5 11.9 0.11 7.0 0.30 5.0 045 04 1.0 31.1 0.02 144 0.10 9.9 0.21
2.0 13.7 0.21 8.5 0.46 6.2 0.62 1.5 32.0 0.03 154 020 109 0.36
2.5 16.0 033 103 0.62 7.8 0.76 2.0 357 0.05 175 034 12.5 0.56
3.0 17.8 0.51 12.0 0.78 9.3 0.88 25 399 0.08 199 051 142 0.74
3,5 20.6 065 14.0 0.87 11.2 093 3.0 412 0.19 223 0.70 17.0 0.85
4.0 238 0.77 16.0 094 13.1 0.97 3.5 42,1 040 252 0.83 194 093
45 260 0.89 184 097 151 0.99 4.0 502 048 292 091 223 096
5.0 29.6 094 212 099 17.6 0.99 45 52.8 0.70 319 096 249 0098
0.5 1.0 11.0 0.04 6.3 0.15 4.4 0.26 5.0 579 083 356 098 288 0.99
1.5 13.3 0.08 8.1 0.25 6.0 0.38 5.5 633 090 394 099 321 0.99
2.0 158 0.14 10.2 0.36 7.8 0.51 0.5 1.0 32.1 0.02 152 0.09 104 0.19
25 19.1 021 125 0.50 9.8 0.66 1.5 350 0.02 17.1 0.16 122 0.31
3.0 21.8 035 15.1 0.63 122 0.77 20 373 0.04 198 026 145 046
3.5 252 047 18.0 0.75 14.8 0.85 2.5 425 0.07 23.1 040 17.6 0.60
4.0 29.1 0.60 213 0.84 17.6 0091 3.0 48.1 0.11 27.1 0.55 21.0 0.74
45 33.6 070 247 091 20.7 0.95 35 514 021 310 0.70 245 0.85
5.0 37.8 081 283 095 24.0 0.98 4.0 57.3 033 355 0.82 285 091
5.5 419 0.89 32.1 098 27.5 0.99 45 652 044 402 090 334 095
6.0 47.1 094 36.0 099 313 1.00 50 70.0 0.63 463 093 383 0.97
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Table 3 (Continued.)

5%

22 (Foo,P*)  (Foos, P*)  (For,P*) & 22 (Foor,P*) (Foos,P*) (Foio,P")
0555 744 079 514 096 433 0.98 0.6 2.0 26.8 0.08 17.6 0.30 14.0 0.46
6.0 84.1 086 578 098 48.8 0.99 2.5 302 0.17 21.5 044 17.6 0.60
6.5 949 090 64.7 099 555 0.99 3.0 37.0 024 265 056 222 0.71
06 1.0 335 001 159 0.08 11.2 0.16 3.5 427 036 31.6 0.69 269 0.82
1.5 376 0.02 18.6 0.13 134 0.26 4.0 499 048 37.7 0.79 325 0.89
2.0 439 0.03 227 0.19 169 0.36 45 563 0.63 440 087 384 094
25 46.8 0.05 27.0 028 20.7 0.49 50 66.0 0.71 514 092 453 0.96
3.0 551 006 324 038 254 0.60 55 73.0 0.84 584 096 52.1 0.98
3.5 622 0.09 379 0.51 309 0.70 6.0 83.6 0.88 67.0 098 60.2 0.99
40 66.6 0.18 435 0.64 357 0.8l 6.5 93.0 093 759 099 68.7 0.99
45 759 025 505 0.75 42.0 0.87
50 837 037 586 0.82 492 092 k=3, n=15
5.5 933 049 664 0.88 565 0.95
6.0 1025 0.62 740 093 63.6 097 0.0 1.0 12.0 0.08 7.3 0.26 54 0.38
6.5 111.2 0.75 83.1 095 725 098 1.5 12.0 0.26 7.3 0.54 54 0.68
7.0 1244 0.80 93.6 097 823 098 2.0 12.0 0.56 7.3 0.82 54 0.89
7.5 135.1 0.88 1024 098 91.0 0.99 2.5 12.0 0.83 7.3 0.95 54 0.98
8.0 147.6 092 113.6 0.99 101.4 0.99 0.2 1.0 12.7 0.07 7.6 0.24 5.8 0.36
1.5 129 0.21 8.0 0.49 6.0 0.64
k=3, np=10 2.0 139 047 8.5 0.76 6.4 0.85
2.5 145 0.74 9.2 091 7.1 0.96
00 1.0 143 006 82 022 60 0.35 3.0 156 0.90 10.1 0.98 7.7 0.99
1.5 143 0.18 82 048 6.0 0.64 04 1.0 13.8 0.05 85 0.20 6.5 0.31
20 143 044 82 077 6.0 0.87 1.5 158 0.13 10.1 0.36 7.7 0.52
25 143 074 82 093 6.0 0.97 2.0 18.1 027 12.0 0.56 9.4 0.71
3.0 143 092 82 099 6.0 099 2.5 207 047 140 076 11.2 0.86
02 10 148 005 85 021 63 0.33 3.0 23.7 0.66 16.8 0.87 13.6 0.94
1.5 154 0.15 89 044 6.6 0.60 35 263 0.83 194 095 158 0.98
20 158 037 95 071 7.0 0.83 40 314 090 22.1 098 18.5 0.99
25 163 0.66 10.1 089 7.7 094 0.5 1.0 144 0.05 9.3 0.16 7.0 0.27
3.0 176 0.85 109 097 83 0.99 1.5 179 0.09 11.6 0.28 9.0 0.43
04 10 158 0.04 95 0.17 7.1 0.28 2.0 203 020 142 045 11.3 0.60
1.5 179 0.10 11.0 0.32 83 048 2.5 247 032 173 0.62 14.0 0.75
20 199 022 128 052 98 0.69 3.0 285 049 207 0.77 17.2 0.87
25 228 039 149 072 11.7 0.84 3.5 335 0.63 249 0.87 21.0 093
3.0 259 0.59 17.3 0.86 14.0 0093 40 377 080 289 094 247 097
35 292 0.76 204 093 16.6 0097 45 433 089 334 097 29.0 0.99
40 332 088 232 098 193 0.99 50 485 095 388 099 338 1.00
0510 164 0.04 101 0.15 7.6 0.25 0.6 1.0 154 0.04 10.0 0.13 7.7 0.22
1.5 193 0.08 124 025 95 040 1.5 192 0.07 12.8 0.23 10.2 0.36
2.0 234 0.13 150 041 11.7 0.58 2.0 245 0.10 16.6 033 134 048
25 265 027 179 059 145 0.74 2.5 29.0 0.19 20.7 046 17.2 0.62
3.0 31.3 040 21.8 0.73 17.6 0.85 3.0 343 030 254 0.60 21.6 0.73
3.5 357 0.57 256 085 21.3 0092 3.5 407 042 308 0.72 262 0.84
40 41.7 0.70 30.2 092 255 0.96 40 472 056 36.7 082 319 090
45 46.1 0.84 348 096 29.7 0.98 45 533 0.70 429 089 37.8 094
50 523 091 39.8 098 345 0.99 50 619 0.80 50.0 094 444 097
06 1.0 18.0 0.03 11.0 0.12 84 0.21 55 693 0.88 579 097 51.8 0.99
1.5 219 0.05 140 0.19 109 0.33 6.0 789 093 658 098 594 0.99
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Table 3 (Continued.)
2% (Foor,P*)  (Foos,P*) (Fo.10,P*) 2% (Foor,P*)  (Foos,P*)  (Fo10,P")
k=4, n=5 0.0 2.0 17.8 0.53 109 0.83 8.3 091
2.5 17.8 0.83 109 097 8.3 0.99
0.0 1.0 41.0 0.02 18.6 0.12 12.7 0.24 0.2 1.0 183 0.05 114 0.21 8.7 0.35
1.5 41.0 0.03 18.6 0.25 12.7 048 1.5 19.0 0.18 11.8 0.49 8.9 0.65
2.0 41.0 007 18.6 0.52 12.7 0.77 2.0 19.6 045 123 0.77 9.5 0.88
2.5 41.0 0.19 18.6 0.80 12.7 0.93 2.5 209 074 134 093 103 0.97
3.0 41.0 046 18.6 094 127 0.98 3.0 21.8 092 14.0 099 11.0 0.99
3.5 41.0 076 18.6 0.99 12.7 1.00 04 1.0 19.6 0.04 12.6 0.16 9.6 0.29
0.2 1.0 414 0.01 18.8 0.11 12.8 0.23 1.5 21.8 0.11 14.0 036 109 0.53
1.5 423 0.03 192 024 134 044 20 244 027 16.0 0.61 129 0.75
2.0 43.1 0.07 20.1 047 14.0 0.72 2.5 279 048 188 0.80 153 0.90
2.5 437 0.15 20.8 0.74 148 0.89 3.0 319 0.70 22.0 092 18.0 0.96
3.0 444 037 21.5 091 154 0.97 3.5 370 085 256 097 214 0.99
3.5 459 0.65 224 097 16.0 0.99 0.5 1.0 209 0.03 132 0.15 10.3 0.26
0.4 1.0 41.5 0.01 19.5 0.10 13.6 0.21 1.5 245 0.08 15.7 029 125 044
1.5 427 0.03 20.8 0.20 15.0 0.37 20 27.6 0.19 188 049 153 0.64
2.0 463 0.05 23.7 035 17.2 0.58 2.5 326 033 23.0 0.67 18.8 0.81
2.5 488 0.10 259 0.58 193 0.79 3.0 377 052 273 0.82 22.7 0091
3.0 521 022 295 0.76 222 0.90 35 434 071 324 091 274 0.96
3,5 564 041 33.1 0.89 258 0.95 4.0 49.6 0.85 379 097 324 0.99
40 622 060 36.8 095 289 0.98 45 574 092 443 098 384 0.99
45 66.1 081 41.1 098 33.0 0.99 0.6 1.0 228 0.02 14.1 0.12 11.0 0.23
0.5 1.0 41.6 0.01 20.1 0.09 142 0.19 1.5 26.0 0.06 17.7 022 142 0.36
1.5 443 0.02 23.1 0.14 17.2 0.30 2.0 31.6 0.11 219 036 18.0 0.53
20 49.0 003 265 027 19.6 0.49 25 37.8 020 273 050 229 0.66
2.5 539 0.07 29.7 045 23.0 0.67 3.0 45.1 031 332 0.66 285 0.79
3.0 58.1 0.14 35.0 0.62 27.7 0.80 3.5 529 046 404 0.78 350 0.88
3,5 658 024 40.7 0.76 32.0 0.90 4.0 61.7 060 47.5 0.88 41.6 0.94
40 694 046 456 0.88 373 0.95 45 69.8 0.77 56.0 094 49.5 0.97
45 81.6 056 525 093 43.6 0.97 5.0 80.7 0.85 654 097 583 0.99
50 84.8 0.79 58.4 097 49.2 0.99 5.5 91.8 092 755 098 67.8 0.99
5.5 985 085 66.8 098 563 0.99
0.6 1.0 433 0.01 21.1 0.09 15.1 0.17 k=4, np=15
1.5 486 0.02 253 0.12 18.6 0.25
2.0 52.8 0.03 30.1 0.19 22.7 0.38 0.0 1.0 15.0 0.09 9.6 0.28 7.5 0.41
2.5 597 0.05 34.6 032 272 0.54 1.5 15.0 0.31 9.6 0.60 7.5 0.74
3.0 685 0.07 41.3 0.44 333 0.66 2.0 15.0 0.66 9.6 0.88 7.5 094
3.5 749 0.14 47.8 0.61 393 0.79 2.5 15.0 0.90 9.6 0.98 7.5 0.99
40 835 023 559 0.73 46.8 0.87 0.2 1.0 155 0.08 9.9 0.26 7.7 0.40
45 932 034 644 083 549 092 1.5 163 025 102 0.57 82 0.70
5.0 1043 049 73.6 090 633 0.96 2.0 17.0 057 11.2 0.82 8.8 0.90
5.5 116.1 0.63 839 0.94 73.0 097 2.5 183 0.82 12.1 0.95 9.4 0.98
6.0 1304 0.73 957 096 83.7 0098 04 1.0 173 0.06 11.0 0.21 8.7 0.33
6.5 140.2 0.85 107.1 0.98 943 0.99 1.5 19.0 0.16 12.8 0.41 10.4 0.55
7.0 155.5 091 119.2 0.99 106.5 0.99 2.0 223 033 152 0.64 122 0.77
2.5 255 057 179 083 14.7 0091
k=4, np=10 3.0 284 0.80 209 094 172 0.97
3.5 328 091 24.1 098 204 0.99
0.0 1.0 17.8 0.06 109 0.23 83 0.37 0.5 1.0 178 0.05 11.7 0.18 9.3 0.29
1.5 17.8 022 109 0.54 83 0.69 1.5 21.1 0.12 143 034 11.6 048
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Table 3 (Continued.)

5 o (Fooi,P*)  (Foos, P*) (Fo10,P*) & 2 (Foo.P*)  (Foos,P*)  (Foi0,P*)
0520 254 023 17.8 053 145 0.68 06 3.5 913 0.14 578 0.67 482 0.84
25 299 040 216 0.71 17.9 0.83 4.0 1002 026 679 0.80 57.1 0091
3.0 353 060 259 085 22.0 092 45 1122 040 78.1 0.88 66.7 0095
3.5 403 078 309 094 26.6 0.97 50 1236 0.60 883 094 77.1 0.97
4.0 462 090 36.1 098 31.6 0.99 5.5 141.0 0.70 101.0 096 89.1 0.98
06 1.0 195 0.03 13.0 0.14 104 0.24 6.0 152.7 0.85 114.8 098 101.5 0.99
1.5 23,5 008 163 025 132 0.39
20 28.8 0.14 20.8 038 17.4 0.53 k=5, no=10
25 350 025 258 055 21.8 0.70
3.0 41.5 040 32.1 0.69 27.6 0.82 00 1.0 21.1 0.07 13.3 025 104 040
3.5 49.6 055 383 0.83 33.5 0091 1.5 21.1 025 133 0.59 104 0.75
4.0 578 0.70 46.2 090 40.6 0.95 20 21.1 060 133 0.88 104 094
45 66.5 0.82 54.1 095 483 0.98 25 21.1 089 133 098 104 0.99
50 764 090 629 0.98 56.8 0.99 02 1.0 213 0.06 13.8 023 109 0.37
1.5 223 021 142 055 11.2 0.70
k=5, n=>5 20 23.0 052 149 0.83 12.0 0091
25 240 083 158 096 12.5 099
0.0 1.0 494 0.02 232 0.11 162 024 04 1.0 233 0.05 15.0 0.19 11.8 0.31
1.5 494 0.03 232 026 162 0.50 1.5 261 0.12 169 041 13.5 0.58
20 494 0.07 232 056 16.2 0.80 2.0 295 030 197 0.66 159 0.80
25 494 021 232 085 162 0.95 25 325 057 225 0.86 18.6 093
3.0 494 051 232 096 16.2 0.99 30 368 0.80 262 095 220 0.98
35 494 082 232 099 16.2 1.00 35 418 093 30.5 099 258 0.99
02 1.0 496 0.02 234 0.11 16.7 0.23 05 1.0 23.7 0.04 158 0.17 125 0.28
1.5 499 0.04 240 024 17.1 046 1.5 287 0.08 19.0 0.32 154 048
20 50.6 007 245 052 17.6 0.76 20 322 023 228 0.54 18.8 0.70
2.5 51.2 0.17 255 0.80 184 0.93 2.5 372 043 270 0.75 228 0.86
3.0 521 048 269 094 19.2 0.98 3.0 437 0.64 326 088 277 0.95
35 544 075 274 099 202 1.00 35 510 0.80 38.8 095 335 0.98
04 1.0 519 0.02 245 0.10 174 0.21 4.0 57.0 093 448 099 394 0.99
1.5 525 0.03 262 0.19 19.2 0.38 06 1.0 249 0.04 169 0.14 136 024
20 562 005 294 036 21.7 0.62 1.5 298 0.07 212 024 172 0.39
2.5 579 0.11 324 0.61 24.3 0.83 2.0 37.1 0.13 26.7 039 220 0.57
30 619 026 363 081 27.9 093 25 44.0 025 328 0.57 27.8 0.73
3.5 677 047 40.0 093 31.6 0.97 3.0 525 041 402 073 346 0.85
4.0 709 0.75 445 0.97 359 0.99 35 615 058 479 0.85 42.1 092
05 1.0 532 001 26.1 008 18.6 0.18 40 724 073 576 092 50.6 097
1.5 548 0.02 279 0.16 20.8 0.33 45 823 086 67.1 097 59.9 099
2.0 58.1 0.04 323 0.29 24.8 0.50 50 952 092 78.0 099 70.6 0.99
25 63.6 008 367 049 284 0.72
30 68.6 0.17 416 0.70 334 0.86 k=5, np=15
3.5 75.0 0.33 479 0.84 389 0.94
40 852 050 559 092 459 0.97 00 1.0 175 0.10 11.7 031 93 0.45
45 956 0.68 63.5 097 53.0 0.99 1.5 175 036 11.7 067 93 0.79
5.0 100.7 0.87 70.5 098 60.2 0.99 2.0 17.5 0.75 11.7 092 93 0.96
06 1.0 525 001 265 008 194 0.16 25 175 095 11.7 099 93 0.99
1.5 594 0.02 308 0.13 23.2 0.26 02 1.0 17.6 0.10 12.1 028 9.6 042
2.0 64.2 0.03 36.0 0.21 27.6 0.41 1.5 187 0.32 12,5 0.62 10.1 0.75
25 703 0.05 414 036 33.1 0.59 20 196 0.65 134 0.88 10.8 0.94
30 79.6 0.08 494 0.51 404 0.73 25 213 089 142 098 11.6 099
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Table 3 (Continued.)

171

= ()_t (Foo1,P*)  (Foos, P*) (Fo10,P%) < b—*z (Foo,P*)  (Foos,P*)  (Fo10,P")
04 1.0 19.9 0.07 134 022 10.7 0.36 06 2.0 71.5 003 417 024 328 044
1.5 22.1 0.20 15.6 045 12.6 0.61 2.5 80.0 0.06 488 0.39 39.1 0.63
20 250 044 179 0.73 14.7 0.84 30 91.7 0.09 584 055 479 0.77
25 288 0.69 212 0.89 17.7 0.95 35 996 021 66.8 074 564 0.88
3.0 33.6 087 249 097 21.0 0.99 40 1133 034 79.0 0.85 674 094
05 10 206 006 144 0.19 11.6 0.31 45 1269 053 914 092 79.5 097
1.5 246 0.14 174 037 142 0.53 50 141.8 0.70 105.1 096 91.7 0.98
20 289 030 21.2 0.60 17.6 0.74 5.5 158.1 0.82 119.3 098 1049 0.99
25 345 050 255 0.79 21.6 0.89 6.0 1778 0.90 1342 099 120.5 0.99
30 414 070 313 091 26.9 0.96
35 476 086 369 097 32.1 0.99 k=6, no=10
06 1.0 228 0.04 156 0.15 12.6 0.26
1.5 27.6 009 19.6 028 162 042 00 1.0 242 0.07 156 026 124 042
20 33.7 0.18 245 046 20.7 0.61 1.5 242 028 156 063 124 0.78
25 40.8 032 31.1 0.62 26.8 0.76 2.0 242 0.67 156 092 124 0.96
3.0 48.6 049 382 0.77 332 0.87 25 242 093 156 099 124 099
3.5 56.6 070 457 0.89 41.0 094 02 1.0 251 0.06 16.1 025 128 040
40 689 0.79 55.6 095 49.7 097 1.5 256 023 168 0.58 13,5 0.73
45 784 090 65.1 098 58.9 0.99 20 266 0.59 176 087 14.1 094
25 285 086 184 098 15.0 0.99
k=6, n=>5 04 1.0 259 0.05 174 020 139 0.34
1.5 293 0.15 19.8 044 160 0.61
00 1.0 57.7 001 27.6 0.11 19.7 0.24 20 325 038 226 0.73 18.7 0.85
1.5 57.7 0.03 27.6 027 19.7 0.51 25 372 065 265 090 22.0 0096
20 57.7 0.08 27.6 0.60 19.7 0.83 3.0 420 0.87 302 098 256 0.99
25 577 023 27.6 088 19.7 0.96 05 1.0 28.1 0.04 186 0.17 151 0.29
3.0 577 056 276 098 19.7 0.99 1.5 314 0.11 219 035 179 0.53
02 1.0 579 0.02 28.0 0.11 199 0.24 20 37.1 026 267 0.58 21.9 0.75
1.5 586 0.03 289 0.26 20.3 049 25 41.8 052 316 0.80 26.8 0.90
2.0 60.1 0.06 29.8 0.52 21.1 0.78 3.0 502 0.71 382 092 326 096
25 60.8 023 303 0.84 21.7 0.95 35 583 0.88 449 097 390 0.99
3.0 61.1 050 314 096 234 0.99 06 1.0 295 0.03 19.8 0.14 16.1 0.24
3.5 634 0.80 332 0.99 24.5 1.00 1.5 348 0.07 245 0.27 20.1 043
04 1.0 582 002 294 0.10 21.2 0.21 2.0 41.0 0.17 304 046 257 0.63
1.5 61.0 0.03 31.1 0.20 23.1 0.39 25 503 030 378 0.64 323 0.79
2.0 62.1 0.05 33.7 041 25.5 0.66 3.0 596 048 46.1 0.80 40.5 0.89
25 67.6 0.11 380 0.66 29.5 0.85 35 695 0.68 56.0 090 493 0.95
30 695 033 416 087 32.6 0.95 40 823 082 668 095 594 0098
3.5 76.2 0.58 469 0.95 37.3 0.98 45 954 091 782 098 709 0.99
40 83.5 080 51.0 099 419 0.99
05 1.0 60.0 001 303 0.09 223 0.19 k=6, np=15
1.5 61.7 0.02 32.8 0.17 24.8 0.34
20 685 004 375 031 28.8 0.56 00 1.0 200 0.11 13.7 032 11.1 047
25 728 0.09 427 053 339 0.76 1.5 200 040 137 070 11.1 0.82
3.0 78.6 020 48.6 0.76 394 0.89 2.0 20.0 0.81 137 095 11.1 0.98
3.5 88.1 036 565 0.88 464 0.95 02 1.0 206 0.10 142 030 11.6 044
40 956 062 639 095 535 0.98 1.5 21.8 0.34 150 065 123 0.78
4.5 106.5 0.80 73.3 0.98 62.0 0.99 2.0 223 0.73 155 092 127 0.96
06 1.0 61.0 001 31.0 0.08 23.0 0.17 25 232 095 167 099 13.7 0.99
1.5 654 0.02 36.1 0.13 274 028 04 1.0 222 0.08 155 025 126 0.38
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Table 3 (Continued.)

51 il (F0.0I,P*) (F0,05,P*) (Fmo,P*) ()% 7 (FO.OI,P*) (FO.OS;P*) (FOAIO,P*)
04 15 247 024 179 0.51 149 0.65 0.6 45 160.3 0.66 116.8 0.96 102.4 0.99
2.0 28.8 049 209 0.78 174 0.88 5.0 175.6 0.85 1343 0.98 118.0 0.99
2.5 333 0.76 247 093 20.7 0.97
3.0 384 092 289 099 244 0.99 k=28, n=10
0.5 1.0 234 0.06 167 020 13.6 0.33
1.5 27.7 0.16 20.1 041 16.7 0.57 0.0 1.0 294 0.08 20.0 0.30 163 0.46
2.0 328 036 245 0.66 209 0.78 1.5 294 036 20.0 0.72 163 0.84
2.5 39.1 059 298 0.84 25.6 091 20 294 0.80 20.0 096 163 0.98
3.0 46,5 0.79 359 094 31.2 098 02 1.0 299 0.08 20.8 027 17.0 043
35 546 092 43.0 099 37.8 0.99 1.5 31.1 029 212 0.66 17.5 0.80
0.6 1.0 248 0.05 179 0.17 14.8 0.28 20 313 0.75 221 094 184 0.97
1.5 30.0 0.12 224 031 19.0 0.46 04 1.0 320 0.06 220 0.23 182 0.37
2.0 384 021 28.6 0.50 24.6 0.65 1.5 353 021 249 0.53 209 0.69
25 463 038 356 0.70 309 0.82 2.0 393 0.51 287 0.81 24.1 0091
3.0 554 0.58 443 0.83 393 091 25 448 0.80 333 095 284 098
35 663 0.75 539 093 482 0.96 0.5 1.0 328 0.05 23.6 0.19 19.5 0.32
4.0 76.1 0.89 639 097 57.8 0.99 1.5 383 0.15 275 043 230 0.60
45 895 095 762 099 68.6 1.00 2.0 443 036 332 0.69 284 0.82
2.5 53.0 0.61 39.7 0.88 343 095
k=8,ng=5 30 60.6 086 47.5 097 41.6 0.99
0.6 1.0 351 0.04 252 0.15 20.6 0.28
0.0 1.0 712 0.02 36.0 0.12 264 0.25 1.5 42.1 0.09 309 031 26.0 048
1.5 712 0.03 36.0 030 264 0.55 2.0 51.1 0.21 384 053 33.1 0.70
20 712 0.09 36.0 0.67 264 0.88 25 602 043 473 075 41.5 0.86
25 712 030 36.0 093 264 0.98 3.0 749 0.60 58.7 0.88 519 0.94
30 712 070 36.0 0.99 264 0.99 35 869 082 71.0 095 63.7 098
02 1.0 716 0.01 368 0.11 27.0 0.24 4.0 1013 093 845 098 76.6 0.99
1.5 72.1 0.03 372 027 27.6 0.53
20 732 0.07 379 0.61 28.5 0.83 k=38, n =15
2.5 737 027 386 090 292 0.97
3.0 765 0.60 403 098 30.6 0.99 0.0 1.0 244 0.13 174 037 145 0.52
04 1.0 723 0.02 379 0.10 283 0.21 1.5 244 052 174 0.80 145 0.89
1.5 76.6 0.03 40.0 022 30.8 042 20 244 091 174 098 145 0.99
20 789 0.06 43.8 0.46 33.8 0.72 02 1.0 248 0.13 18.0 035 150 0.50
2.5 80.6 0.18 47.6 0.77 37.2 0.92 1.5 263 044 18.8 0.75 157 0.85
3.0 889 039 548 092 434 0.98 20 27.0 085 19.8 096 16.6 0098
35 950 0.70 58.1 098 48.6 0.99 04 1.0 269 0.09 19.8 0.28 16.6 0.42
05 1.0 743 0.02 399 0.08 29.2 0.19 1.5 306 029 228 0.58 192 0.73
1.5 80.5 0.02 433 0.18 33.0 0.36 2.0 350 063 262 087 223 094
20 904 0.03 484 036 37.5 0.62 2.5 40.0 0.88 31.0 097 26.6 0.99
2.5 929 0.09 549 0.61 439 0.83 0.5 1.0 29.0 0.07 21.2 023 179 0.36
3.0 1003 023 62.5 0.84 51.7 0.94 1.5 332 022 253 049 21.6 0.65
3.5 1089 0.49 709 094 59.8 0.98 2.0 402 046 30.7 0.75 26.5 0.86
4.0 120.1 0.75 82.8 098 69.8 0.99 25 469 075 37.0 092 325 0.96
0.6 1.0 739 0.01 40.6 0.08 30.5 0.18 3.0 56.8 091 451 098 399 0.99
1.5 826 0.02 458 0.15 357 0.29 0.6 1.0 31.0 0.05 22.6 0.18 19.2 0.30
2.0 90.0 0.03 54.0 0.26 429 0.48 1.5 373 0.14 28.7 036 245 0.52
2.5 103.2 0.06 62.6 046 514 0.70 2.0 46.5 028 358 0.59 313 0.73
3.0 1134 0.12 74.0 0.65 62.2 0.83 2.5 57.0 050 445 0.80 399 0.89
3.5 1241 0.28 86.2 0.82 73.6 0.93 30 683 0.72 557 092 50.1 0.96
4.0 139.2 0.49 100.1 0.92 86.4 097 3.5 80.9 0.89 67.8 097 61.5 0.99
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Table 4
Critical values and power of the chi-square test

T8 R (ALPY) (Bos(DLPY) (B1o(A)P) & T GR(ALPY) (Bos(A).P™) (2 1o(A)P)

z z

k=2 02 1.0 9.74 0.12 6.35 0.29 4.88 0.42

1.5 10.36 0.33 6.77 0.58 5.22 0.70

0.01.0 6.63 0.12 3.84 0.29 2.71 041 2.0 11.15 0.61 7.34 0.82 5.68 0.90
1.5 6.63 0.32 3.84 0.56 2.71 0.68 2.5 12.06 0.84 8.04 0.95 6.26 0.98
2.0 6.63 0.60 3.84 0.81 2.71 0.88 0.4 1.0 11.15 0.08 7.34 0.23 5.68 0.35
2.5 6.63 0.83 3.84 0.94 2.71 0.97 1.5 13.09 0.20 8.83 0.42 6.93 0.56
3.0 6.63 0.95 3.84 0.99 2.71 1.00 2.0 15.39 0.37 10.67 0.64 8.53 0.76
021.0 7.14 0.10 4.14 0.27 2.92 038 2.5 17.98 0.58 12.81 0.81 10.42 0.89
1.5 7.71 0.26 4.51 0.50 3.19 0.63 3.0 20.84 0.77 15.21 0.92 12.58 0.96
20 842 047 5.00 0.72 3.57 0.83 3.5 2396 0.90 17.86 0.97 14.98 0.99
2.5 9.22 0.69 5.58 0.88 4.03 0.94 0.5 1.0 12.06 0.06 8.04 0.19 6.26 0.30
3.0 10.09 0.86 6.24 0.96 4.57 0.98 1.5 14.79 0.14 10.18 0.34 8.10 0.48
3.5 11.00 0.95 6.95 0.99 5.17 1.00 2.0 17.98 0.26 12.81 0.51 10.42 0.65
04 1.0 842 0.07 5.00 0.21 3.57 032 2.5 21.60 0.42 15.85 0.68 13.15 0.80
1.5 10.09 0.15 6.24 0.35 4.57 0.49 3.0 25.62 0.59 19.28 0.82 16.28 0.90
2.0 11.96 0.26 7.71 0.52 5.83 0.66 3.5 30.02 0.75 23.11 091 19.80 0.96
2.5 13.99 0.42 9.36 0.68 7.27 0.80 4.0 34.82 0.87 27.32 0.96 23.70 0.98
3.0 16.19 0.59 11.17 0.82 8.87 0.90 4.5 39.99 0.94 31.91 0.99 27.98 1.00
3.5 18.54 0.74 13.14 091 10.64 0.95 0.6 1.0 13.09 0.05 8.83 0.16 6.93 0.25
4.0 21.06 0.86 15.27 0.96 12.56 0.98 1.5 16.65 0.09 11.71 0.26 9.44 0.38
4.5 23.74 093 17.56 0.99 14.65 0.99 2.0 20.84 0.16 1521 0.38 12.58 0.52
0.51.0 9.22 0.05 5.58 0.17 4.03 0.28 2.5 25.62 0.27 19.28 0.52 16.28 0.66
1.5 11.47 0.10 7.32 0.28 549 041 3.0 30.95 0.39 23.92 0.66 20.55 0.78
2.0 13.99 0.18 9.36 0.41 7.27 0.55 3.5 36.84 0.53 29.11 0.77 25.36 0.87
2.5 16.76 0.29 11.65 0.55 9.30 0.69 4.0 43.28 0.66 34.84 0.87 30.73 0.93
3.0 19.78 0.42 14.18 0.68 11.58 0.80 4.5 50.26 0.78 41.12 0.93 36.63 0.97
3.5 23.05 0.56 16.97 0.80 14.11 0.88 5.0 57.79 0.87 47.95 0.96 43.08 0.98
4.0 26.57 0.69 20.01 0.88 16.89 0.94 5.5 65.86 0.93 55.31 0.98 50.07 0.99

4.5 30.34 0.80 23.30 0.94 19.92 0.97
5.0 3436 0.89 26.84 0.97 23.20 0.99

5.5 38.63 0.94 30.62 0.99 26.74 1.00 k=4
0.6 1.0 10.09 0.04 6.24 0.14 4.57 0.23

1.5 12.95 0.07 8.51 0.21 6.53 0.33 0.0 1.0 11.34 0.16 7.81 0.36 6.25 0.48
2.0 16.19 0.12 11.17 0.30 8.87 0.44 1.5 11.34 048 7.81 0.71 6.25 0.81
2.5 19.78 0.18 14.18 0.41 11.58 0.55 2.0 11.34 0.82 7.81 0.93 6.25 0.97
3.0 23.74 0.26 17.56 0.52 14.65 0.66 0.2 1.0 11.93 0.14 8.23 0.33 6.58 0.46
3.5 28.05 0.36 21.30 0.63 18.07 0.76 1.5 12.62 0.40 8.72 0.65 6.99 0.76
4.0 32.72 047 2539 0.73 21.86 0.84 2.0 13.51 0.72 9.39 0.89 7.55 0.94
4.5 37.76 0.59 29.85 0.82 26.01 0.90 2.5 14.56 0.92 10.20 0.98 8.24 0.99
5.0 43.15 0.69 34.66 0.88 30.52 0.94 0.4 1.0 13.51 0.10 9.39 0.26 7.55 0.38
5.5 4891 0.78 39.84 0.93 3538 0.97 1.5 15.75 0.25 11.15 0.49 9.05 0.63
6.0 55.02 0.86 45.37 0.96 40.61 0.98 2.0 18.48 0.48 13.37 0.73 11.01 0.83
6.5 61.49 0091 51.27 0.98 46.20 0.99 2.5 21.62 0.71 15.98 0.89 13.35 0.94
7.0 68.33 0.95 57.53 0.99 52.15 1.00 3.0 25.12 0.88 18.96 0.97 16.04 0.99
0.5 1.0 14.56 0.07 10.20 0.21 8.24 0.33
k=3 1.5 17.76 0.18 12.77 0.40 10.48 0.54
2.0 21.62 0.34 15.98 0.60 13.35 0.73
0.01.0 921 0.14 5.99 0.32 4.61 0.44 2.5 26.04 0.54 19.75 0.78 16.77 0.87
1.5 9.21 040 5.99 0.64 4.61 0.75 3.0 31.02 0.73 24.06 0.90 20.73 0.95
20 9.21 0.72 5.99 0.88 4.61 0.93 3.5 36.51 0.87 28.90 0.96 25.21 0.98

2.5 921 092 5.99 0.98 4.61 0.99 4.0 42.53 0.95 34.24 0.99 30.20 1.00
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Table 4 (Continued.)

2 L B (ALPY) (Bos(D)P*) (10(ALPY)  Z 2 (R (D).P*) (1es(ALP*) (210(A).PY)

z

0
0.6 1.0 15.75 0.05 11.15 0.17 9.05 0.28 0.2 1.0 15.79 0.19 11.59 0.40 9.68 0.53

1.5 20.00 0.12 14.63 0.30 12.13 0.43 1.5 16.63 0.55 12.23 0.77 10.22 0.86
2.0 25.12 0.22 18.96 0.46 16.04 0.60 2.0 17.73 0.87 13.09 0.96 10.96 0.98
2.5 31.02 0.35 24.06 0.62 20.73 0.74 0.4 1.0 17.73 0.13 13.09 0.31 10.96 0.44
3.0 37.67 0.51 29.92 0.76 26.17 0.86 1.5 20.58 0.36 15.39 0.61 12.97 0.74
3.5 45.08 0.67 36.52 0.87 32.34 093 2.0 24.14 0.65 18.35 0.85 15.63 0.92
4.0 53.21 0.80 43.86 0.94 39.24 0.97 2.5 28.30 0.88 21.90 0.97 18.85 0.99
4.5 62.08 0.89 51.92 0.97 46.87 0.99 0.5 1.0 19.06 0.10 14.15 0.26 11.88 0.38
5.0 71.68 0.95 60.70 0.99 55.23 1.00 1.5 23.19 0.25 17.56 0.50 1491 0.64
2.0 28.30 0.49 21.90 0.74 18.85 0.84
k=5 2.5 34.28 0.73 27.10 0.90 23.63 0.95
3.0 41.08 0.89 33.10 0.97 29.21 0.99
0.0 1.0 13.28 0.19 9.49 0.40 7.78 0.52 0.6 1.0 20.58 0.07 15.39 0.20 12.97 0.32
1.5 13.28 0.56 9.49 0.77 7.78 0.86 1.5 26.15 0.16 20.06 0.38 17.17 0.52
2.0 13.28 0.89 9.49 0.96 7.78 0.98 2.0 33.02 0.32 25.99 0.58 22.61 0.71
021.0 13.92 0.17 9.96 0.36 8.17 0.49 2.5 41.08 0.51 33.10 0.76 29.21 0.86
1.5 14.68 0.48 10.52 0.72 8.64 0.82 3.0 50.28 0.70 41.33 0.89 36.93 0.94
2.0 15.68 0.81 11.28 0.93 9.29 0.97 3.5 60.61 0.85 50.68 0.96 45.76 0.98
0.4 1.0 15.68 0.11 11.28 0.28 9.29 041 4.0 72.04 0.94 61.13 0.99 55.69 0.99
1.5 18.23 0.30 13.32 0.56 11.05 0.69
2.0 21.38 0.57 1591 0.80 13.36 0.88 k=38

2.5 25.03 0.81 19.00 0.94 16.14 0.97
3.0 29.15 0.94 22.53 0.99 19.38 1.00 0.0 1.0 18.48 0.27 14.07 0.50 12.02 0.63

0.5 1.0 16.87 0.08 12.22 0.24 10.10 0.36 1.5 18.48 0.74 14.07 0.89 12.02 0.94
1.5 20.54 0.21 1521 0.45 12.73 0.59 2.0 18.48 0.98 14.07 0.99 12.02 1.00
2.0 25.03 0.42 19.00 0.68 16.14 0.79 0.2 1.0 19.30 0.24 14.70 0.46 12.56 0.59
25 3025 0.64 2349 085 2025 0.92 1.5 20.29 0.67 15.48 0.85 13.23 0.92
3.0 36.14 0.82  28.65 095  25.02 0.98 2.0 21.60 0.94 16.52 0.99 14.15 0.99
3.5 42.70 093 3446 0.99  30.45 0.99 04 1.0 21.60 0.16 16.52 0.36 14.15 0.50

0.6 1.0 18.23 0.06 13.32 0.19 11.05 0.30 1.5 25.03 0.46 19.35 0.71 16.67 0.81
1.5 23.15 0.14 17.40 0.34 14.69 0.48 2.0 2939 0.78  23.04 092  20.01 0.96
2.0 29.15 027  22.53 0.52 19.38 0.66 2.5 3454 095 2749 099  24.10 1.00
2.5 36.14 044  28.65 0.70  25.02 0.81 0.5 1.0 23.19 0.12 17.82 0.30 15.30 0.43
3.0 44.09 0.62 3571 0.83  31.61 091 1.5 2822 033 22.04 0.59 19.10 0.72
3.5 52.96 0.77  43.69 092  39.12 0.96 2.0 3454 0.62 2749 0.83  24.10 0.91
40 6276 0.89  52.59 0.97  47.54 0.99 2.5 4201 0.85 3407 096  30.20 0.98

0.6 1.0 25.03 0.08 1935 0.24 16.67 0.36
k=6 1.5 31.87 022 25.17 045  21.96 0.59
2.0 4042 042  32.67 0.68  28.89 0.80

0.0 1.0 15.09 0.22 11.07 043 924 056 2.5 50.56 0.65 4171 0.85  37.36 0.92
1.5 15.09 0.63 11.07 082  9.24 0.89 3.0 6223 0.83 5227 095 4733 098
2.0 15.09 0.93 11.07 098 924 099 3.5 7538 094 6430 099 5877 1.00
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