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A Synchronization Scheme Using Self-Pulsating
Laser Diodes in Optical Chaotic Communication

Cheng Juang, T. M. Hwang, J. Juang, and Wen-Wei Lin

Abstract—A synchronization scheme using self-pulsating laser transmitting, receiving, and coupling at least one state variable
diodes in optical chaotic communication is proposed. Optical petween the drive and response systems; and 3) obtaining all the
chaotic light can be obtained by injecting a sinusoidal electronic negative CLE’s for the drive and response systems at one partic-

signal into a self-pulsating laser diode. To synchronize between two lar dri lectronic si LIt has b K that. by iniecti
identical chaotic systems with different initial conditions, a drive U'@" drive eleéctronic signal. it has been known that, by injecting

and response system model is constructed according to Pecora@ Sinusoidal electronic signal to laser diodes [5], [6], and in par-
and Carroll's theory. Synchronization can be achieved for optical ticular, self-pulsating laser diodes [7], [8], chaotic light can be

simplex and duplex transmissions provided that the conditional generated in certain conditions. In this way, self-pulsating laser
Lyapunov_exponents for the drive and response systems are all jioqes can be used as chaotic masking devices. In addition, a
negative. This approach offers a key step toward realizing optical . . .
chaotic modulation and demodulation. reasonable (probgbly the only one) c_h0|ce for this state vari-

able to be transmitted between the drive and response systems
is photon density. Note that, if all the state variables are passed
to the response system, the total system becomes trivial. Photon
density could then be received, processed, and coupled into the
|. INTRODUCTION response system in the form of current injection. Finally, to meet

CARRIER synchronization (lock-in) between two Chaotié:ondition 3) above, the CLE's are calculated at this particular

systems is the key to establishing chaotic communicatiS"IheCtron'C drive.

channels. The property of chaotic systems is that closely corre/* SYnchronization scheme using self-pulsating laser diodes in

lated initial conditions have trajectories which quickly becom@Ptical chaotic communications is proposed in this paper. Sec-

uncorrelated. This property would seem to defy synchroniztéc-m Il formulates a possible drive—response system model in

tion. However, Pecora and Carroll [1], [2] have shown that tv\;aptlcal chaotic simplex and duplex transmission according to

chaotic systems can be synchronized provided that the systéjrﬁgora and Carrol_l’s the’ory. Section Il plots the bifurcation di-
meet the following criteria. First, the first chaotic (drive) systerﬁgram from the Poincare map and computes the Lyapunov expo-

transmits some of its state variable to the second (respon ggts for self-pulsating laser diodes under sinusoidal electronic

Index Terms—Conditional Lyapunov exponents, optical chaotic
communication, self-pulsating laser diodes, synchronization.

system. This forces the state variables of the response syster Lo SYQCQ(O”'Z”‘“F’” of the S|dmplex and QUpllex tfrfansm|?5|ons
synchronize with the other state variables not passed to the'Fe?€SC! ff? Iin Sectu;ns I\L/Ea’m \g reSpﬁCthg y. Effects o gom&
sponse system. Second, a necessary and sufficient conditiorP{if}9 coefficients on the CLE's and synchronization are studied.

the synchronization is that all the conditional Lyapunov expo-
nents (CLE’s) associated with the variational equation be neg- Il. FORMULATION
ative. The ability to design synchronizing systems has opengd Drive—Response System

opportunities for applications of chaos to private communica-

tions [3]. ‘I,Jlarser diodes as chaotic masking devices, a drive system de-

In optical chaotic communications which have the potential_ . : . LT
. o scribed by a three-dimensional (3-D) rate equation is given by
for high-speed communications, class B lasers (master—slave

model) have been used to achieve the synchronization and signal ¢ v, ] N
transmission [4]. In this work, a drive-response model according gz = £1(N1, N2, §) +a+b sin 2n ft +6(5 — 5)
to Pecora and Carroll's theory is used [1], [2]. Three issues have JdN,
to be addressed in order to apply Pecora and Carroll’s theory: gz
1) masking the electronic signal with optical chaotic light;, 2) ds

dt

Considering a drive—response system using self-pulsating

=F(Ny, Na, S)

=F3(Ny1, No, S) (1)
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TABLE |
PARAMETERS USED FOR SIMULATION OF
SELF-PULSATING LASER DIODES Drive Response

ky 3.08x 10~12 m3/5 1 Signal H D \.’ PD Lt

k, 1.232x 10~ m3/S

& 0.2034 -

&2 0.1449 - Fig. 1. An optical chaotic simplex transmission block diagram.

Ngl 14x 1024 m"3

N L 6% 10% =3 to the increase in bias current. Wher= 30 mA is injected, the

9 ' correspondingf is 2.28 GHz. This is used in the calculations
Vi 72 um?® throughout.
V; 102.96 m? . .
: # B. Simplex and Duplex Transmission

T 2.65 s Equations (1) and (2) are general forms expressing two-way

To 4.452 ns (duplex) transmission between drive and response systems. If
6 is zero, the system becomes one-way (simplex) transmission.

G 3.91x 10" §-1 ; ; ; fec ;
Fig. 1 illustrates a possible transmission block diagram for a

c 1.573x 10~23 pm=? simplex system. The drive system serft{g) to the response
system and then subtraci$t), which is from the monitor pho-

Ts 3 ns todetector of the identical self-pulsating laser diode in the re-

sponse system. The tunable gain stage corresponds to the cou-
pling coefficients. Mixed with the signal current again, the total
injection current becomds= &+b sin 27 ft+6(S—S5). Thus,

whereS is the photon densityy; is the electron density in the o . )
P W y g_haotlc simplex transmission system can be implemented.

active region/V is the electron density in the saturable absor
tion region,! = a+b sin 27 ft+ (5 — S) is the injection cur-

rent, and’ is the coupling coefficient. Note thatis normalized [ll. CHAOTIC MASKING USING SELF-PULSATING LASER
using a factor of:V;, whereV] is the active layer volume. The DIoDES
nonlinear functiond, %, andZ’s, which describe the self-pul- gy jniacting a sinusoidal electronic signal into a self-pul-
sating laser diodes, are written as [9] sating laser diode/(= a+b sin 2 ft), optical chaotic light can
L _ be obtained. In order to characterize the asymptotic behavior of
161 N1 N — N . ) X . 3
P =- T(Nl —Nj)§——— T the drive system, numerical computations on Poincaré maps and
! Ts 12 Lyapunov exponents are carried out.
k2&o Ny No— DNy
Fy=—"2(Na = Np)§— — - ———
Ve T I A. Poincaré Map
F3 = [k161(Ny — Ng1) + k2&2(N2 — Ng2) — G| S '
A% In the 3-D phase diagramVy, N2, andS) of the rate equa-
+C - @) tions, letX be a two-dimensional 2-D hyperplane through a
° point (0, 0.298, 0) with the normal direction [0, 1, 0]. Con-
where sider the Poincaré map: X — X defined byP(z) =
T, carrier lifetime; Pr4e, (z, t,), WhereP(z) denotes the first return point at
£ confinement factor; of the trajectoryp, ., (x, t,) in time t,,, which emanates from
Gy, threshold gain level; x € X starting at the initial timet,. It is known that a fi-
T carrier time diffusion constant between the two layersiite set{xy, - - -, z; } of the trajectory intersecting a hyperplane
k linear approximation constant for the gain curve; X results in a system with a periddsolution. If the points
N, transparent level of electron density; P¥(z), k =1, 2, - -- densely fill out the closed curve, then the
C  coupling ratio between the spontaneous field and tlselution forms a quasi-two-periodic orbit. A Poincaré map pro-
lasing mode. gram is written according to the pseudocode in [10].
The subscripts 1 and 2 describe terms in the active and absorgrig. 2 shows the bifurcation diagram of the Poincaré map with
tion layers, respectively. S(t) versush for f = 0.3fy. Whenb € (0, 4) the system has a

Table | lists all the parameters of the self-pulsating laser diodeasi-two-period attractor. Whéwvaries from 4 to 6, the effects
obtained from [9] used in the simulation. Increasing the bias cuwt quasi-periodicity routes to chaos are observed. The system
rent yields a dramatic change in output light at 19.8 mA, whidhas a period-3 window dt € (6, 8.33) and period-doubling
corresponds to the threshold current of the laser. When the lagecurs wher > 8.33. The phenomenon of the period-doubling
is above threshold, the self-pulsating frequefigincreases due routes to chaos occurs whénrs 8.35.
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Fig. 2. Bifurcation diagram of a Poincaré map wilit) versush for f =  Fig. 4. The first conditional Lyapunov exponent of the drive-response system
0.3fy, anda = 30 mA. versusd for 6 = 0, f = 0.3f5, b = 9 mA, anda = 30 mA.

V. SYNCHRONIZATION OF SIMPLEX TRANSMISSION

When the drive system sends a chaotic state variable
S(t) (f = 03fo, b = 9mA andf; > 0) to the same
response system with slightly different initial conditions
(V1(0) = N2(0) = S(0) = 10~°), synchronization between
the two state variables(#) and $(¢) can be achieved.

Lyapunov exponents

A. Conditional Lyapunov Exponents

According to Pecora and Carroll's theory, synchronization
can only be achieved for all negative CLE’s. The CLE’s are
found by calculating the Lyapunov exponents for the entire

b(mA) system and comparing these to the Lyapunov exponents of
the drive system. The remaining Lyapunov exponents are the
" if% r?;; _Tgegf}rs;;v;o Lyapunov exponents of drive systefand 3. versus | E's A simple method is to construct a difference system.
oo ‘= . LetENIINl—Nl,ENZINQ—NQ andES:S—S.The
difference system becomes

B. Lyapunov Exponents for Self-Pulsating Laser Diodes

o . dE(t)
Lyapunov exponents are the generalization of the eigenvalues _—
at an equilibrium point of characteristic multipliers. They can dt
be used to determine the stability of quasi-periodic and chaotipe real part of the eigenvalues.;( \», and \3) of A~!
behaviors, as well as that of equilibrium points and periodigre the CLE’s by definition. If all the CLE’s are negative,
solutions. Letm, (¢), - -+, m,(t) be the eigenvalues @f;(xo), lim; .., E(t) = 0 and the two systems will be synchronized.

which is the transition matrix foo(zo) = I,,. The Lyapunov |f there is a positive CLE, the difference system will grow
exponents ofr, are defined by further apart ag — ooc.

= AE(®). (5)

. Fig. 4 shows the first CLE of (5) againswhené = 0, f =
B = lim = In |m,(t)] (4) 0.3fp,andb = 9 mA. Note that}he second and third Lyapunov
toeo exponents are all negative. For< 1.5, there is at least one
fori = 1, ---, n, whenever the limits exist. A practical algo-POSitive Lyapunov exponend( > 0 > Az > Az). This implies

rithm was developed according to the pseudocode in [10]. THRat the difference system will grow further aparttas- oc.

algorithm requires more thahx 10° iteration steps to compute FOr ¢ > 63, there is no positive Lyapunov exponefitt A, >

the Lyapunov exponents to the required degree of accuracy.A2 > Aa)- This implied synchronization. In between, there is
Fig. 3 shows the first two Lyapunov exponertts and 8, @ mixed region where synchronization and nonsynchronization

versush. Note that the third Lyapunov exponents are all negati¥@n both occur.

(<-5). Forb € (0, 4), 1 ~ B2 =~ 0, andgs < 0. This implies o

a nonchaotic quasi-two-period attractor which agrees with the Synchronization

results from the Poincaré map. Because at least one Lyapuno8ynchronization can also be verified by directly solving (1)

exponent of a chaotic system must be positive, chaotic behawiod (2). Fig. 5 shows (¢) versusS(¢) for weak coupling when

can be established in regions where one positive Lyapunov éx= 1, 6 = 0, f = 0.3fy, andb = 9 mA. Drive and response

ponent is shown in the figure. The system also has a periodyastems with closely correlated initial conditions have trajecto-

window forb € (6, 8.33); therefore, in this region, there is nories which quickly become uncorrelated. In this case, there is a

positive Lyapunov exponent. positive CLE. However, if the gain stage of the response system
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Fig.5. S() versusS(t) ford = 1,6 = 0, f = 0.3f,, andb = 9 mAin the
simplex drive-response system.
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Fig. 6. S(t) versusS(t) for 6 = 100,86 = 0, f = 0.3f5, andb = 9 mAin
the simplex drive-response system.
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Fig. 7. log(5(t)/S(t)) againsts for 8 = 0, f = 0.3f5, andb = 9 mAin

the simplex drive-response system.

is tuned to a strong coupling & 100), synchronization occurs
as shown in Fig. 6. In this case, all CLE’s are negative.

Fig. 7 plotslog(S(t)/S(t)) against for 6 = 0, f = 0.3 fo,
andb = 9mA. Foré > 63, log(S(t)/S(t)) = 0 implies that the

log[s(t) / S

60 80 100
A
9
Fig. 8. log(5(t)/S(t)) againsé for 6 = 0, f = 0.3fo, andb = 9 mAinthe
simplex drive-response system. The initial conditions of the response system

have been changed t&V{(0) = 0.4635, N2(0) = 0.2993, and S(0) =
3.9487).
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Fig. 9. The first conditional Lyapunov exponent of the drive-response system
versusd foré = 6, f = 0.3f,,b = 9 mA, anda = 30 mA.

With negative CLE's, all trajectories in the two systems ap-
proach each other asymptotically regardless of initial conditions
provided that they are in the basin of attraction. To show that
synchronization can be achieved under the worst-case initial
condition (in a practical sense), Fig. 8 repeats Fig. 7 except that
the initial conditions of the response system have been changed
to (V1(0) = 0.4635, No(0) = 0.2993, S(0) = 3.9487), where
S(0) is the maximum value for any of the response system
without coupling. This result suggests that the drive and re-
sponse systems have identical chaotic behaviors independent of
initial conditions.

V. SYNCHRONIZATION OF DUPLEX TRANSMISSION

The drive system sends a chaotic state varialpi¢ to the re-
sponse system. In return, the response system sends its chaotic
state variables (t) to the drive system. Thus, duplex (two-way)
transmission can be established. Due to the exchange of state
variables between the drive and response systems, it is expected
that synchronization can be achieved more easily than in sim-
plex transmission.

drive and response systems are synchronized. When the value

A~

of log(S(t)/S(t)) varies, the two systems are not synchronized: Synchronization ) )
In between 63 and 1.5, synchronization and nonsynchronizatiorfig. 9 shows the first CLE againstwhené = ¢, f = 0.3 fo,
can occur. This result matches well with the CLE calculationgandb = 9 mA. Foré > 32 (compare with 63 in the simplex
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systems (one-way for simplex and two-way for duplex). For
strong coupling (all negative conditional Lyapunov exponents),
synchronization can be achieved between the drive and response
systems. Weakly coupled (one positive conditional Lyapunov
exponent) drive and response systems quickly become uncorre-
lated.
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transmission), there is no positive CLE. The difference syste
will converge to zero and the drive and response systems will
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Fig. 10 plotslog(S(¢)/5(t)) agains® for § = &, f = 0.3 /o,
andb = 9 mA. S(t) andS(t) are directly solved from (1) and
(2). Foré > 32,1og(5(t)/S(t)) = 0 implies that the drive and
response systems are synchronized.

Fig. 11 shows the synchronization thresholdsadnd § for
f = 0.3fo andb = 9 mA. Dark points represent nonsynchro-
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and, hence, the ratio of the thresholds is around 2.
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VI. CONCLUSIONS

Self-pulsating laser diodes can be used as chaotic masking
vices to change sinusoidal electronic signals into optical chaa
light. By applying Pecora and Carroll's theory, one state varia
(photon density) is transmitted between the drive and respot



