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Abstract

We study the neutrino-photon processes such as yy — vv, vy— vy, and vw— yy in a background magnetic field
smaller than the critical magnetic field B,= m2/e. Using Schwinger's formalism, we extract leading magnetic-field
contributions to the above processes. Our result is valid throughout the kinematic regime where both neutrino and photon
energies are significantly smaller than m,. We briefly discuss the astrophysical implications of our result. © 1999 Published

by Elsevier Science B.V. All rights reserved.

PACS 13.25.Hw; 13.40.Hqg

The relevance of neutrino-photon interactions in
astrophysics and cosmology has been studied exten-
sively [1]. For example, the plasmon decay y * — vv
in horizontal branch stars and red giants leads to a
strong constraint on the neutrino magnetic-moment
[2]. Similarly, the decay process v’ — vy was also
calculated [3], and its partial width has been con-
strained by various astrophysical observations [1]. It
is natural to ask whether the two-photon processes
such as the scatterings yy — vv, vy— vy or the
decay v’ — vyy are also relevant in astrophysics and
cosmology. It turns out that, due to the left-handed-
ness of the weak interaction, the O(G;) contribu-
tions to the amplitudes of the above processes are
proportional to the mass of the neutrino [4]. Hence
the resulting cross sections or decay rates are very
suppressed. On the other hand, similar processes

involving three photons such as yy — vvy or vy —
vyy are not suppressed by the same mechanism [5].
Consequently, one expects that the cross sections for
yy— vy and its crossed processes should be en-
hanced under a strong background magnetic field. In
fact, under a background magnetic field B, the cross
section o (yy — »v) with photon energy E, <<m, is
enhanced by a factor (m,,/m,)*(B/B,)? [6] as com-
pared to its counterpart in the vacuum, where m,,
and m, are the W boson and the electron masses
respectively; B, = m2 /e isthe critical magnetic field.

The previous calculation on yy — vv [6] applies
an effective Lagrangian for yy — vvy [5] and re-
places one of the external photon with the classical
magnetic field. It is clear that such an approach is
vaid only in the limit that E, E, <m,. In this
work, we shall extend the previous analysis by study-
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ing the processes yy — vv, yv— yv and vv — yy
with E, and E, larger than m, but still considerably
smaller than m,,. This generalization is motivated by
the fact that the above processes may take place in
stars with temperatures higher than m,. In this case,
the effective-Lagrangian approach is no longer ap-
propriate.

Let us begin with the process yy— vv in a
background magnetic field. For convenience, the
cross section of this process is denoted as o(yy —
vv). The relevant Feynman diagram is depicted in
Fig. 1. The effective four-fermion interactions be-
tween leptons and neutrinos can be written as

G
R A AT CA YR RADE

(1)

where g, =1/2+ 2sin®,, and g, =1/2 for | =¢;
gy=—1/2+2sn¥, and g,= —1/2for | = u, 7.
We should remark that the contribution due to g, is
proportional to the neutrino mass in the limit of
vanishing magnetic field. At O(B) in the limit B <
B, it gives no contribution to the amplitude by the
charge conjugation invariance. Therefore we shall
neglect the contribution by g,. Likewise, we shall
also neglect contributions by g, for | = u, 7, since
—1/2+ 2sin®, = 0.04 < 1. The amplitude for
y(ky(k,) = B(pv(p,) in a background mag-
netic field reads

Gr 9y
M= \/Eg )Y (L= vs)u( pl)fd4V

Xd4Wtr[yp?(W)yV?( ~V-W)7yZ (V)]

X et (k) e”(k, )exp( —V FAKW")

xexp(i(kV — kW) + (ko ky,v), (2)

where V=z—x, and W=x—y; e(k;) and e(k,)
are polarization vectors of the photons; £(W) =

v

v

Fig. 1. Feynman diagrams contributing to yy — vo.

Z(x—y) is a part of the full electron propagator
G(x,y) which has the following form under a con-
stant magnetic field [7]:

G(Xx,y) =P(x,¥)Z(x—Y),
with

D(x,y) = exp{le/ dg A +3F,(£-Y) ]}

and
Z(x—y)=2(W)

=—i(4m) f

><exp(—|mzsnL ieBsa)

»ds eBs
s? sin( eBs)

X exp (WH + eBscot( eBs)W? )}
1
X me+2—s ’}/'WH
+ eBs e—i eBS(r3,y W (3)
sin( eBs) ik
where
WHE=WE+WE, W2=0, W, -B=0,

o, O

ER o,
with o, the third Pauli matrix. We note that the
overall phase @(x,y) breaks the trandation invari-
ance, which results from the existence of a constant
magnetic field. The total phase of the three electron-
propagators is summarized in the factor

expl —(ie/2)V*F,,W*]. This phase is easily ob-
tamed by redizing that the combination d¢*(A,
+ 3 F ,&€Y) =47 in the expression for @(x,y) is an
exact form which satisfies .« = dw. Therefore the
integration of .7 around a closed loop vanishes. The
total phase of the electron propagators is then given
by
D(x,y) - P(y.2) - P(z,x)

ie
= exp( - EV“FWW”) . (4)

For a constant magnetic field along the +z direc-
tion, we have F,, = —F,; = B while other compo-
nents of F,, vanish.
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At this stage, the calculation of M remains non-
trivial since the function £ as given by Eq. (3) is
complicated. To find a simplification for &, we go to
the momentum space, which amounts to writing

P0uy) = [ e 07
' (277')4 ,
with
» ds
g = -
(p) j;)cos(eBs)
_ tan( eBs)
X exp —|s(m§—pf—? i”
ieBsaoyg . Y Py
X |e (Mg+vy-py) + cos(eBs)}'

(5
It is useful to write & in terms of Landau levels [8]

Zp - i —idp(@)(y Py Met ¥ PL) + di(a)yrya(Met ¥ D))
P p? + 2neB

n=0

LY Py
2P (6)

where
pi=mi—pj, a=-—p?/eB,

do(@) = (=1)"e “(Ly(2a) — L,_y(2a)),

with L, the Laguerre polynomials. As indicated by
Eq. (6), the B dependence of £( p) residesin d (a),
d(a), and the propagator 1/( p? + 2neB). For B
< B,, the propagator £ and the phase factor
expl(—ie/2)V*F,, W*] can be expanded in powers
of eB. To the linear order in eB, we have [9]

y-p+me  yyA(me+y-py)
2—m€+ie

?(p)=ip eB

( p%—m2+ ie)2
+O(e282), (7)
and

—ie ie
exp( TV/\F/\KWK) =1- E(V/\F)\KWK)

+ O(e?B?).

The above expansions can be used to compute the
amplitude M in powers of eB. Indeed, by dimen-

sional analysis, any given power of eB in the expan-
sion of M is accompanied by an equa power of
1/mz (for m,> p) or 1/p? (for p> m,) with p the
typical energy scale of externa particles. Clearly, for
B < B,=mZ/e, both (eB/m2)" and (eB/p*)" (ap-
plicable when p > m,) are much smaller than unity.
From Egs. (2) and (7) and the expansion of the
phase factor, the amplitude M to the linear order in
eB is
p— v s 1 (py)J° 8
=5 4 UP) (- v)e(p) I (8)

with

Jr= Cl[(elFez)( k{ — kzp)]
+Co[ (&, Fky) (K - €,) kS
+ (€. Fky) (K, - €)k#]
+ C3[ (e, Fky) e + (€,Fk,) ef]
+Cy[ (€,Fky) (Ky - €,) kS
+(e,Fky) (K, - €) kg
+ Cs[(e,Fky) (Ky - €5) kg
+ (€ Fky)(ky - €) k]
+ Cs[(€,Fk,) €8 + (e, Fky) €/ ]
+Cy( ko €1)(Ky - €) [(Fky) "+ (Fky)’]
+ Col €1 €)[(Fky) + (Fky)”|
+ Co[ (ks Fky) (€1 " €5) (K —k5)]
+ Cio[ (ki Fky) (Ko €1) (Ky€) (Kf — kf)]
+ Cy[ (K FKy) (K, - €168 + Ky - €,€0)], (9)

where C,,C,, ---,C,; are linear combinations of
the integrals
1 X bea—b
[[a,b,c]= | dx <
[ ] fo fody(l—txy—la)c

with t = 2k, - k,/mZ. The detailed structures of these
coefficients will be presented elsewhere [9]. We have
checked our result by taking the limit 2k, - k,/m2
< 1. It agrees with the result of Ref. [6], which is
obtained via the effective-Lagrangian approach.
From Egs. (8) and (9), we can caculate the cross
section for yy — vv in a background magnetic field.
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For simplicity, let us take the momenta of incoming
photons to be along the +z and —z directions
respectively, with equal magnitudes. The result for
og(yy— vw) with B=0.1B, and B perpendicular
to the collision axis is plotted in Fig. 2. For other
relative alignments between B and the collision axis,
the cross section o varies by no more than an order
of magnitude. To explore the validity of the effec-
tive-Lagrangian approach, we aso plot the cross
section oy’ (yy — vv) obtained in this method [6]. It
isfound that oy and og" agree reasonably well at a
small incoming photon energy (w), i.e., /m, < 0.5.
For w dlightly greater than m,, the internal electron
could become on shell, and oz would dominate over
oy’ due to the rescattering effect by e"e™— vo.
Such a dominance lasts till w/m, = 2.2 where oy’
begins to overtake . Finaly, for comparisons, we
also display the 2 — 3 scattering cross section o (yy
— vvy) obtained in Refs. [10,11]. For w/m, <5,
this cross section is seen to be suppressed compared
to og(yy— vv). At higher energies, it becomes
equally important as the latter.

The stellar energy-loss rate Q due to yy — vv in
a background magnetic field has been calculated [6].
We repeat the calculation using our updated result of
og(yy — vv). The temperature dependencies of Q
are listed in Table 1. For comparisons, we also list
corresponding results obtained from the effective-

10_8 T T T l T IIII T T T | TT |.|.| T T T
10712 [
—~ 1076 [
o 10720 [ / B
+ / 2 op (YY = vY)
- // ............. :oh (yy - ¥Y)
24 [ ——— 0 (Y¥ = V¥Y)
10-24 _// -
L/
10-28 L el T I T
0.1 0.5 1 5 10 50

@/Mme

Fig. 2. og(yy — v») is the cross section obtained from the exact
calculation, while o' (yy — vp) is obtained from the effective
Lagrangian approach. The magnetic field direction is taken to be
paralel to the collision axis. For comparison, the 2 — 3 cross
section o (yy — vwy) is dso displayed.

Table 1

The temperature dependence of the energy-loss rate (erg/s =
cm®) by yy — »» in a background magnetic field. The results
given by the effective Lagrangian and our exact calculations are
both listed. We take B= B_ /10

Q/T Mev]
0.001 0.01 0.1 1 10

exact 1.2x10718 1.2x107° 5.6x10° 1.7x 10%® 3.1x10%
effective 1.2x 10718 1.2x 1075 1.2x 10® 1.2x10% 1.2x10%*

Lagrangian approach . For temperatures below 0.01
MeV, the effective-Lagrangian approach works very
well. On the other hand, this approach becomes
rather inaccurate for temperatures greater than 1
MeV. At T=0.1 MeV, our exact calculation gives
an energy-loss rate amost two orders of magnitude
greater than the result from the effective Lagrangian.
Such a behavior can be understood from the energy
dependence of the scattering cross section, as shown
in Fig. 2. It is clear that, for T=0.1 MeV, Q must
have received significant contributions from scatter-
ings with w = m,. At this energy, the full calculation
gives a much larger scattering cross section than the
effective Lagrangian does.

By comparing the predictions of the full calcula
tion and the effective-Lagrangian approach [6], we
conclude that the applicability of the latter to the
energy-loss rate is quite restricted. While the effec-
tive Lagrangian works reasonably well with w <
0.1m,, it would give a poor approximation on Q
unless T < 0.01m,.

Besides yy — v, the crossed processes v(7v)y
— v(v)y and vv— yy in a background magnetic
field also play some roles in astrophysics. For exam-
ple, one expects that these two processes might be
relevant for the mean free paths of supernova neutri-
nos. In fact, it was recently suggested that [12], for
supernova neutrinos, the 2 — 3 scatterings vy — vyy
and vv — yyy give neutrino mean free paths less
than the supernova core radius. Thus they could

! In the low temperature limit, i.e., T < m,, our Q differs from
that of Ref. [6], but the discrepancy is within one order of
maghitude.
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Fig. 3. The solid line and the dotted line depict cross sections
og(yr = yv) | and og(yv — yr), respectively. The dashed line
depicts the cross section o (yv — yyv).

affect the supernova dynamics. Now since the mag-
netic field inside the supernova core is typically
around 102G = 0.1B,, the cross sections ox(v(7)y
- v(v)y) and ox(vv— yy) are expected to be
comparable to those of 2 — 3 scattering just men-
tioned. Hence one might conclude that »(7)y —
v(v)y and vv — yy are aso relevant for the super-
nova dynamics. To examine this statement, one
should note that the result of Ref. [12] is based upon
extrapolating the energy dependencies of o(vy—
vyy) and o(vv — yyy) obtained in the low energy
limit E,, E, <m, [5] to energies greater than a few
times m,. Naturally, such an extrapolation is likely
to overestimate the cross sections at higher energies,
resulting into an underestimation of the correspond-
ing neutrino mean free paths. With this precaution in
mind, we shall first compute ox(v(7)y — v(¥)y),
og(vv — yvy) and their corresponding neutrino mean
free paths. The mean free paths due to 2 — 3 scatter-
ings can then be easily inferred. Hence the results of
Ref. [12] can be checked.

The amplitude for y» — y» can be inferred from
Egs. (8) and (9) with v(p;) = u(p,) and k;, > —Kk;.
It is worth noting that, unlike yy — vv, this process
develops no imaginary part since there are no inter-
mediate states available for the rescattering. In Fig. 3
we show the cross sections of yv — yv as afunction
of the incoming photon energy in the center of
momentum frame. We have presented two cross
sections with the magnetic field parallel and perpen-

dicular to the collision axis respectively. For most
incoming photon energies, these two cross sections,
denoted as og(yv— yr), and oglyr— yv),
respectively, differ by no more than an order of
magnitude. For comparisons, we also display the
2 — 3 scattering cross section o (yv — yyv) [10,11].
Itisclear that the 2 — 2 cross section with B = 0.1 B,
is significantly greater than the 2 — 3 cross section
for w < m,. These two cross sections become com-
parable for w > m,. At @ = m,, we have, for exam-
ple, og(yr— yv),=16x10">2cm?, and o(yv
- yy)=1x10"cm?’. For o=50m, both
cross sections reach to roughly 10~4° cm?. We also
note that og(yr — yv), ., is a smooth function of
o for the energy range considered here. In fact, the
cross section maintains such a smooth behavior until
w approaches to m,,.

The neutrino mean free path implied by the above
vy scattering, which we denote as A,, can be calcu-
lated using A, =1/n o, , where n  is the photon
number density, and o,, is the average neutrino-
photon scattering cross section. Since we simply
concern the order of magnitude of A,, we shall
assume the momenta of the photon and the neutrino
to be adong the +z and —z directions respectively,
while B is taken to be parallel to the collision axis.
The neutrino mean free paths for different neutrino
energies are summarized in Table 2. For T=20
MeV, E,=20 MeV, u,=0 (a vanishing neutrino
chemical potential) and B=0.1 B, we find A, =3
X 10* cm, which is much greater than 10° cm, the
supernova core radius. The neutrino mean free path
decreases to 4x 10" cm for E, =50 MeV, and
increases to 1x 10" cm for E,=1 MeV. Clearly
the photon medium in the supernova is transparent to
the neutrino as far as the scattering vy — vy is

Table 2

The neutrino mean free paths A;, relevant to the scatterings
vy = vy and vv — yy, respectively, in a background magnetic
field B= B, /10. We fix T=20 MeV, u,=0 and vary the
neutrino energy E, from 0.01 MeV to 50 MeV

E, [MeV]
001 01 1 5 20 50

A [em] 1x10% 2x10'° 1x10Y 5x10%° 3x 10 4x 108
Ay [om] 2x10% 1x10% 3x10'® 1x10% 5x10%° 3% 10
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concerned. Hence this process is not expected to
affect the supernova dynamics. Furthermore, since
the cross section o (vy — vyy) is a most compara-
ble to og(vy— vy), ., the neutrino mean free
path implied by the former process should also be
much greater than the supernova core radius. Thisis
in a sharp contrast to the small neutrino mean free
path (1, , ,,, = 107% cmfor T=20 MeV, E, =20
MeV, and u,=0) obtained in Ref. [12]. This dis-
crepancy confirms that the extrapolation performed
in Ref. [12] indeed underestimates the mean free
paths of high energy neutrinos with E, > m,.

Now let us turn to the last process, vv — yy ina
background magnetic field. This process behaves
rather similarly as the reversed process yy— vv
discussed before. The scattering cross section og(vv
— yy) (., is depicted in Fig. 4. For comparisons,
the corresponding 2 — 3 cross section o (v — yyy)
[10,11] is aso shown. One can see that opx(vy —
Y¥)i(L, Peaks localy in the vicinity of o=m,
where the threshold effect of electron pair-produc-
tion emerges. Furthermore, from o =0.1m,to w =
m,, the 2— 2 cross section dominates the 2 — 3
cross section by a few orders of magnitude. The two
curves cross at w = 5m,, a which point the 2 — 3
process begins to dominate. At w =m,, B=0.1B,
we have, for example, o(vv— yy), =10"*° cm?,
and o(vv— yyy)=15x10"%3cm? [10,11]. The
former cross section becomes3 X 10°°cm? at w =
50 m, while the latter cross section is roughly an
order of magnitude larger. The neutrino mean free
path due to »v — vy, which we denote as A,, can be
caculated using A,=1/n 0., where n, is the
number density of the antineutrino, and o,; is the
average cross section of vv — +yy. Theresultson A,
for different neutrino energies are listed in Table 2.
For T=20 MeV, E,=20 MeV, u,=0 and B=
0.1B,, we find A,=5x10' cm. The neutrino
mean free path decreases to 3 X 10™ cm for E, =50
MeV, and increases to 3 X 10 cm for E, = 1 MeV.
Once again, the above neutrino mean free paths are
all much greater than the supernova core radius.
Furthermore, by comparing o(vv — yyy) with
og(vv = yy) (L, We conclude that the neutrino
mean free path relevant to the former process should
also be much greater than the supernova core radius.
This is again in a sharp contrast to a small neutrino
mean free path (A, ~10"% cm for T=20

v = yyy

10°® L AR UL R T T
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__ 10716 [
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o 10-20 |
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i /e o (VY - YY)
10-24 | // —_—— T (VY - YYY)
L/
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10-23_ TR AP T | TR
0.1 0.5 1 5 10 50
@ /Mg

Fig. 4. The solid line and the dotted line depict cross sections
og(vv = yy) | and og(vw — yy), respectively. The dashed line
depicts the cross section o (v — yyy).

MeV, E,=20 MeV, and u,=0) obtained in Ref.
[12]. Once more, this discrepancy is due to the cross
section extrapolation performed in Ref. [12].

In conclusion, we have illustrated the weak-field
expansion technique for processes occurring in a
background magnetic field. Specificaly, we apply
this technique to calculate the cross sections of yy
- vy, yv— yv, and vv — yy under a background
magnetic field. We found that the effective-
Lagrangian approach is inappropriate for computing
the stellar energy-loss rate due to yy — vv, unless
the star temperature is less than 0.01 m,. We also
found that the neutrino mean free paths relevant to
yv— yv and vv— yy in a background magnetic
field are much greater than the supernova core ra
dius. The same conclusions are reached for the neu-
trino mean free paths relevant to yv— yyv and
vv — yyy. Therefore both neutrino-photon scatter-
ings and neutrino-antineutrino annihilations into pho-
tons are not expected to affect the supernova dynam-
ics.
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