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Decay rate and renormalized frequency shift of superradiant excitons:
Crossover from two-dimensional to three-dimensional crystals
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The superradiant decay rate and renormalized frequency shift of Wannier excitons in a semiconductor film
of N layers are studied. It is found that both the decay rate and renormalized frequency shift show oscillatory
dependence on layer thickness. The crossover from the superradiant exciton to the bulk polariton when varying
N from 1 to is also examined.

Since Dicke’s pioneer workon coherent spontaneous ra-  In reality, superradiance is accompanied by frequency
diation of gas, the coherent effect for spontaneous radiatioshifts, as pointed out in Ref. 17. However, the coherent fre-
of various systems has attracted extensive interest both thequency shift of an exciton has received little attention—
retically and experimentall§® The coherent radiation phe- especially that concerning the crossover from two-
nomena for the atomic system was intensively investigatedimensional to three-dimensional case. One of the reasons is
in the late 1960'$7% It was found that the distances betweenthe difficulty arose from divergent nature of frequency shift,
atoms in crystal are much smaller than the ones in gas, so thmth infrared and ultraviolet. In this paper, we approach this
coherent effect would be much greater than that in‘gast  problem by using the method of renormalization proposed by
as it was well knowt,the excitons will couple with photons Leeet al”in a semiconductor slab of arbitrary thickness. In
to form a polariton—an eigenstate of the combined systenaddition we also show the decay rate of Wannier excitons as
consisting of the crystal and the radiation field which doesa function of layer thickness. It will be found the higher-
not decay radiatively. What makes the excitons trapped imrder modes have larger maximum decay rates, as predicted
the bulk crystal is the conservation of crystal momentum. Ifby G. Bjork et al.*®
one considers a thin film°the excitons can undergo radia-  Consider a crystal slab with simple cubic structure which
tive decay as a result of the broken crystal symmetry. Theonsists oiN layers. The state of the Wannier exciton can be
decay rate of excitons in a thin film is enhanced by a factospecified ask,n,l,m), wherek=(q,k,) is the exciton wave
of (\/d)? compared to a lone exciton in an empty lattice, number withq(k,) paralle(norma) to the slab anah,!, and
where\ is the wave length of emitted photon adds the  mare quantum numbers for internal structure of the exciton.
lattice constant of the film. Here, k, takes the valuek,=2mn,/Nd, with d the lattice

Recently, with the advance of microfabrication technolo-spacing andh, an integer that is limited to one Brillouin zone
gies such as molecular beam epitaxy, it has become possib{@,=0,1, ... N—1). The Hamilton for the exciton is
to fabricate various structure of microcrystal with fine qual-
ity and novel properties, such as quantum well, superlattice, Hex= > ExnClimCnim» (1)
guantum dot, and quantum wire. The excitons in quantum knlm
well can exhibit the behavior between purely three dimen- N ) )
sions(3D) and 2D. Many investigations on the radiative line- Where ¢y, and cyn, are the creation and destruction op-
width of excitons in quantum wells have been performederators of the exciton, respectively. The Hamiltonian of the
Cebullaet al!! found an abnormal increase of excitonic ra- photon is
diative life time with the decrease of well width below 5 nm
for In,Ga, _As/InP quantum well. The radiative lifetimes of Hon= 2 hc(q'2+ k;z)l’zb;,k,kbq,m, 2
excitons in InAs quantum sheets were measured by Brandt q’k\ z ‘
et al,'? they observed the increasing of radiative life-time
with the decreasing of well thickness. Hanantdravesti- Whereb;

andbg, are the creation and destruction op-
. . . z
gated theoretically the radiative decay rate of quantum doi

KN
z
rators of the photon, respectively. The wave vektoof the

and quantum well. The obtained results are similar to that of .0 \vere separated into two pané:is the parallel com-

Lee and Lius® for thin films. Knoeste¥’ obtained the dis- . 0" (T Ol o T oh thigt2e o 24 K2
persion relation of Frankel excitons of quantum slab. The’ The interaction bet\yveen I{'she exciton and theq hotozn .can be
oscillating dependence of the radiative width of the exciton-expresse d as P

like polaritons with the lowest energy on the crystal thick-

ness was found. Recently, Bjoet al'® examined the rela-

tionship between atomic and excitonic superradiance in thin H"E 2 e 2mhce
and thick slab geometries. They demonstrated that superra- T4  mc ERENENTS

. . . TN (q'“+k;%)
diance can be treated by a unified formalism for atoms, Fren- z
kel excitons, and Wannier excitons. In a previous work of T - S

o . ) . X[b_, ,expiq - 7+ik,7,)+ by

Agranovichet al,® a detailed microscopic study of Frenkel [0, koA PG 7Tk 72) + B
exciton-polariton in crystal slabs of arbitrary thickness is

performed. Xexp(—iq" 7 =ik, 7o) [(&qion - Pi), 3
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wherer=(1;,7,) is a position vector of the electrann the : . s
crystal slabp; is the corresponding momentum operator of ~ Aginim= VN 2' Fn|m(P-Z)f d*sw[7—(p,1)]
the electroni, and €/, is the polarization vector of the b

z

photon . msp
The essential quantity involved is the matrix element of xXexp I1q-| 7— m
H’ between the ground stat&) and the Wannier exciton e h
state|k,n,|,m). The Wannier exciton state can be expressed m* |
as (k’n—%h))(—iw)wv[ﬂ 9
mg +my
|k,n,I m)— 2 Usim(Lp1,d)]c,(+p, 0 +3);0,(1,)), andg is the reciprocal lattice vector in the layer plane.

Hence the interaction between the exciton and the photon
(4) (in the resonance approximatjoocan be written in the form

. : . . - R
and the interaction matrix elements can be written as H —qk%mg kE D (q+gk,nimP(a+g)k; C(g+ ginim* N-C-s
zZ
(1, mH'[G)= X (c,(I+p,1 +3);v, (10
Lol where
X (L) Ugnim(LpLHH'|G), (5 1 1—e it kNd g 2mhe
Do’ nimg= —— —
gk;nimg _ ai(k,-k)d mc 2 L2
in which the excited statge, (I p,1 +3);v,(1,J)) is defined W 1-e (a+g*+k;")
as X €q+gkn Ag+gk,nim- (11)
. _at
.1+ o1+ 3)i0,(1D) =ac 14 p1+920,09/C), (6 Now, we assume that at tinte=0 the crystal slab is ini-

tially characterized by the presence of a Wannier exciton in
wherea .+ (2,,0.) is the creationdestructiod op-  the modeq+g,k,,n,I,m. For timet>0, the statdy(t)) can
erator for an electrocthole) in the conductionivalence band  pe written as
at site (+p,1+J3)[(1,J)], and| and p (I and J) are the

two-(oney dimensional vector parallédhorma) to the layer |(t))="Fo(t)|a+g,k,,n,I,m;0)
plane. The expansion coefficiett,,(I,p,1,J) is the exci-
ton wave function in theé\ layer crystal slab: +2 fG;(q+g)k£(t)|G;(q+g)k£>v (12)
k/
Usim(Lp1,d)= —exp(iq-rctik,r ) Fnm(p,2), where|q,k,,n,l,m) is the state with a Wannier exciton in
\/— \/_ the modeg+ g,k,,n,I,m in the crystal slab but no photons,

(@) and|G;(g+g)k,) means the crystal slab in its ground state
o ) o and a photon ofj+g,k; in the radiation field.
where the coefficient 3N’ is for the normalization of the By the method of Heitler and Ma in the resonance ap-
state|k,n,l,m), ri=[mg(I+3)+myJJ/(mg+my), andre  proximation, the probability amplituddy(t) can be ex-
is the center of mass of the exciton in tkey plane. Here, pressed d8
m: and mj are, respectively, the effective masses of the
electron and the holeF,(p,2) is the hydrogenic wave B 1
function in the guantum weliwith well width L=Nd), and fo(t)=exp =1+ gnimt = 2 Va+ok, it |, (13)
can be determined by variational meth§d.

After summing ovell andJ, we have where
1 1—e i—k)Nd o 7(q+g)kzn|m:2772 |D(q+g)k;n|m|25(w(q+g)kznk;) (14)
(k,n,I,mH'|G)= k};,g N 1_e Ga i mc » ky
y \/ 2mhe o s ID g+ gizniml® s
((q+9)*+k,*) Y% (a+akznim Kk,  @(q+gknk,
X[bg+gir(€q+grnAgtgk,nim) With (- gignic = Eqin/h —C\(a+ @)%+ k% Here
+biqk£)\(€—(q+g)k£>\'A(q+g)kznlm)]! Y @+ gienim and Qg+ g nim are, respectively, the decay rate

and frequency shift of the exciton.
(8) If we neglect the Umklapp process, the Wannier exciton
decay rate in the optical region can be calculated straightfor-
where wardly and is given by
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3 N’ (k(z)_qz)|;(nlm><2|2+|;(nlqu|2

Vo2+ k22< Ko,

10817

(16)

Y

qkznlm_

sznzz Akg Yo

(kCZ)_ q2)1/2

0, otherwise

%WN, (kg_q2)|3(nlm><i|2+|;(nlqu|2
2aK7° (kg—g*)*2
therefore the coordinate of the figure now represents the de-

cay rate formally. In addition, we have also assurrEd
=2m/\, A=8000 A, and lattice spacing=5 A in the nu-

where A is the area of the layer planko:Equn/h, E
=(ks— ")

anng F:Im(Pvz)f dgﬂNC[T—(pJ)](—iﬁV)Wv[T],

1
an merical calculations. With the increasing of layer numbers,
462k the decay rate shows the oscillatory and decreasing behavior.
yo= € ko | Xniml2 (18) There is also a maximum value of the fach(ZnZ whenN
3m*c? =592, and the oscillation period is 160#@yery. This is

similar to the Knoester's restftwhich comes from the in-
terference between the radiation fields emitted by the various
excitons in the slab. In sufficiently thick slab, it becomes
radiatively stable polariton result. Figure 2 shows the factor
G;an of the higher-order moden{=1,2). One can see from
the figure the maximum decay rate occurred at laijebue
Here, x%,, represents the effective dipole matrix elementto the k, vector conservation, the higher-order modes had
for an electron to jump from the excited Wannier state in thdarger maximum decay rate. Our result is also in good agree-
conduction band back to the hole state in the valence bandnent with the recent study of optical properties transition

. . H H 15
We see from Eq.(16) that y_  is proportional to from thin film to bulk: _
drenm Now let us present out results for the renormalized fre-

1/(kod)“. Thls_ is just the superrad|ar_1C(_a factor implying the quency shift. The frequency shift in EG15) can be ex-
coherent contributions from atoms within half a wavelengthpressed as

or so*®

and

1 sird(wn,—Ndk,/2)
Gin=1 = ——, n,=0,1,2--. (19
2z N sir?(7n,/N—dk,/2)

We now pay attention to the fact@_, in Eq.(16). For _ 2me? » 1 sinf(7n,—Ndk;/2)
the limiting caseN=1 (monolayey, the factorGy_, =1 and (@raknim™ 4 22, gon N sirP(mn,/N—dk;/2)
the wave functiorF,,(p,z) becomes two-dimensional hy- |5(q+g)k£)\'XnIm|2 1

drogenic wave function. It means our result can reduce to the
thin film case’® In Fig. 1 we have plotted the fact@ , as
a function of layer numbers fan,=0 mode. In ploting the
figure,G;ZnZ is expressed in terms of

(20)

As seen from above, the frequency shift suffers from ultra-
violet divergence whef, andg are large, and has infrared

X
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FIG. 1. Decay rate of a slab with superradiant Wannier excitons
as a function of layer numbers. The vertical and horizontal units are

N

FIG. 2. Decay rate of the higher-order mode. The solid line
corresponds tm,= 1, whereas the dashed lineris=2. The verti-
cal and horizontal units are

3N’ ¥ (kfz)_q2)|;(nlm><2|2+|;(nlm><q|2

5,370 ~ ~ ~

2 AI% (kS, q2)1/2 3N’ (ké_q2)|anmxz|2+|Xn|qu|2
and layer numberBl, respectively. In this and following graphs we N & (k3—q?)Y2

have assumedk,=2m/\, A=8000 A, and lattice spacingl

=5A.

and layer numberbl, respectively.
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divergence when the denominator approaches zero. Re- 800
cently, Lee, Chuu, and M¥iemployed the usual renormal-

ization procedure to find that the ultraviolet divergence 33: 600
comes from the inclusion of Umklapp process. Therefore, &

the renormalized resuligt~-0 andn,=0) can be written as > 400
=]

o 2meN' . 1 Si(NdK/2) 2 200
= —’P - - @

W m2e2p 3 N sin?(dk;/2) B .

|5qk£)\'AqunIm|2 1 0 2000 4000 6000 8000 10000 12000
(21 N

k. ko— Kk~ , , , ,
z 0 "z FIG. 3. The renormalized frequency shift of Wannier excitons
nas a function of layer numbers. The vertical and horizontal units are

We now turn to the infrared divergent problem. As see 5 !
Ysingd 1/Kod)“ and layer numberdl, respectively.

from Eg. (21), there is divergent problem whek ~0 or
k,~Kko. This can be overcome by substitutingi#V by

—imck)7 (Ref. 19 in Eq. (17) whenk; is small. It is _ _ o
equivalent to the dipole-interaction forntj’ ~r-E. With ~ havior, and the maximum frequency shift is reached about

this treatment, we have N=1070. In addition, the value of the frequency shift
changes from negative to positive when the layer numbers is
ren 1 1 sirf(Ndk./2) about 380. This negative phase delay between the decay rate
qkzmm:N'PE qu;mm kK N 2(dK ] in Fig. 1 and frequency shift in Fig. 3 comes from the factor
kA 0" %z sir(dk;/2) [1/(ko—k;)] in Eq. (22). As we integratek, from zero to

(22) infinity, there is a competition between the negative and
with positive value of this factor. With the increasing of layer

, numbers, the frequency shift also decreases and gradually

2me 2 henis K. | approaches to zero which agrees with the case of 3D limit. In
mk‘*k?""/n'm' . whenisk; large spite of the oscillatory behavior, the oscillation period of

quénlm: 5 ,Z frequency shift is not really a constant. In fact, the oscillation
2mek, period, from the first maximum point to the next one, is 1675

—— ey dnml?,  whenis k. is small . .
fv |eqkzX ninl z layers, and gradually approaches to 1600 layers with the in-
(23 creasing of layer numbers. This is because as the layer num-
where ber N is large, thek, in Eq. (22) must center around,
because of the conservation of momentum. Thus (E8)

. can be approximated as
dypim=2 Fiin 922 f w7 (p1)(~ AV )W, [ 7. PP

(24) .

. _ — 1 sir’(Ndky)
Equation(22) cannot be evaluated analytically. But for agenim~AKg) 5 ————, (28)

the thin film containingr layers, the renormalized frequency ‘ N sir?(dko)

shift can be approximated as

where?o= ko+ A is the mean value of the integration. As the

fk;'dnlm 2 10|
T (25 layer numberN becomes larger, the mean valkg gets

d
o ) ] 17 s closer toky. This explains the asymptotic behavior of the
This is the just result obtained by Let al.”" Similar to the  gcillation period.

decay rate, the above expression can be rewritten as In conclusion, we have shown the decay rate and the fre-

1\2 quency shift of Wannier exciton in Bl-layer crystal slab.
;iznlm:—ysingle(ko—d T, (26)  Similar to the case of Frenkel exciton, the decay rate of
Wannier exciton shows oscillatory behavior with the increas-

where ing of layer numbers. By the renormalization method, we
have also calculated the frequency shift as a function layer

2¢? EH,M 5 numbers. It is found that the frequency shift also shows os-

Ysingle™ 7 T|k0dnlm| (27) cillatory behavior. Both the decay rate and frequency shift

. o ) . ) can approach correct 2D and 3D limit.
is the radiative decay rate of a single isolated exciton. The

enhanced factor (k4d)2T is due to the coherent effect. We gratefully acknowledge helpful discussions with Pro-
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