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This article summarizes four formulations of the composite body method for the
inertia matrix of a manipulator in the earlier works and presents a new formulation.
These five formulations all use the first moments and the inertia tensors of composite
bodies about the origin of the local frame. This paper also presents an algorithm for
computing these first moments and inertia tensors. This algorithm utilizes a set of
minimal linear combinations of inertia parameters instead of the natural inertia
parameters, so that a number of redundant computations are saved. It is found that
the new algorithm for the first moments and the inertia tensors of composite bodies is
computationally superior to the others in the literature. On the other hand, two among
the five formulations for the inertia matrix are more efficient than the other three as
well as the others in the literature. The new formulation is one of these two most
efficient formulations, and is specially adequate to a manipulator with some transla-
tional joints. Q 1999 John Wiley & Sons, Inc.

1. INTRODUCTION

The forward dynamics of a manipulator is to solve
the joint accelerations for given actuator forces and
then to calculate the joint velocities and joint dis-
placements by integrating the joint accelerations.
The computation of the inertia matrix plays the
crucial role in the forward dynamics. An efficient

U To whom all correspondence should be addressed.

formulation for forming the inertia matrix is then
the central topic of the forward dynamics.

There are three types of composite body meth-
ods for forming the inertia matrix of a manipulator
in the literature. They are different in the point

Žabout which the inertia properties first moments
.and inertia tensors are measured: the center of

mass,1 the origin of the local frame,2 ] 6 and the
origin of the base frame.7 The concept of the com-
posite body method was first presented by Walker

( ) ( )Journal of Robotic Systems 16 12 , 679]695 1999
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and Orin.1 However, they used the center of mass
to measure the first moments and the inertia tensors
of composite bodies and did not exploit the constant
terms in the first moments and the inertia tensors.
Renaud2,3 used the first moments and the inertia
tensors of composite bodies about the origin of the
local frame to derive the so-called generalized link
method of the inertia matrix. Renaud dissected the
terms in the recursive formulation of the first mo-
ments and the inertia tensors into constant terms
and varying terms, so that some computations are
saved. His method was further extended and modi-
fied by Vukobratovik et al.4 and Lin.7 The method
of Walker and Orin1 utilizing the same inertia prop-
erties as those of Renaud, instead of those about the
center of mass, was later rederived by Lilly and
Orin6 and found more efficient, although Lilly and
Orin applied the spatial notation and named the
resulting formulation as spatial composite body
method. On the other hand, Lin7 proposed another
type of composite body method by measuring the
first moments and the inertia tensors of composite
bodies about the origin of the inertia frame on the
base. His method was found the most efficient for-
mulation for the inertia matrix at that time.

In this paper, we are concerned with the second
type of composite body method, i.e., the one using
the inertia properties about the origin of the local
frame. There have been several alternate formula-
tions based on this type of composite body method.
It will be shown in this article that the efficiency of
these formulations was underestimated in the ear-
lier works. A new formulation of this type of com-
posite body method is also presented in this article,
which is specially adequate to a manipulator with
some translational joints. One of the advantages of
this type of composite body method is that a set of
minimal inertia parameters for the manipulator dy-
namics is closely related to the first moments and
the inertia tensors of composite bodies and can be
utilized in the formulations of this type of compos-
ite body method.

A set of minimal linear combinations of inertia
Ž .parameters MLC’s is a set of minimal parameters

that are linear combinations of the natural inertia
parameters and sufficiently determine the manipu-
lator dynamics. There are two different sets of
MLC’s. One was discovered by Khalil et al.8 ] 10 and
Mayeda et al.11,12 independently, the other was
found by Lin.13 ] 15 Both sets were already used
to reformulate the so-called recursive Newton]
Euler formulation of the manipulator inverse dy-
namics.15 ] 17 It was exploited that using MLC’s can

reduce a lot of computations in the inverse dynam-
ics. Kawasaki et al.18 developed an efficient formu-
lation for the inertia matrix in terms of the set of
MLC’s of Khalil et al. and Mayeda et al. and found
that their new formulation is computationally supe-
rior to all the others in the literature. This paper will
indicate that the formulation of Kawasaki et al.
actually also belong to the second type of composite
body method. On the other hand, we also try to
develop an algorithm for computing the first mo-
ments and the inertia tensors of composite bodies
using Lin’s set of MLC’s. It will be shown that this
new algorithm is more efficient than that of
Kawasaki et al.

This paper is organized as follows. Section 2
summarizes all formulations of the second type of
composite body method in the literature and pre-
sents a new one. The efficiency of these formula-
tions is compared also in this section under the
assumption that the first moments and the inertia
tensors of composite bodies are on hand. Section 3
briefly reviews the minimal linear combinations of
inertia parameters. The algorithm for the first mo-
ments and the inertia tensors of composite bodies in
terms of MLC’s is proposed in section 4. Section 5
draws the conclusion.

2. FORMULATIONS

We consider a manipulator with n low-pair joints,
which are labeled joint 1 to n outward from the

Žbase. Assign a body-fixed frame on each joint i.e.,
.frame E is fixed on joint i in accord with thei

normal driving-axis coordinate system.19,20 The dis-
tance from the origin of E to that of E is desig-i j
nated as js, and that to the center of mass of link ii
as c .i

In the normal driving-axis coordinate system,
the z-axis of a body-fixed frame is the driving axis
of the corresponding link, i.e., the unit vector along

² i: w xT ² :joint i is u s 0, 0, 1 , where superscript ‘‘ i ’’i
denotes the representation of a vector with respect
to frame E . The distance from the origin of framei
E to frame E isiy1 i

b b Cui i i
i i² iy1: ² i: Ž .yd Sb yb Sus s , or s s 1i i i iiy1 iy1

d Cb di i i

where Su 'sin u , Cu 'cos u , and b , d , b and ui i i i i i i i
are the geometrical parameters of the coordinate
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system. The coordinate transformation matrix from
E to E is well known asi iy1

Cu ySu 0i i
i Ž .Cb Su Cb Cu ySbRs 2i i i i iiy1

Sb Su Sb Cu Cbi i i i i

The composite body i is defined as the union of
link i to link n. Let the mass of the composite body
i and the first moment of the composite body about
the origin of E be denoted by m and c , respec-ˆ ˆi i i
tively, to obtain

n

Ž .m s m 3ˆ Ýi j
jsi

n
j² i: ² i: ² i: Ž .c s m s qc 4ˆ Ý ž /i j i j

jsi

where m is the mass of link j. The inertia tensor ofj
the composite body about the origin of frame Ei

ˆŽ .denoted by J results by using the Huygeno]i
Steiner formula21 to obtain

n
j j² i: ² i: TĴ s RI RÝi i j i

jsi

j j² i: ² i: ² i: ² i: Ž .ym s qc = s qc = , 5ž / ž /j i j i j

where I² j: is the representation of the inertia tensorj
w xof link j with respect to frame E and a= denotesj

a skew-symmetric matrix representing vector multi-
w xplication, i.e., a= bsa=b. In the context, the

overhead symbol ‘‘ ’’ is used to denote the inertiaˆ
Ž .parameters mass, first moment and inertia tensor

of a composite body.
We introduce the notation of

1, for rotational joint i ,U Ž . Ž .K ' 1yK ' 6i i ½ 0, for translational joint i .

The concept of the composite-body method1 is that
Ž .the j, i th, jF i, entry of the inertia matrix is the

actuator force of joint j to support the inertia force
and torque of the composite body i due to a unit

Žjoint acceleration of joint i i.e., when only joint i
moves with a unit joint acceleration and the other

.joints are stationary . Applying Newton]Euler
Ž .equations see Appendix A , we obtain the follow-

ing recursive form for computing the inertia matrix:

² i: U ² i: ² i: ² i: Ž .f sK u =c qK m u , is1, . . . , n 7ˆ ˆi , i i i i i i i

² i: U ²̂ i: ² i: ² i: ² i: Ž .t sK J u qK c =u , is1, . . . , n 8ˆi , i i i i i i i

f ² j:sjq1 Rf ² jq1: , 1F jF iy1, is1, . . . , nj , i j jq1, i

Ž .9

t² j:sjq1 Rt² jq1:qjq1s² j:=f ² j: ,j , i j jq1, i j j , i

Ž .1F jF iy1, is1, . . . , n 10

D su² j: ? K U t² j:qK f ² j: ,Ž .ji j j j , i j j , i

Ž .1F jF i , is1, . . . , n 11

Ž .where D is the j, i th entry of the inertia matrixji
² i: w xTD. Note that D is symmetrical and u s 0, 0, 1 .i

If we define the notation of spatial dynamics as

² i: ² i:Ĵ c =ˆi i² i: Ž .K ' 12i T² i:c = diag m , m , mˆ ˆ ˆ ˆŽ .i i i i

iq1iq1 iq1 ² i:R s = Ri i iiq1 Ž .X' 13i iq10 Ri

U ² i:K ui i² i: Ž .f ' 14i ² i:K ui i

Ž . Ž .Then 7 ] 11 turns out to be the spatial composite-
body method in Lilly and Orin6 as follows:

˜² i: ² i: ² i: Ž .f sK f , is1, . . . , n 15i , i i i

˜² j: jq1 ˜² jq1:f s Xf , 1F jF iy1, is1, . . . , nj , i j jq1, i

Ž .16

² j: ˜² j: Ž .D sf ?f , 1F jF i , is1, . . . , n 17ji j j , i

This shows that Method IV of Lilly and Orin6 is the
Ž . Ž .spatial form of 7 ] 11 . However, the computation

redundancy is more easily explored from the form
Ž . Ž .of 7 ] 11 . We denote this form as Formulation 1,

which is listed in Table I with the consideration of
Ž . Ž .computation redundancy. In Table I, 7 and 8 are

expanded to reveal that no computations are re-
quired for them. The computations of f ² iy1: andiy1, i
t² iy1: are separated from those of f ² j: and t² j:,iy1, i j, i j, i
j- i, since the vectors f ² i: and t² i: have zero com-i, i i, i
ponents and the computations with them can be
saved. If joint 1 is rotational, f ²1: is redundant,1, i
while t²1: is redundant for translational joint 1. This1, i
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Table I. Formulation 1.a

Number of
operations

²i:Ž .y ĉ 0yi
U² i: ² i: 0f sK qK , is1, . . . , n 0Ž .i, i i iĉ i x m̂i0

²i:ˆ ²i:Ž .J Ž .i 13 ĉ yi
U² i: ² i:ˆ ²i:Ž .t sK qK , is1, . . . , n 0J Ž .i, i i ii y c23 ˆi x

² i:ˆŽ . 0Ji 33

U ² i: ² i:Ž . Ž .D sK t qK f , is1, . . . , n 0ii i i, i z i i, i z

iU U² iy1: ² i: Tw xf sK Rf qK 0, ym Sb , m Cb , is3, . . . , n K 6M2Aˆ ˆiy1, i i iy1 i, i i i i i i i

0 bi
i U² iy1: ² i: ² i: ² iy1:0t s R t q =f q =f , is3, . . . , n K 12M8AqK 8M6A0iy1, i iy1 i, i i, i iy1, i i iž /di 0

jq1² j: ² jq1:f s Rf , is4, . . . , n; js2, . . . , iy2 8M4Aj, i j jq1, i

0 bjq1
jq1² j: ² jq1: ² jq1: ² j:0t s R t q =f q =f , 12 M8 Aj, i j jq1, i jq1, i j, i0� 0djq1 0

is4, . . . , n; js2, . . . , iy2

K 8M4A, i/212²1: ²2:f sK Rf , is2, . . . , n1, i 1 1 2, i ½ K 6M2A, is21

UK 14M10A, i/212 2U²1: ²2: ²2: ²2:Ž .t sK R t q s =f , is2, . . . , n U1, i 1 1 2, i 1 2, i ½ K 12M8A, is21

UŽ ² j:. Ž ² j:.D sK t qK f , is2, . . . , n; js1, . . . , iy1 0ji j j, i z j j, i z

aThis formulation is equivalent to the spatial composite-body method proposed by Lilly and Orin6 that used
the notation of spatial dynamics. In this formulation, vectors are represented with respect to the

²iy1: w xT ² iy1:individual local frame E . In computing t , if joint i is a translational joint, then b , 0, 0 = f sj i iy1, iiy1, i
w xT0, yb m Cb , yb m Sb is a constant vector.ˆ ˆi i i i i i

fact is also taken in account in Table I. Examining
Ž .1 reveals

0 bjq1
jq1 jq1² j: ² j: ² jq1: ² j:0s =f s R =f q =fj j , i j jq1, i j , i0

djq1 0
Ž .18

Ž . Ž .so that 10 requires 12M multiplications and 8A
Ž .additions instead of 14M and 10A. This technique

was already exploited in ref. 15 and is used in Ta-
ble I.

Ž . Ž . Ž .Substituting 7 ] 10 into 11 , we obtain the
closed-form formulation of

U U ² j: ²̂ i: ² j: i ² j: ² j: ² j:D sK K u ? J u q s = u = ĉŽ .½ 5ji j i j i i j i i

qK K U u² j: ? u² j:=c² j:ˆŽ .j i j i i

qK UK u² j: ? m is² j:=u² j:qc² j:=u² j:ˆ ˆž /j i j i j i i i

² j: ² j: Ž .qK K m u ?u , jFi . 19ˆj i i j i
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Ž .We apply a coordinate transformation to 19 to
reformulate it as

¡ ² i:ĴŽ .i 13

U U ² i:² i: ~ ĴD sK K u ? Ž .iji j i j 23

² i:Ĵ¢ Ž .i 33

i² i: ² i: ¦Ž .y c sˆ ž /i jx z

i² i: ² i: ¥Ž .y c sˆq ž /yi j z

i i² i: ² i: ² i: ² i:Ž . Ž . §c s q c sˆ ˆž / ž /yi j i jx yx

qK K U u² i: ? u² i:=c² i:ˆŽ .j i j i i

i ² i: ² i:Ž .m s q cˆ ˆž / yi j iy
U ² i: iqK K u ? ² i: ² i:j i j Ž .ym s y cˆ ˆž /i j i xx

0

² i: Ž .qK K m u , jFi . 20ˆ Ž .j i i j z

Ž .All vectors in 20 are represented with respect to
²̂ i: ² i:frame E , instead of E , so that J and c can beˆi j i i
Ž .directly used for all jF i, while 19 needs to calcu-

²̂ j: ² j:late J and c , j- i.ˆi i
Ž .By using the rule of scalar triple product, 20

yields

U U ² i: ²̂ i: ² i: ² i: i ² i:D sK K u ? J u q u = sŽ .½ ž /ji j i j i i j j

? u² i:=c² i: qK K U u² i: ? u² i:=c² i:ˆ ˆŽ . Ž .5i i j i j i i

U ² i: ² i: i ² i: ² i: Ž ² i: ² i: .qK K m u ? u = s qu ? c =uˆ ˆ½ 5ž /j i i i j j j i i

² i: ² i: Ž .qK K m u ?u , jFi 21ˆj i i j i

which is the formulation that Renaud2 first derived
for a manipulator with only rotational joints and
was extended to a general manipulator by Lin.7

Ž . Ž .These two forms 20 and 21 are designated as
Formulations 2 and 3, respectively. Formulation 2
needs u² k: and ks² k:, k) j, while Formulation 3j j
requires u² k: and ks² k:, k) j, where ks² k:'u² k:=ˆ ˆj j j j
ks² k:. Both formulations are listed in Tables II andj
III, respectively.

If we change the coordinate frame, with respect
to which vectors are represented, to the end-effector

Ž . Ž .frame, then 7 ] 8 turns out to be the formulation

of Fijany and Bejczy,5 which is listed in Table IV
and is called Formulation 4. The additionally re-
quired variables are i R, u²n:, and iq1s²n:.n i i

Finally, it is pointed in Appendix B that the
formulation of Kawasaki et al.18 is in fact a variant
form of this type of composite-body method, too.
We designate it as Formulation 5 and list it in Table
V. This formulation is different from Formulation 1

iy1 j w Ž .xin using h see B3 instead of the first momenti

of the composite body c² i:.ˆi

Although Formulations 1 and 3]5 were pre-
sented in earlier work, their efficiency was underes-
timated. Tables I]V are accompanied with the com-
putation requirements along each equation, in order
to give clear and precise computation estimates. We
consider two types of manipulators: Type 1 is a
manipulator with n rotational joints such as the
Puma robot, and Type 2 is that with a translational
joint as joint 3 and ny1 rotational joints such as the
Stanford arm. Table VI summarizes the computa-
tion requirements of five formulations with the as-

²̂ i: ² i:sumption that the values of J and c are onˆi i

hand.
According to computational structures, Formu-

lations 1, 4, and 5 can be categorized to one group,
and Formulations 2 and 3 belong to another group.
In the latter group, Formulation 2 is always more
efficient than Formulation 3, since the computations

k ² k: Ž . Žof s in Formulation 3 entails n ny1 and n nyˆj
.3 more multiplications for Type 1 and Type 2,

respectively.
On the other hand, Formulation 1 is always

computationally superior to Formulation 5. This is
because Formulation 5 utilizes iy1hi and then re-i

quires 4n more additions. Formulation 4 trades less
Ž 2 . Ž .O n computations with much more O n due to

the computations of i R, so it is the least efficient inn
the former group for nF11.

Formulation 1 is the best efficient for Type 1
with 5FnF11 and for Type 2 with 9FnF11. For
nF4, Formulation 2 is superior to the others for
both types, while it is the best efficient for Type 2
when nF8. In comparison with the computation

Žrequirements of Type 1, Formulation 2 reduces 13n
. Ž .y44 M and 11ny36 A for Type 2, while Formula-

tion 1 just saves 10M and 4A, independently of n. It
is then recommended to use Formulation 1 or 2,
depending on efficiency, for a manipulator with less
than 12 joints.

Although the above efficiency evaluation ne-
² i: ²̂ i:glects the computations of c and J , this doesˆi i
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Table II. Formulation 2.a

Number of
operations

² jq1: j ² j:u s Ru , js1, . . . , ny1 0j jq1 j

ky1² k: ² ky1:u s Ru , js1, . . . , ny2; ks jq2, . . . , n 8M4Aj k j

b 0¡ ¦k
k ky1 ky1U U² k: ² ky1:~ ¥0s sK R s q q , K 8M6A0j j k j j¢ §ž / dk0

js1, . . . , ny2; ks jq2, . . . , n

U ² i:ˆŽ .D sK J qK m , is1, . . . , n 0ˆii i i 33 i i

i² i: ² i: ² i:ˆŽ . Ž .J y c sˆ Ž .i i j13 x z

i² i: ² i: ² i:U U U U² i: ˆŽ . Ž .J y c sˆD sK K u ? K K 7M6AŽ .yi i j23ji j i j j iz

i i² i: ² i: ² i: ² i: ² i:ˆŽ . Ž . Ž .J q c s q c sˆ ˆŽ . Ž .yi i j i j33 x yx

² i:Ž .y ĉ yi
U U² i: ² i:qK K u ? K K 2M1AŽ .j i j j iĉ i x

0

i ² i: ² i:Ž .m s q cˆ ˆŽ . yi j iy
U U² i: iqK K u ? K K 4M3A²i: ² i:j i j j iŽ .ym s y cˆ ˆŽ .i j i xx

0
²i:Ž .qK K m u , is2, . . . , n; js1, . . . , iy1 K K 1Mˆj i i j z j i

aIn this formulation, vectors are represented with respect to the individual pivot frame E .i

not affect the efficiency comparison, since all five
² i: ²̂ i:formulations need the values of c and J . It wasˆi i

pointed out15 that an algorithm for computing c² i:ˆi
²̂ i:and J in terms of a set of minimal inertia parame-i

ters is more efficient than that in terms of the
natural inertia parameters. Therefore, the following
section briefly reviews the theory of minimal linear
combinations of inertia parameters.14,15

3. MINIMAL LINEAR COMBINATIONS OF
INERTIA PARAMETERS

By the principle of mathematical induction, it has
been shown13 that the first moment and the inertia
tensor of the composite body i can be expressed as

Ž .the sum of a constant vector k or U and ai i
Ž .varying vector l or V as follows:i i

² i: Ž .c sk q l 22ˆi i i

²̂ i: Ž .J sU qV 23i i i

²n: ²̂n:where k sc , l s0, U sJ , V s0, andˆn n n n n n

² iq1:Ž .ĉ iq1 x
iq1U ² iq1:Ž .cl sK R ˆ yiq1i iq1 i

Ž .l iq1 z

0
iq1 0 Ž .qK R l q 24iq1 i iq1� 0m dˆ iq1 iq1
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If joint iq1 is a rotational joint, then

Ž . Ž . Ž . Ž .U y U U Uiq1 iq1 iq1 iq111 22 12 13
iq1 iq1 TŽ . Ž .U 0 UV s R V q Riq1 iq112 23i i iq1 i� 0Ž . Ž . Ž .U U Uiq1 iq1 iq113 23 33

iq1 iq1² i: ² i:w x w x Ž .y s = l = y l = s = 25i i i i

while for translational joint iq1,

iq1 ² iq1: ² iq1:V s R V ym d = d =ˆŽi i iq1 iq1 iq1 iq1

² iq1: ² iq1:y d = c =ˆiq1 iq1

iq1² iq1: ² iq1: Ty c = d = Rˆ .iq1 iq1 i

² i: ² i:w x w x Ž .y b = l = y l = b = 26iq1 i i iq1

² i: w xT ² iq1: w xTwhere b s b , 0, 0 and d s 0, 0, diq1 iq1 iq1 iq1
Ž iq1 ² i: ² i: ² i: .i.e., s sb qd . The terms of k and Ui iq1 iq1 i i

can be found in Appendix C, which are not used in
the following.

m , the vectors k and the matrices U are in-ˆ i i i

variant to manipulator motion and named as inertia
constants of composite bodies. The varying terms in
² i: ²̂ i: Žc and J can be calculated with only some notˆi i

Table III. Formulation 3.a

Number of
operations

j² jq1: ² j:u s Ru , js1, . . . , ny1 0j jq1 j

ky1² k: ² ky1:u s Ru , js1, . . . , ny2; ks jq2, . . . , n 8M4Aj k j

jq1 jU U² jq1: Tw xs sK R d Sb , b , 0 , js1, . . . , ny1 K 4M2Aˆj j jq1 iq1 jq1 jq1 j

b 0¡ ¦k
k ky1 ky1U U² k: ² ky1: ² ky1: ² k:~ ¥0s sK R s qu = qu = , K 12M8Aˆ 0j j k j j j i¢ §ž / dk0

js1, . . . , ny2; ks jq2, . . . , n

U ² i:ˆŽ .D sK J qK m , is1, . . . , n 0ˆii i i 33 i i

i² i: ² i: iˆŽ . Ž .J y c sˆ ˆyi ž /13 i j x
U U U U² i: ² i:ˆŽ . iD sK K u ? q K K 5M4AJ ²i: ² i:ji j i j j ii 23 Ž .c sˆ ˆž /i jx y

² i:ˆŽ .Ji 33 0

²i:Ž .y ĉ yi
U U² i: ² i:qK K u ? K K 2M1AŽ .j i j j iĉ i x

0

²i:Ž .¡ ¦y ĉ yi
iU U² i: ² i:~ ¥²i:qK K m s qu ? K K 3M2Aˆ ˆ Ž .ž /j i i j j j iĉz i x¢ §

0

²i:Ž .qK K m u , is2, . . . , n; js1, . . . , iy1 K K 1Mˆj i i j z j i

aThis formulation is equivalent to the generalized link method proposed by Renaud2 for a
manipulator with only rotational joints, which was extended to a general manipulator and
named as Renaud’s formulation by Lin.7 In this formulation, vectors are represented with
respect to the individual pivot frame E as those in formulation 2, but this formulationi
calculates is²i:' u²i:=i s²i: instead of is² i:.ˆj j j j
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.all of the inertia constants of composite bodies. This
property allows us to set forth the following set of
minimal linear combinations of inertia parameters
Ž .14MLC’s that is a set of linear combinations of the
natural inertia parameters and can determine the
dynamics of a manipulator.

( )Theorem 1 refs. 14 and 15 : For a manipulator with
n low-pair joints, in which joint r is the first rotational
joint counting from the base and joint s is the nearest
rotational joint not parallel to joint r, a set of MLC’s for
determining the actuator forces t is the set SS consisting
of all nonzero elements of

U Ž . U Ž . U Ž .1. K U , d K k , d K kj j 33 j j j x j j j y
for rF j-s,

U ŽŽ . Ž . . U Ž . U Ž .2. K U y U , K U , K U ,j j 11 j 22 j j 33 j j 12
U Ž . U Ž . U Ž . U Ž .K U , K U , K k , K kj j 13 j j 23 j j x j j y

for sF jFn,

3. K m for is1, . . . , n,ˆi i
Ž . Ž . Ž .4. K k , K k , K k for s- iFn,i i x i i y i i z

5. s K k , s K k for r- i-s,j j 1 i j j 2 i

where

Ž ² i: . Ž . Ž ² i: . Ž . Ž .k 'y u k q u k 27y y1 i r i r ix x

² i: ² i: ² i:Ž . Ž . Ž . Ž . Ž .k 'y u u k q u ky y2 i r r i r iz x x

2² i:Ž . Ž . Ž .q 1y u k 28ž /r iz z

and d and s are either one or zero to denote thei i
redundancy of the parameters, which are defined as fol-

Ž .lows: d s0 for the case where u rru rr gya , ;k-i r k 0
i-s, and i s is zero or parallel to u for every rotationalm r
joint m, rFm- i, otherwise d s1. On the other hand,i

Table IV. Formulation 4.a

Number of
operations

i iq1 iRs R R, is1, . . . , ny2 24M12An n iq1

ny1²n: ²ny1:u s Ru 0ny1 n ny1

i²n: ² i:u s Ru , is1, . . . , ny2 8M4Ai n i

n ²n: Tw xs s b Cu , yb Su , d 2Mny1 n n n n n

b 0iq1
iq1 i iq1²n: 0s s R q R , is1, . . . , ny2 6M3A0i n n

diq10

²i:Ž .y ĉ 0yi
U² i: ² i: 0f sK qK , is1, . . . , n 0Ž .i, i i iĉ i x m̂i0

²i:ˆ ²i:Ž .J Ž .i 13 ĉ yi
U² i: ² i:ˆ ²i:Ž .t sK qK , is1, . . . , n 0J Ž .i, i i ii y c23 ˆi x

² i:ˆŽ . 0Ji 33

U ² i: ² i:Ž . Ž .D sK t qK f , is1, . . . , n 0ii i i, i z i i, i z

i U²n: ² i:f s Rf , is2, . . . , ny1 K 6M3AqK 3Mi, i n i, i i i

i U²n: ² i:t s Rt , is2, . . . , ny1 K 9M6AqK 6M3Ai, i n i, i i i

²n: ²n:f sf , is2, . . . , n; js2, . . . , iy1 0j, i jq1, i

jq1²n: ²n: ²n: ²n:t s t q s =f , is2, . . . , n; js1, . . . , iy1 6M6Aj, i jq1, i j j, i

U ²n: ²n: ²n: ²n:D sK u ? t qK u ?f , is2, . . . , n; js1, . . . , iy1 3M2Aji j j j, i j j j, i

aThis formulation was proposed by Fijany and Bejczy 5 and is different from formulation 1 in that vectors
are represented with respect to the end-effector frame E .n
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Table V. Formulation 5.a

Number of
operations

i U ² i: ² i:ˆk sK J u , is1, . . . , n 0i i i i

iU Ž .D sK k qK m , is1, . . . , n 0ˆii i i z i i

iy1 iU U² iy1: i ² iy1: ² iy1:Ž .f syK h ym s =u K 4M4Aˆiy1, i i i i iy1 i i

² iy1:qK m u , is2, . . . , n 0ˆi i i

iU U² iy1: i iy1 i ² iy1:t sK R k qK h =u K 14M10Aiy1, i i iy1 i i i i i

i U² iy1: ² iy1:yf = s , is3, . . . , n; and when K s1 for is2 K 8M5Aiy1, i iy1 1 i

jq1² j: ² jq1:f s Rf , is4, . . . , n; js2, . . . , iy2 8M4Aj, i j jq1, i

jq1 jq1² j: ² jq1: ² j: ² j:t s Rt q s =f , is4, . . . , n; js2, . . . , iy2 12M8Aj, i j jq1, i j j, i

2²1: ²2:f sK Rf , is3, . . . , n K 8M4A1, i 1 1 2, i 1

2 2U U²1: ²2: ²2: ²2:Ž .t sK R t q s =f , is3, . . . , n K 14M10A1, i 1 1 2, i 1 2, i 1

U ² j: ² j:Ž . Ž .D sK t qK f , is2, . . . , n; js1, . . . , iy1 0i j i j, i z i j, i z

aThis formulation was proposed by Kawasaki et al.18 However, Steps 4.1 and 4.2 in ref. 18 are combined
together and the erratum in Step 4.2 is corrected.

s s0 for the case of u rru , r- j-s, otherwise s s1.j j r j
Note that u² i: for i-s is a constant factor.

Ž .Remark: The term V in 25 for rotational jointi
iq1 is slightly different from that in the earlier

13 ] 15 Ž .works. It additionally requires the 3, 3 th entry
of U in the first term on the right-hand side ofiq1
Ž . Ž . w Ž .25 . Meanwhile, U does not need U see C2i iq1 33

xin Appendix C . Such a modification makes the
inverse dynamics in ref. 15 directly in terms of the
inertia constants of composite bodies, i.e., the term
D² i: in that work is now directly in terms of U ini i
Ž . U w Ž . Ž .C2 , instead of U in that work cf. 38 , 42 , andi
Ž . x43 in ref. 15 . However, this modification does not

Ž .affect the MLC’s according to Corollary 6 in ref. 14
and the efficiency of the inverse dynamics.

According to Theorem 1, not all inertia con-
stants of composite bodies that are required by the
formulations of the inertia matrix can be calculated
out with the set of MLC’s. For i-r, both c² i: andˆi
²̂ i:J are not required in the above five formulations,i

so the fact that they cannot be calculated out with
the MLC’s has no influence. However, c² i: is re-ˆi
quired for translational joint i, r- i-s, in the above
five formulations, but it cannot be calculated out
with the MLC’s, since k and k , instead of k , for1 i 2 i i
translational joint i, r- i-s, are in the MLC’s. It is
then necessary to modify the formulations.

We consider only Formulations 1 and 2. In For-
mulation 1, t² i: and t² j: for i-r are redundant, soi, i j, i

Ž . Ž .that 8 and 10 are discarded for i-r. However,
Ž . Ž . Ž .for rF i-s the modification of 8 , 10 , and 11 is

necessary. Since all rotational joints in front of joint
s are parallel to one another, only the z-components
of the representations of the vectors t and t withi, i j, i

respect to frame E are required for computing D ,r ji
Ž . Ž . Ž .jF i-s. Thus, 8 , 10 , and 11 for rF i-s are

replaced by

² r: U ² i: ²̂ i:Ž . Ž .t sK u JŽ .i , i i r iz z 33

² i: ² i:Ž . Ž . Ž . Ž .qK k y u l q u l ,y yi 1 i r i r ix x

Ž .isr , . . . , sy1 29

t² r: s t² r: qu² j: ?
jq1s² j:=f ² j: ,Ž . Ž . ž /j , i jq1, i r j j , iz z

Ž .1F jFi , isr , . . . , sy1 30

U Ž ² i: . ² r: ² j: ² j:D sK u t qK u ?f ,Ž .ji j r j , i j j j , iz z

Ž .rF jFiy1, isr , . . . , sy1 31

Ž . Ž . Ž . Ž .Equation 29 follows from 8 , 22 , and 27 . Note
² j: Ž ² j:.that u is constant for j-s, and u s"1 forr r z

rotational joint j, j-s. In summary, Table I is still
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retained for iGs, whereas t² i: and t² j: in Table Ii, i j, i
Ž ² r:. Ž ² r:.are, respectively, replaced by t and t ini, i z j, i z

Ž . Ž .29 and 30 for rF i-s and are discarded for i-r.
In Formulation 2, only the first and third terms

Ž .on the right-hand side of 20 should be modified.
For rotational joints i and j, j- iFsy1, u² i:sj
w xT ² i: wŽ ² i:. Ž ² i:. xT0, 0, "1 , so u ? c ,y c , 0 can be inˆ ˆj i y i x

Ž . Ž .terms of k and l by using 22 and 27 . Thus,1 i i
Ž .20 is modified for iFsy1 as

iU U ² i: ² i: ² i: ² i:ˆ Ž .D sK K u J qd c sˆŽ .Ž . ž /½ji j i j i i i jx33z x

i U² i: ² i: ² i: ² i: ² i:Ž .q c s qK K u ?d u =cˆ ˆŽ .ž /y 5i j j i j i i iy

i ² i:¡ ¦m sˆ ž /i j y
U ² i: ² j: ² r:~ ¥Ž . Ž .iqK K u ? q u t² i:j i j r i , iz zym sˆ ž /i j x¢ §

0

² i: Ž .qK K m u , jFiFsy1 32ˆ Ž .j i i j z

Ž ² r:. Ž .where t is that in 29 . Note that d is added ini, i z i
the above equation, because the terms associated

Ž .with d in 32 have no contribution to D wheni ji
d s0 according to the definition of d in Theorem 1.i i
All equations in Table II are retained with the ex-

Ž .ception of D , which is replaced by 32 for i-s.ji

Consequently, both Formulations 1 and 2 re-
quire

v
² i: ² i:Ž . Ž .c and c for iGs;ˆ ˆi x i y
²̂ i: ²̂ i: ² i:

v Ž . Ž . Ž .J , J , and J for rotational jointi 13 i 23 i 33
i, iGs;

²̂ i: ² i: ² i:
v Ž . Ž . Ž .J , c , and c for rotational jointˆ ˆi 33 i x i y

i, rF i-s;
v

² r:Ž . w Ž .xt see 29 for rF i-s.i, i z

4. ALGORITHM FOR FIRST MOMENTS AND
INERTIA TENSORS

Ž . Ž .Equations 22 and 24 already construct an effi-
cient recursive form for computing l and c² i:. Inˆi i
the following, we are only concerned with V fori

²̂ i:computing J .i
Ž . wiq 1 ² i: xAnalog to 18 , we can decompose s =i

w x Ž .= l = in 25 asi

iq1 ² i: ² i:w x w xs = l = s b = l =i i iq1 i

iq1 iq1² iq1: Tq R d = R l =Ž .i iq1 i i

Ž .33

Ž . Ž . Ž .Substituting 24 and 33 into 25 , we obtain the
expanded form of

Ž . Ž . Ž . Ž .U y U U Uiq1 iq1 iq1 iq111 22 12 13
iq1 Ž .0 UV s R V q iq1 23i i iq1� Ž .Symmetry Uiq1 33

² iq1: Ž . Ž .0 yb l yb lŽ . Ž .2 d l 0 yd ĉ yiq1 i iq1 i ziq1 iq1 iq1 iq1z x
iq1 T² iq1: Ž .2b l 0Ž . Ž .q R q2 d l yd ĉ iq1 i xiyiq1 iq1 iq1 iq1z 0 Ž .Symmetry 2b lSymmetry 0 iq1 i x

Ž .34

Ž .for rotational joint iq1. The expanded form of 26 is

² iq1: ² iq1:Ž . Ž .m d q2 c 0 y cˆ ˆ ˆiq1 iq1 iq1 iq1z x
iq1 iq1 T² iq1: ² iq1:Ž . Ž .V s R V qd Rm d q2 c y cˆ ˆ ˆi i iq1 iq1 iyiq1 iq1 iq1 iq1z� 0Symmetry 0

Ž . Ž .0 yb l yb lyiq1 i iq1 i z

Ž . Ž .2b l 0q 35iq1 i x

Ž .Symmetry 2b liq1 i x



vLin and Fang: Efficient Formulations for the Manipulator Inertia Matrix 689

²̂i: ² i:Table VI. Efficiency comparison of five formulations when J and c are on hand.ˆi i

Type 1 Type 2

n 4 6 11 n 6 8 9

2 2Form. 1 M 10n y18nq10 98 262 1022 10n y18n 252 496 648
2 2A 6n y10nq4 60 160 620 6n y10n 156 304 396

2 2Form. 2 M 11.5n y27.5nq16 90 265 1105 11.5n y40.5nq60 231 472 627
2 2A 8n y18nq10 66 190 780 8n y29nq46 160 326 433

2 2Form. 3 M 12.5n y28.5nq16 102 295 1215 12.5n y43.5nq65 254 517 686
2 2A 8n y18nq10 66 190 780 8n y29nq45 159 325 432

2 2Form. 4 M 4.5n q48.5ny108 158 345 970 4.5n q48.5ny114 339 562 687
2 2A 4n q24ny56 104 232 692 4n q24ny62 226 386 478

2 2Form. 5 M 10n y18nq14 102 266 1016 10n y18nq4 256 500 652
2 2A 6n y6nq2 74 182 662 6n y6ny7 173 329 425

for translational joint iq1. In the algorithm, V fori
Ž . Ž .iGs is computed by using 34 or 35 .

U ²̂ i:Ž .For joint i, i-s, only the 3, 3 th entry of K Ji i

is required for computing the inertia matrix. It can
be shown that

²̂ i: ² r:T ²̂ r: ² r: Ž .J su J u 36Ž .i i i i33

since u² r:si Ru² i: is the third column of i R or thei r i r

third row of r R. Since the rotational joints in front ofi
² r: w xTjoint s are parallel to one another, u s 0, 0, "1i

²̂ i: ²̂ r:Ž . Ž .and then J s J for rotational joint i, i-s.i 33 i 33

It is then suggested to compute V² r:, instead of V ,i i

for i-s, where

² r: i i T Ž .V ' RV R 37i r i r

The advantage is that the computations of the coor-
iq1 iq1 T Ž .dinate transformation of RV R in 34 andi iq1 i

Ž . Ž .35 are saved. This also entails that only the 3, 3 th
entry of V² r: is required to compute.i

Ž . Ž ² r:. ² i:T ² i:It follows from 37 that V su V u .i 33 r i r

Note that u² i: is a constant vector for i-s. If jointr
Ž .iq1 is joint s, then 34 can be reduced to

² s:Ž . Ž . Ž . Ž . Ž . Ž .U y U U U 2 d l 0 yd ĉs s s s11 22 12 13 s s s sz x
² r: ² s:T ² s:² s:Ž .Ž . 0 U Ž . Ž .V su V q q u2 d l yd ĉs 23sy1 r s r33 ys s s sz� 0Ž .Symmetry U Symmetry 0s 33

2U ² sy1: ² sy1: ² sy1:Ž . Ž . Ž . Ž . Ž . Ž .qK 2b l qK 2b 1y u l y u u ly y½sy1 s sy1 sy1 s r sy1 r r sy1x x x x

² sy1: ² sy1:Ž . Ž . Ž . Ž .y u u l 385r r sy1x z z

where

² sy1: ² sy1: ² sy1:Ž . Ž . Ž .u Cu q u Cb q u Sb Suyr s r s r s sx z

s ² sy1: ² sy1: ² sy1:² s: T ² sy1: Ž . Ž . Ž . Ž .y u Su q u Cb q u Sb Cuu s R u s 39yr s r s r s sx zr sy1 r

² sy1: ² sy1:Ž . Ž .y u Sb q u Cbyr s r sz
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Ž ² s:.which requires 4M and 2A, since u andr z
wŽ ² sy1:. Ž ² sy1:. xu Cb q u Sb are constants. How-r y s r z s
ever, when joint sy1 is a rotational joint, u² sy1:sr
w xT ² s: Ž .0, 0, "1 , so computing u in 39 needs no arith-r
metic operations.

Ž . Ž .For joint iq1, iq1-s, 34 and 35 are com-
bined to obtain

² r: U ²̂ iq1: UŽ . Ž .V sK J qK 2b lŽ .i iq1 iq1 i iq1 i33 x33

² r:Ž .qK V qd 2k½iq1 iq1 iq1 2, iq133

2² iq1:Ž . w Ž . xq 1y u m d q2 lˆr iq1 iq1 iq1z z

² iq1: ² iq1:Ž . Ž . Ž .y u u lr r iq1z x x

² iq1: ² iq1:Ž . Ž . Ž .q u u ly y 5r r iq1z

2² i:Ž . Ž .qK 2b 1y u l½i iq1 r ix x

² i: ² i:Ž . Ž . Ž .y u u ly yr r ix

² i: ² i:Ž . Ž . Ž . Ž .y u u l 405r r ix z z

Ž . Ž . U ² j: w xTby using 22 , 28 , and K u s 0, 0, "1 for j-s.j r
²̂ i: ² i:The algorithm for computing J and c isˆi i

listed in Table VII and is divided into two parts: one
is for iGsy1, the other for isr, . . . , sy1. How-
ever, no computation is required for isn. The com-
putations for issy1 are separated into these two
parts, which will be described later. Computing l i

Ž . Ž . ² i:utilizes 24 , while 22 is used to compute c .ˆi

However, it should be remarked that the z-compo-
nent of c² i: for any rotational joint i is redundantˆi

for computing the inertia matrix, and is not com-
puted in the algorithm.

Ž . Ž .The computation of 34 and 35 is divided into
three steps. Let X be the symmetrical matrix of the
similarity transformation term on the right-hand

Ž . Ž . iq1 iq1 Tside of 34 or 35 , and Ys RX R . V is theni i i

the sum of Y and the last term on the right-hand
Ž . Ž .side of 34 or 35 . It should be remarked that only

the computation of X is different for different type
of joint in these three steps. An efficient computing
technique for Ysiq1 RX iq1 RT is presented in thei i

following, which is similar to that proposed by
Kawasaki et al.18

Table VII. Algorithm of first moments and inertia tensors.

Number of
operations

v For isny1, . . . , sy1:

²iq1:Ž .ĉ iq1 x 0 UK 8M4Aiq1iq1 iq1U ² iq1: 0Ž .cl sK R qK R l qˆ yiq1i iq1 i iq1 i iq1 ½ K 9M5Aiq1� 0m dˆ iq1 iq1Ž .l iq1 z

Ž . Ž . Ž .V q U q2 d liq1 iq1 iq1 iq111 11y22 z
Ž .X 11 Ž . Ž .V q2 d liq1 iq1 iq122 zŽ .X 22

² iq1:ˆŽ .Jiq1Ž . 33X 33 U UsK K 3M6Aiq1 iq1Ž . Ž .V q UŽ .X 12 iq1 iq112 12

² iq1: ² iq1:Ž .X 13 ˆŽ . Ž .J yd ĉiq1 iq1 iq113 x
Ž .X 23 ² iq1: ² iq1:ˆŽ . Ž .J yd ĉ yiq1 iq1 iq123

² iq1:Ž . w Ž . xV qd m d q2 cˆ ˆiq1 iq1 iq1 iq1 iq111 z

² iq1:Ž . w Ž . xV qd m d q2 cˆ ˆiq1 iq1 iq1 iq1 iq122 z

Ž .Viq1 33qK K 4M5Aiq1 iq1Ž .Viq1 12

² iq1:Ž . Ž .V yd ĉiq1 iq1 iq113 x

² iq1:Ž . Ž .V yd ĉ yiq1 iq1 iq123
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Ž .Table VII. Continued

Number of
operations

iq1 iq1 T w Ž . Ž .xYs RX R , for iGs see 41 ] 54 18M14Ai i

Ž .V Ž .Y 11i 11

Ž . Ž .Ž . Y q2b lV 22 iq1 i xi 22

Ž . Ž .Ž . Y q2b lV 33 iq1 i xi 33 s , for iGs 3M4AŽ . Ž .Ž . Y yb lV 12 yiq1 ii 12

Ž . Ž . Ž .V Y yb l13i 13 iq1 i z

Ž . Ž .V Y 23i 23

Ž .lŽ .l i xi x
U U² i: Ž .lc sk qK qK , for iGs K 2AqK 3AŽ .ˆ yl ii i i i i iyi

Ž .l0 i z

² i:ˆŽ . Ž . Ž .J U q Vi 13 i i13 13
U U² i: Ž . Ž .ˆŽ . U q VsK , for iGs K 3AJ i i23 23i ii 23

² i: Ž . Ž .U q VˆŽ . i i33 33Ji 33

² sy1: ² sy1: ² sy1:Ž . Ž . Ž .u Cu q u Cb q u Sb Suyr s r s r s sx z

² sy1: ² sy1: ² sy1:² s: Ž . Ž . Ž .y u Su q u Cb q u Sb Cuu s , for issy1 K 4M2Ayr s r s r s sr sy1x z

² s:Ž .u r z

² s:T ² s:Ž . w Ž .xY su Xu , for issy1 see 55 10M5A33 r r

v For issy1, . . . , r :

²iq1:Ž .ĉ iq1 x 0 UK 8M4Aiq1iq1 iq1U ² iq1: 0Ž .cl sK R qK R l q , for iFsy2ˆ yiq1i iq1 i iq1 i iq1 ½ K 9M5Aiq1� 0m dˆ iq1 iq1Ž .l iq1 z

U ² iq1:ˆŽ . Ž .Y sK J33 iq1 iq1 33

² r: ² iq1: 2wŽ . � w Ž . xw Ž . xqK V qd 2k q 1y u m d q2 lˆiq1 iq1 33 iq1 2, iq1 r z iq1 iq1 iq1 z

² iq1: ² iq1: ² iq1: ² iq1:wŽ . Ž . xŽ . wŽ . Ž . xŽ . 4xy u u l q u u l , for iFsy2 K 5M5Ar z r x iq1 x r z r y iq1 y iq1

U U² r:Ž . Ž . Ž .V s Y qK 2b l K 1M1Ai 33 33 i iq1 i x i

² i: 2 ² i: ² i: ² i: ² i:�w Ž . xŽ . wŽ . Ž . xŽ . wŽ . Ž . xŽ . 4qK 2b 1y u l y u u l y u u l K 4M3Ai iq1 r x i x r x r y i y r x r z i z i

Ž .l i x
U U² i:c sK k q K 2AŽ .ˆ li i i iyi� 00

U U² i: ² r:ˆŽ . wŽ . Ž . xJ sK U q V K 1Ai 33 i i 33 i 33 i

U² r: ² i: ² i: ² i: ² i:ˆŽ . Ž . Ž . w Ž . Ž . Ž . Ž . xt sK u J qK k y u l q u l K 2M2Ai, i z i r z i 33 i 1 i r y i x r x i y i
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Ž . Ž . Ž .Y sA q X 4111 222

Ž . Ž . Ž .Y sA q X 4222 337

Ž . Ž .Y sA yA 4333 3 7

Ž . Ž .Y sCb A ySb A 4412 iq1 4 iq1 8

Ž . Ž .Y sSb A qCb A 4513 iq1 4 iq1 8

Ž . Ž .Y sA qSb A 4623 5 iq1 6

where

w Ž . Ž . x Ž . Ž .A sCu X y X y2Su X 4711 22 121 iq1 iq1

Ž .A sCu A 482 iq1 1

Ž . Ž .A syA q X 49113 2

Ž . Ž .A sSu A q X 50124 iq1 1

Ž . Ž . Ž .A sSu X qCu X 5113 235 iq1 iq1

w Ž . x Ž .A s A y X Cb y2Sb A 52336 3 iq1 iq1 5

Ž .A sCb A 537 iq1 6

Ž . Ž . Ž .A sCu X ySu X 5413 238 iq1 iq1

Ž ² r: . Ž .Similarly, V in 38 can also be dividedsy1 33
into three steps. The matrix X is identical to that for
Ž . Ž . ² s:T ² s:34 . Let Y su Xu . Then33 r r

² s: ² s: ² s:Ž . Ž . Ž . Ž . Ž . Ž .Y s u u X q2 u X33 11 12yr r rx x

2² s:Ž . Ž .q u X 22yr

² s: ² s: ² s:Ž . Ž . Ž . Ž . Ž .q2 u u X q u X13 23yr r rz x

2² s:Ž . Ž . Ž .q u X 5533r z

Ž ² s:.which requires 10M and 5A, since u is constantr z
w Ž .x Ž ² s:. Ž ² s:.2see 39 , so are then 2 u and u . Finally,r z r z
Ž ² r: . Ž .V is the sum of Y and the other terms insy1 33 33
Ž .38 . The first two steps are placed in the part of
iGsy1, since the computation of X for issy1 is
identical to that for iGs.

Ž . Ž ² r:.For i-sy1, we use 40 to compute V .i 33
U Ž .The terms associated with K and K in 40iq1 iq1

Ž . Ž ² r:.are summed up to be Y . Then V is the sum33 i 33
Ž .of Y and the rest terms. It is apparent that the33

Ž ² r:.second step for computing V is identical toi 33
Ž ² r: .the third steps for V , so that the latter is alsosy1 33

executed in the part of rF iFsy1. As was pointed
Ž ² r:. Ž .out above, t in 29 for rFsy1 should bei, i z

Žcalculated out at the same time, since it uses l seei
.Table VII .

The computation requirements of the algorithm
listed in Table VII for Type 1 and Type 2 of manipu-
lators are

v Ž . Ž .Type 1: 32ny47 M and 33ny57 A
v Ž . Ž .Type 2: 32ny45 M and 33ny59 A

In the work of Kawasaki et al.,18 the number of
²̂ i:operations for computing J is 27M and 34A for ai

manipulator with only rotational joints and 30M
and 37A for a general manipulator. Table VII shows
that the present algorithm requires only 24M and

²̂ i:27A for the third column of J , which is morei
efficient. The total computation requirements of For-
mulations 1 and 2 with considering the first mo-
ments and inertia tensors are summarized in Table
VIII. Table VIII also shows that Formulation 1 is
more efficient than Algorithms I and II of Kawasaki
et al.18 for a manipulator with only rotational joints,
while Formulation 2 is also more efficient than both
algorithms of Kawasaki et al. for n-8.

Table VIII. Computation requirements for the inertia matrix with the consideration of the first moments and
the inertia tensors.

Type 1 Type 2

n 4 6 8 n 4 6 8

2 2Form. 1 M 10n q14ny37 179 407 715 10n q14ny45 171 399 707
2 2A 6n q23ny53 135 301 515 6n q23ny59 129 295 509

2 2Form. 2 M 11.5n q4.5ny31 171 410 741 11.5n y8.5nq15 165 378 683
2 2A 8n q15ny47 141 331 585 8n q4ny13 131 299 531

2Kawasaki M 11n q15ny41 194 445 783
18 2et al. I A 7n q32ny66 174 378 638

2Kawasaki M 11n q9ny35 177 415 741
18 2et al. II A 7n q23ny57 147 333 575
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5. CONCLUSION

In this paper, we deal with a type of composite
body method for computing the inertia matrix of a
manipulator and present five formulations based on
this method. Four formulations are closely related
to those in the earlier works, while Formulation 2 is
novel. It is shown that Formulation 1 is the best
efficient for some cases, while Formulation 2 is
superior for the other cases. This fact still holds true
when the formulations in the literature are also
compared together.

The other salient feature of this paper is the
algorithm for computing the first moments and in-
ertia tensors of composite bodies. The algorithm
uses a set of minimal linear combinations of inertia

Ž .parameters MLC’s instead of the natural inertia
parameters, and is found superior to the others in
the earlier works. The same set of MLC’s was al-
ready used to reform the Newton]Euler recursive
formulation of the inverse dynamics.15 The resulting
formulation was shown to be one of the most effi-
cient inverse dynamics formulations. This paper
shows again that using a set of MLC’s can make the
dynamics formulations more efficient.

APPENDIX A: DERIVATION OF THE
COMPOSITE-BODY METHOD

The definition of a composite body is defined in
section 2, and the inertia parameters of a composite,

² i: ²̂ i: Ž . Ž .i.e., m , c , and J , are defined in 3 ] 5 . Theˆ ˆi i i
Ž . Ž .inertia force f and torque t of the compositeT i T i

body i can be obtained by using Newton]Euler
equations as

² i: ² i: Ž .f sym r A1ˆ ¨T i i i

² i: ˆ² i: ² i: Ž .t syI v A2˙T i i i

where v is the angular acceleration of joint i, r isi i
the distance from the base to the center of mass of

ˆthe composite body i, and I is the inertia tensor ofi
the composite body i about the center of mass of
the composite body i, which can be expressed as

c² i:ˆii² i: ² i: Ž .r s s q A3i 0 m̂i

1
² j: ² i: ² i: ² i:ˆ ˆ Ž .I sJ y c = c = A4ˆ ˆj i i im̂i

where i s is the distance from the base to the origin0
of frame E .i

Ž .The acceleration r of the center of mass andï
Ž .the angular acceleration v of the composite body˙ i

Ži due to the motion of joint i only i.e., the other
.joints are assumed stationary are

iU² i: ² i: ² i: ² i: ² i: Ž .r s K u = r y s qK u q A5¨ ¨Ž .i i i i 0 i i i

² i: U ² i: Ž .v sK u q A6˙ ¨i i i i

where u is the unit vector along joint i, q is thei i
displacement of joint i. Then the joint force and
torque of joint i applied on link i are, respectively,

f ² i:syf ² i:
i T i

U ² i: ² i: ² i: Ž .s K u =c qK m u q A7ˆ ˆ ¨i i i i i i i

1
² i: ² i: ² i: ² i:t syt y c =fˆi T i i T im̂i

U ² i: ² i: ² i: ² i:ˆ Ž .s K J u qK c =u q A8ˆ ¨i i i i i i i

Under the situation that only joint j moves and
the gravity is neglected, the actuator force applied
on joint j is to resist the component of the force or
torque exerted on joint j by link j along the direc-
tion of joint j, which is an equivalent force or torque
of the pair of yf and yt . Thus, we obtain thei i
actuator force of joint j due to q asï

iU² j: ² j: ² j: ² j: ² j:t su ? K t q s =f qK f ,ž /j , i j j i j i j i

Ž .jFi . A9

The definition of t is equivalent to the product forj, i
Ž .the j, i th entry of the inertia matrix and q , i.e.,ï

Ž .t sD q , jF i A10¨j , i ji i

Ž .where D is the j, i th-entry of the inertia matrixji
D. Since D is symmetrical, we just need to consider
the upper triangular matrix, i.e., jF i.

Let f ² i: and t² i: be, respectively, f ² i: and t² i:
i, i i, i i i

Ž . Ž . Ž .when q s1. Substituting A7 and A8 into A9ï
again, we finally obtain the recursive formulations
Ž . Ž .7 ] 11 , which are similar to that of Walker and
Orin1 in structure, but use the first moments and
the inertia tensors of composite bodies about the

Žorigin of the local frame instead of the center of
.mass .
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APPENDIX B: FORMULATION OF
KAWASAKI ET AL.

This section is to show that the formulation pro-
posed by Kawasaki et al.18 is also a variant form of
the composite body method, although it is in terms
of MLC’s.

Atkeson et al.22 indicated that the dynamic
model of a manipulator is still preserved if the
values of individual inertia parameters are so
changed that the values of a set of minimal linear

Ž .combinations of inertia parameters MLC’s are re-
tained. Since the set of MLC’s discovered by Khalil
et al.8 ] 10 and Mayer et al.11,12 is obtained by re-

w Ž .grouping the inertia parameters masses m , andi
Ž ² i:. Ž ² i:.first moments m c and inertia tensors J abouti i i

xthe origin of the local frame of same dynamic
effects to the members of MLC’s, the natural inertia
parameters, m , m c² i:, and J² i:, can be replacedi i i i
with their counterparts in the MLC’s if the counter-
parts are not redundant or with zero if they are not
in the set of MLC’s. This allows us to repeat the
formulation of Kawasaki et al.18 in terms of the
natural parameters instead of the MLC’s without

Ž . Ž .toil. Equations 25 and 44 in ref. 18 are repeated
Žby using the notation of this article i.e., M , MS , J ,i i i

n , and iy1p in ref. 18 are replaced by m , m c² i:,i i i i i
² i: i ² iy1: .J , m , and s , respectively asˆi i iy1

n
m i kj ² i: ² i: Ž .h s R m c qm s , jF i B1Ý ž /i m k k k jy1

ksi

n
k kq1 k² k: ² k: kq1L s R J y s = h =Ý ži i k k kq1

ksi

k kq1kq1 ² k:y h = s =kq1 k

kq1 kq1 k² k: ² k: T Ž .qm s = s = R B2ˆ /kq1 k k i

It is then apparent that

m j i ² i: i ²m: Ž .h s Rc qm s B3ˆ ˆi m i i jy1

²̂ i: Ž .L sJ B4i i

which correspond to the first moment and the iner-
tia tensor of the composite body i.

Steps 4.1 and 4.2 in Table II in ref. 18 can be
combined together in the following compact form
Žj j ² j: ² j:k and w in ref. 18 are replaced by t and f ,i i j, i j, i

.respectively :

i U ²̂ i: ² i: Ž .k sK J u , is1, . . . , n B5i i i i

U ² i: i Ž .D sK u k qK m , is1, . . . , n B6ˆi i i i i i i

f ² iy1:syKU iy1hi ym is² iy1: =u² iy1:ˆž /iy1, i i i i iy1 i

² iy1: Ž .qK m u , is2, . . . , n B7ˆi i i

t² iy1:sK U yf ² iy1:= is² iy1:q iR ik� 4iy1, i i iy1, i iy1 iy1 i

iy1 i ² iy1: Ž .qK h =u , is2, . . . , n B8i i i

² j: jq1 ² jq1: Ž .f s Rf , 1F jF iy2 B9j , i j jq1, i

t² j:sjq1 Rt² jq1:qjq1s² j:=f ² j: , 1F jF iy2j , i j jq1, i j j , i

Ž .B10

D su² j: ? K U t² j:qK f ² j: , 1F jF iy1Ž .i j j i j , i i j , i

Ž .B11

It should be remarked that there was an erratum in
Ž .32 in ref. 18, which should be corrected to

jU² i: ² j: ² j: jq1 ² j: ² j:u ?f su ? K h =u qK m uˆŽ .i i j j i i j i i

Ž .B12

So we modify the computation of jh jq1 in Step 4.2i
in Table II of ref. 18 to be that of jh jq1 =u² j:. Andi i
jh jq1 =u² j:sjhi =u² j:qm is² j:=u² j: for transla-ˆi i i i i j i

Ž . Ž .tional joint i is embedded in B8 and B10 . For a
manipulator with only rotational joints, the masses
of the composite bodies, m , are all redundant forˆ i
the manipulator dynamics and can be set to be zero.
In such a case, iy1hi sc² iy1: and then the formula-ˆi i

Ž . Ž .tion of Kawasaki et al. B5 ] B11 is reduced to
w Ž . Ž .xFormulation 1 i.e., Eqs. 7 ] 11 . This indicates that

Algorithm II in ref. 18 is a special form of Formula-
tion 1.

APPENDIX C: INERTIA CONSTANTS OF
COMPOSITE BODIES

ŽThe inertia constants of the composite body i k i
. Ž . Ž .and U in 22 and 23 are defined in the following:i

0
iq1 iq1U² i: ² i: 0k sm c qK m s q Rˆi i i iq1 iq1 i i� 0Ž .k iq1 z

iq1 ² i:sŽ .i x iq1 Ž .qK m q Rk C1ˆiq1 iq1 i iq10� 00
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If joint iq1 is a rotational joint, then

² i: ² i: ² i:U sI ym c = c =i i i i i

iq1 iq1² i: ² i:ym s = s =ˆ iq1 i i

Ž .U 0 0iq1 22
iq1 iq1 Tq R RŽ .0 U 0i iiq1 22

0 0 0

iq1 iq1² i: Ž .y s = R k =Ž .i i b iq1 z

iq1 iq1 ² i:Ž . Ž .y R k = s = C2Ž .i b iq1 iz

whereas for translational joint iq1,

iq1 iq1² i: ² i: ² i: TU sI ym c = c = q RU Ri i i i i i iq1 i

² i: ² i:ym b = b =ˆ iq1 iq1 iq1

iq1² i:y b = Rk =Ž .iq1 i iq1

iq1 ² i: Ž .y Rk = b = C3Ž .i iq1 iq1

iq1 iq1 ŽNote that R is the third column of R i.e.,i b i
iq1 w xT . ² i: w xTR s 0, ySb , Cb , b s b , 0, 0 andi b iq1 iq1 iq1 iq1

² iq1: w xT Ž iq1 ² i: ² i: ² i: .d s 0, 0, d i.e., s sb qd .iq1 iq1 i iq1 iq1
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