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A l ~ t i n c t :  Ncw objcctive fiiiictioiis for tlic rlcsigii ol'qtindraturc inirror Liltcr (QM 1;) h;uiks arc 
pi-oposctl. 'l'hcy tire based on the tlcrivativc inforination 01' llic rcconslriiction error, Siiiiplc niitl 
cxplicit m a i r i x - h r n i  fnri iwlas fi)r tlic proposed objcctivc fuiichus nrc dcrivcd. l i f k i c i i t  tlcsigii 
rncllimls iirc pra1)oscd by iiicurporatiiig it scp:Inibility tcchniquc inio tlic dcri\/ctl opti i i idity 
cniitlilions on plntr)iypc filtcrs. ' I  Iic proposed design iiicthotls iiccd only snlvc lincar cqtititiuii 
itei,ativcly without i ionlincw optimisation. Dcsign cxaniplcs dcinoiistrnle llint good low-rlclay 
QMt: batiks mid liticnr-pliasc QMF banks can  hc obtiiincd in only i i  Tcw itci-titioris. Coinpared with 
ihc convciilioiial : y p x d i ,  tlic ticw appioncli luatls lo QMI: himlis with largcr .;(opb;uirl 
attciitiiiiioii ;1nd smallcr ~.cconstruction crriws. 

1 introduction 

Qiiiidmlure iiiii-rnr filter (QMF) batiks Iiavc n widc i-aiigc or 
npplicntiotis in s u h h d  coding atid athptivc f l t c r ing  
I 1-41, The iiiidctlying issws [ I ]  coiiitiinnly CiicoLiiilcrCd 

iii ()MI: baiiks design inclutlc iiiiposing cotisirniiils on tlic 
l ict~~ict icy c1i:mctcristics of inclivitlual aiinlysis a i i t l  syiith- 
csis lillers, and 0 1 1  ihc rcciwslrtictirrn fidclily 01' tlic 
coiubiiicd analysis/syiithcsis syslcni. Various studies 
linvc becu tlcvtitcrl to thc dcsign sul~jcct i i i  I*CCCI~I  ycars 
1 1-1 61. 

Onc vcry ~iopirlat lypc of two-clintlticl QME' batik, which 
i s  Ihe locus o f  h i s  s h l y ,  involvcs t l i c  dcsign hy kcqiiciicy 
tnoduletioii of a Iprololppc bascband aiinlysis l i l l c r  i l r l ( z )  
[ I  1. More prcciseiy, h e  inorlulnictl annlysis nlid sytitlicsis 
liltcrs of I4g. I arc givcu hy /i1(z) = /,,,( - z)* Go(z) = 2 
H,l(z), aiid GI(z)= .211"( .~ 2). Accordiiigly, tlic f lterit ig 
perforniniicc ol' tlic QMF hniik iingcs on Ilic prolotypc 
filtcr 11,,(z). Many tlcsigii tecliiiiqiiex Tor prototype liltcrs 
had bccii proposed 1111- 141, inns( rlcvo~cd I O  lincai+-pliasc 
QMI'  baiik tlcsigii. Tlicy tniniiriisc tlic c ~ i i v c i i t i ~ i i a l  oljcc- 
livc liiiictir,n 

(I)rull = (I)<,,cull t 2(1', ( 1 )  

whcrc (I)t4,cnll, tlic distortion ciicigy O F  tlic overall ()MI: 
bank lieqiiciicy rcspoiisc, is dcfiiicd as 

and (I),, ihc sIopIxind ciicrgy of' tlic protntypc filtcr, i s  
rlcfincd as 

( 3 )  

with C I ) ,  bciiig tlic sropbniid c~itol'r l i ~ ~ l i i c t i ~ y  r i f  I / & ) .  ( l h r  
simplicity, the siihscript 0 oT 1-&) i s  tlrrippcrl in 11112 
ciisuiiig discwsioii.) T h e  s~opbaiiti wight x is a positivr: 
ntiiirbcr llial conkols the rclativc sigiiifcaticc 01' rhcsc two 
errors. Note h a t  norinally Ilic Iwsshand error i s  i io t  
inclurlcrl in tlic nhjcctivc iiiiiclioii. Tlic rcason [ I ]  is Ilinl 
i f  111c ol$cctivc hiictioii, in ter i i is  o f  the rccoiistniclioii 
error and the siopbniirl m o r ,  is initiiiiiisctl the p;isslxiinrl 
cI'roi is also rctluccrl accoldingly. l'hcl.cf0l.c thc dcs1gn 
tcchii iqiics iiiciitioiicd dit1 iiot cuiisiilci~ lhc I i a s s l x i t d  ci i tof l '  
licqirciicy m,,. I'hc QMI: biiiik design problem is Ibrniii- 
latctl as iiii uiictmstrairictl iioiiqiindrdc miiiimisnliou 
probletii iliat is diflicult io solvc analytically. 

.Ir)hiistoii 1 I 1 I proposctl ii scnrcli algoriiliiii by wing R 
iioii 1 incar progriiiiiniiiig npt iiii i satioii tccliii iq tic. 1 Iowcvcr, 
stich noiililic;ir ciptiiiiisation is vcry cniiiplicetcd. Rcsidcs, 
this algorilli iu is sciisiiivc in initial v;iliics aiitl rcquires 
sigiiificmit iiiriti1i:il i i i tci~vciit ioi~ during llic l i l lcr  optiinisa- 
lion proccss. Chcii a i d  Lcc 1 121 proposcrl an itcl-alive 
;ilgorithnn hy iticoipc"ntiug EL l i ~ ~ e a r i s n h i ~  Icchniquc IO 
rc forniu I alc thc fourlli -ortler conventional ohj cctivc rtiric- 
lion in a quarli.alic forin. 1;or hcttcr pcrforiiinnce, Iiowevci; 
this :iI gori th i i i  requi rcs Iiiglicr-rlcii sity discrcti silt ion  ol' 
~ C ~ ~ L I C I I C ~  grid points at ciich itcratioii aiid is thus also 
very compiil;ilioii-iiiianaivc. I<ccciitly, Xu, 1 4  aiitl Aiito- 
niou I I3 I iiiiprovctl ~ h c  algoritlim to ~ C L I U C C  ilic coinpiitii- 

t i cma!  cllbrL hy rcpl;iciiig incxiict intcgral rliscictisaiioii 
with exact inicgration. 0 1 1  tlic otlicr Iinnrl, Ja i i i  rliiii 

Croctiicic 1 141 rlescribed a time-rlciinnin npprriach. 
I Iowc\w, it iwolvcs ii large aniouiit o r  cnmptitntinii I'or 
tlic cigcndcct)ttipositirln opclatioiis :it c a d i  itcratioii, parti- 
cularly Lor long li1icr.s. 111 sumniary, ; h o s t  all thc stridics 
had been devotcd to this pnrlicular ~ y p c  of ol?jcclivc 
rtlncrion latlicr tliaii to tlcvclopiiig i iew objcctivc liliiciioris. 
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Nonetheless, an aplimpriate objectivc ruiictiou is crucial Io 
lhc dcvelopment o f  a good Q M  F bank dcsign method. 

In this papcr, iicw objective functioiis that utilisc tlic 
dcrivative iriforiiiutiori of‘ ( l ie  recoiistnrctioii error in tlic z- 
domain arc proposcd. The motivation Tor using tlic tlcri- 
vntivc Foriii (w.r,t. I o f  tlie rccorisiructioii error) is as 
follows. TJ2 iiorin niiniiiiisution ol’ the rccoiistructioii error 
oftcn rcsulls iiz total systcin inagiiitude Icspoiiscs lhat 
cxliibit ripples around idcal value otic. It  i s  i inturtll to 
cxpoct that inore error ripplcs rcsult in largcr dcrivaiivc 
values of thc crror ripples. ‘I’hcrclbi.c one would cxpcci ilint 
thc mull ing systeiii rcsponses would be closcr to ~ h c  idcal 
oiics il‘ one c.nii reiiucc tlic dcrivativc values ol‘ t l ie error 
ripplcs. Altlrough thc L2 iiorm miniiiiisatirin oC the recnn- 
slruction error i s  wcll docuiiicntcd in tlic literature, it i s  nor 
closely rclatcd io the initiiinisation or  the deriviitivc h e  
recoiistruclion error. Hcncc, i t  is interesting to iiivcstigntc 
ttic dcsign rcsuIts by iniiiiiiiising the deriv:itivC iiilbrinntion 
of Ihc rccoristruction cri’or. 

Aiiollier cnicitll issue ol’ Q M P  bank dcsign is to h a w  
low-del;iy piopcrly, pnrticiiliirly in lirne critical applicn- 
tions, A low-delay QMI; hank refers to ii causal QMF batik 
with a reconstruction tlclay oCD A‘ - I, in conlrnst to tlic 
fixed delay D = N - I of a c~lusal  lincar-plinse (2M t: I,aiik, 
wherc N is the length of thc prolotype filtcr. In ilic past, 
dtnost all the attention had hccri given to lincar-phase 
QM l7 bank design [X, 91. I-Iowcver, OIIC t.ccognisctl reslric- 
lion with linear-phasc QMF banks is ihal ils systeiii delay 
is c.omplctely dctcmiiicd by the lciigths oC11ie mdysis a i d  
synthesis iiltcrs. One has tu i i iakc tradeoff bctwccn tlic lwc  
conllicling conditions of low systein dclay ~ i i d  siiiiill 
reconstruction error. Thus, tlic hc iw-phasc  conslrtliiit for 
Lihers slrould I JC  rclaxetl to allow mom Liwdori~ i i i  dcqigii- 
iiig low-dclay QMF banks. lixicrisions of thc rncntionerl 
incthods [13, 151 to low-dclny Q M I ‘  bank dcsigii are 
Strtlighllbrward hut bcar tlie same prihlciiis as they haw 
in lincar-phase QMI; bank rlcsigii. 111 gcncral, studies on 
low-dclay Q M F  bank dcsigri are few [15, 161, and t t i c  
optiiiium dcsign iiielliod has ilrit hccn Fomtl yet, particu- 
larly with cqtinl-length liltcis. 

Oascd on the proposed objectivc liinc~ions, prototypc 
filter rlcsigri tcchiiiqiies for low-dclny QMli banks and 
lincarphase QMF btirilix arc dcvelopcd. Coti ipmd with 
ilic conventiotial approach, the prcyxmtl  approach 1e;ids to 
QMF bmks with larger stopband altcnualion ani1 smallcl 
rcconslriwtion errors. 

2 New objective functions 

For good coding cfficiciicy and high-ficlclily r~‘coiistr~ctioii 
of tlic QMI; bank with systcni dclays, thc causal FIR 
protoiypc lilter H ( z )  i s  1-cqtiircrl io satisfy thc following two 
conditions: 

and 

wharc L) is RI) odd numbor. ITcrc, particularly w c  arc going 
to iiivcstigatc two questions: Child the differentiation of 
cqn. 5 he well approxiiriatcd by riiimeric uptimisnlion’! 
Could thc rcsulting QMI: hank have sinaller rcconstrucliori 
c m r  than the one rcsulling koin the coiivcnlionnl objective 
function? The RIISWCVS arc ilctailctl as foliows. 
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Tly defnition, thc rccoiistruction error Kc,,l,{z) is given iis 

I-ct thc z-doninin crror tcim Ell,,,,(z) in i ts  gcncral rorni, 
corrcsponding to  tlw nth derivative of kc&) with reslicct 
to z, bc 

(I“ 
dz” 

x - - ( H 2 ( z ) -  H 2 ( - Z ) }  -3- ’ )  (7) 

The ncw ohjcctivc tiirictioii in its gciicrnl Lorn1 is tlefincd to 
be a wcightcd slim o f  the 1,2 iioriiis ol’ tlic specific c r i w  
I:‘,,,,,,, (1) and ihc stopband ripplc as 

Varying n lcads to tIiI‘l’erent [Dc,ew,l, and QMF bniiks. In 
porlicul;u., this papcr irivestigatcs tlic spccial cases o f  thc 
first cicrivativc ( n  = I )  arid ttic scconrl tlcrivntive ( t i  =2).  
1 heir overall VIVI F hetik frcqucricy responses and liller 
rwpuims are iiivcstigatcrl arid coinpared wi th  those 
ob~ninetl by tlic ctiiivciilioiral fiinctioii ~II,,,,, Inrcr. We 
dciiotc (I) , lcwl arid ~ I ~ , , c w ~  :is the oh,jcctive fundions 
corrcsponding to llie first  id sccond dcrivativcs, rcslicc- 
tivcly. 

I~ 

3 
objective functions 

Lcl h, the filtcr vcclor ol‘ H(z>, be tlcfitictl i i s  

Parametrisation and formulation of new 

h = [h(U)  / ( I )  h(2) . .  . h(A‘ - 1 ) I T  (9) 

whew h e  superscript [ 1’ slnntls for thc tr;iiisposc. Then 

w tl c 1’C 

Mowover, H2(z) can hc piit in the followiiig iiintrix product 
forin 



where H i s  n (2N - I )  x N Tncplitz inarrix that rcprcscnts 
the coiwoliitinn with It 

I 1  

(14) 
Next, siinplc atid cxplicii f'orins Ibl- the proposed objcctivc 
fu i~ct io i is  can tic dcrivcd a s  follows. First, siilwtitiitiiig cqn.  
13 into cq11. 7 yiclds 

Y,,,, ,I1 (4 

wtierc Y is n vcctor or  size (ZiV ~ I )  x I givexi hy 

A s  sliowii, +llr,,,.,~ pt'ovirlcs nii ntldiliniiiil wcigliting iiialrix 
CV to thc chatxctcristic iiialrix & aiid vccloI 1: iii coiitrast 
tn  ilic nrinwciglitctl (Bcrr,, .  'l'hc wcigliting matrix CY rclates 
prioiarily to tiic dchy porainctcr n. 

4 Optimisation of new objective functions and 
design of QMF banks 
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achieved when VI, ~lll,cw,l, = U. Conscqiicntly, thc optimnlity 
cniiditioii on L,>,,,~,, becomes i ts  

wlicrc H(,j,l,l, is thc 'l'ncplilz iiinirix h a t  corresponds to 
i ~ , , , ~ ~ ~ ~ , ,  This systeiii ofcqualions is Iiartl to solvc owing to its 
high non lincarily. Air cfficient way tci iipprilach II~,,,~.~, is by 
separating Ihc iittki~owii vector 11 R o n 2  llic aveilnble inatrix 
I /  at each itcration and  by itcialing tlirougli thc followiiig 
two stcps: 
(i) fnrtri a fixed / I  Doin the iicwly obtaincd k 
(ii) solvc llic following sct of lincilr quaiions 

A(A 4 l ) .  , . (A  + ( t ~  - I)!) - .~ ~ ~~~ 

il(n 4- 1).  . . (D + n - I )  

(26)  

arid uprlstc k by liiicarly coinbiiiiiig k and Ihc solutioii ol' 
c y .  26. The itccrativc proccdui-i: iiiay bc tcrininatcd whcn 
 he iiew solutioii is  wilhiii a rclntively s i n e l l  deviation f i r i i u  

thc currcr1t solution. 
Notc llint the sepnrability techniquc incorporntcd in the 

prolmsccd iterative algorithins is diIlkrcrit h i i i  the liriciir- 
isation tccliiiique iii tlic Iitci-;iturc [ 12 ,141. Actually, the 
scparabilily tecliniquc triilisEori1is Llw QM I: bank optimisa- 
ticm problcm inlo n cotivergeiit Rxctl-point ~ ~ m b l c m ,  siiiiply 
by algebraically scparirtiiig tlic vector vnriablc It froiii a 
system o f  iiunlincar cqualions. The proposctl two-stcp 
~~i~occdurc  is a fiiiictional itcraiion schcnie ol' the lbriii 
/ I , ,  = C(h,, - I), G(h,, . . I )  = i t , ,  - 1 - F(/i,) .. I), 
which is siinplc and e fk ien t  for our dcsign piirposc". 
llnlikc many p o p ~ l a r  optiinisatioti tcchniqucs, the optiini- 
sntiori procetltirc docs not involvc scarch steps aiirl 
nniiliiicar c~ptirnicatioii. Likc the i i i o r c  coniplicaicd 
Ncwloiik method, the proccdurc coiivcrgcs I'airly fast 
oiicc an npproxiinntion near tlic ~ r u c  solulioii is obtnincd. 
Generally, thc procctlurc givcs linear convcrgcticc. In our 
siinulalions il look oiily a few iterations (scc lablcs) to 
cnnvcigc, depending on the fl tcr Iciigih. 011 tlic othcr 
haitd, Newton's inctlicid . k ~ r  nonlinear systeiiis i s  ;1 

fiinctional ilcration sclieiiie o f  tlic ~'OIITI h,, G(h,, . . I ) ,  
wIiccc G(II, , -  I )  = / I , > -  I - J{/z,, . l)-i~(~l,, I). CiciieraIly, 
Newton's mcllirid givcs quxlmtic coiivergeiicc, providcd 
ilia1 a suLIicieiitly nccurntc initial pnii i t  is linowit a n d  the 
Jacnl>inn niairix .!(It) is ncinsitigLilar :it tlic lixcd point to he 
convergcrl. I-lowcvcr, Ncwlon's inetbod requires cvidualion 
of .I(/#,,) a t  each step, and is inorc cxpcnsivc lo cniploy. 

For (1, E (I),..,a, t~(,~,/,~,,~, ciin hc solvcd similarly aiid the 
required set of lincar c q u n h i s  is 

whcrc 

(RIIrQi,l l  + .Q.<)k = 4H"V (27) 

l'hc dcsigii algorithm is suniinarised as ~ol lows. 

( i )  Spccily the filter length N, stophand cutoff h p c n c y  
OI?, system delny /I, stnphand wcighl U, smoolliiiig valiic T 

(0 < T < I), iuid rcIativc crror (iilcraiicc c. 
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I 

t =Q,> 
(A . t  ( t ~  - I ) ] ) .  . . (A + l ) A  

I#* = 

4.2 Design of linear-phase QMF banks 
Cniisidcr iicxt the litiurr-pliasc ciisc. The protoLypc filtcr 
/f(z) is restrictctt to hc d l y p c - 2  liiicnr phase (i.e. h' is cvcii 
ant1 h(t1) = h(N - - I - ti)). The i iripiilsc resporisc cim hc 
ex 1) rc s se (1 by 

A(A -1- I )  , . . ( A  - 1 .  (H - 1)f) - ... . ( 8(11K)" n(n + I } .  . . (1) + I f  - 1) 

.. A(A -1- I ) .  . . (A + ( ) I  - I ) I )  
= 4(11K)' - I' 

D(c,  +- I). . . ( D  + n ~ I) 

A(A _ I  I ) .  . . (A + (n ~ 1)1) a1 /I(/> - 1 .  I ) .  . . ( D  i- n - 1) 

I i 1' (1) -- 



Table 1 : Performance comparisons of design example 1 

A, 33.75 44.52 14.1 2 

4 0.015 0.002 0.004 

AL 47.50 54.69 54.1 9 

PRE 
SNR, 75.6 79.6 77.9 

SNR, 74.4 80.4 78.7 

Iterations 10 6 7 

N=32; D-15;rriS-0.67 x;~t1,,:0.35~~ ~ - 0 . 0 1 ; ~ ~ 0 . 5 ;  1::10 

5 . 5 9 ~  10 2 . 1 9 ~ 1 0  2 . 7 5 ~ 1 0  

R 



respectively. 'I'hc tlcsign rcsults indicate that thc ilcw 
designs arc superior lo the coiiveiitioiinl (lcsign. 

5.2 Design example 2 
This examplc illustralcs l l ic  cffcct of R witlcr Iransitioii 
b:inrl i l d  a I;irgcI stnpbatid weight. I-Lcre cxccpt that (I),> is  
0.6% instcad o r O . 6 7 ~  xiid c( is 0.2 instead of-0,01, all thc 
o h r  dcsign paraiiieters i irc thc siinic as  lliosc of dcsign 
cxainplc I ,  I ih lc  2 l ists ~ h c  dcsigii results. Fig. 4 shows thc 
ninplitudc rcslxmsccg or  thc resulting prototypc lillcrs. 
Again, one c m  observc t M  t l ic ~l),,,,l-ilesign SIIOM'S ti 
g o d  ;iinplihide responsc with largc slopband nltciniatioti. 

Table 2: Performance comparisons of design example 2 

45.32 
0.021 
54.42 
5.51 x i o -  
73.8 
74.8 

10 

%Wl 

53.01 
~ - - .  

0.004 
61.62 

1 . 5 7 ~ 1 0 . - ~  

61.5 

81.8 
8 

52.81 
0.006 

61.61 
1 . 7 6 ~ 1 a . - ~  
79.0 
80.1 

7 

6 t 

I I d I 
0 0.1 0.2 0.3 0.4 0.5 

I 

Table 3: Performance comparisons of design example 3 
(I inear-p hase QM F bank) 



m m -10 - 

0 Q 

t 

-ifiaO- 0.1 1 I - 
0 2  0.3 0.4 a 5  

normaliserr Iroqtioncy 

5 - 1  

6 Conclusions 



QMI’ banks with dif‘rcrcnt wcightcd L,,(p > 2 )  cIrw 
criteria, as wcll as M-chai~ricl (M > 2 )  pseiitlo-QMI’ hai iks.  

7 Acknowledgment 

This work WAS slipported in  part under grant NSC87-2213- 
E-009-08 I of National Scicncc Couricil,  Taiwan. 

8 References 

f l n l l ,  linglcwiiod C’tifK., NJ, 1’193) 
GARCIA, C., and IN)UI<IC;UlX, L.: cA~~p l ic :~ l io i i  ofii low-tlcliiy tiiuik 
of filrcir. to s imc l i  cotiiiw’. Pruccctlinw of lF,F,T: woikclion t i n  13irirrd 

. 

2 

272 


