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Abstract

This article numerically analyzes the hyperbolic heat conduction problem in the ®lm and substrate composites under an imposed

surface heat ¯ux on the exterior ®lm surface. The radiation heat ¯ux model is employed to take account of the interface thermal

resistance. The re¯ection and transmission occur at the contact surface of the dissimilar material which depends on the substrate

properties and interface conditions. The interface resistance restricts the energy transmission across the interface and alerts the

re¯ected and transmitted waves' strength. Neglecting the interface thermal resistance causes the temperature distribution in the ®lm

to be greatly underestimated. Moreover, the hyperbolic equation predicts signi®cantly di�erent results with those predicted by the

parabolic equation at small time scales. The discrepancies between the solutions in an investigation of superconductor Y±Ba±Cu±O

®lm depositions on several commonly used substrates are examined. Ó 1999 Elsevier Science Ltd. All rights reserved.
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Nomenclature
[A] Jacobian matrices
c thermal wave speed
Cp speci®c heat capacity
F ¯ux vector, de®ned in Eq. (11)
G source vector, de®ned in Eq. (21)
H HeavisideÕs unit function
h PlanckÕs constant
k thermal conductivity
kB Boltzmann constant
M ¯ux vector, de®ned in Eq. (21)
q heat ¯ux
q heat ¯ux vector
r position vector
[R] right eigenmatrix, de®ned in Eq. (16)
Q total energy
S source vector, de®ned in Eq. (11)
t time
T temperature
To operating temperature

tp duration time
U unknown vector, de®ned in Eq. (11)
�v sound velocity
W characteristics variable
W characteristics vector, de®ned in

Eq. (21)
x position

Greek symbols
q density
a thermal di�usivity
s relaxation time
k eigenvalue
j constant; see Eq. (5)
C constant; see Eq. (5)

Superscripts
n; n� 1 time levels n and n� 1
iter iteration

Subscripts
j media index, 1 represent ®lm; 2

represent substrate
c interface
i control volume index
i� 1=2 value at control volume faces
xo ®lm surface (x � 0)
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1. Introduction

Since the discovery of high-temperature supercon-
ductors, a variety of electronic devices have used a thin
®lm of superconducting material deposited on a sub-
strate. The typical examples are Josephson junctions and
superconducting bolometers. During the operation of
superconducting detectors, the heat is incident on the
surface of the ®lm and increases the ®lm temperature. If
the temperature is higher than the transition level, the
superconductors may change from the superconducting
state to the normal resistive state. Therefore, under-
standing the temperature distribution in practical su-
perconducting ®lm and substrate composites is a
relevant task.

In modeling the heat transfer behavior of a super-
conducting detector subject to incident energy, the dif-
fusion theory (Fourier law) has generally been utilized
[1±5]. The traditional heat conduction equation implies
that the heat propagates at an in®nite speed. Despite
such an unacceptable notion of energy transport in
solids, the classical Fourier law yields reliable results for
most circumstances, mainly because the thermal di�us-
ivity is ten orders of magnitude smaller than that cor-
responding to the speed of a thermal wave in most
situations. Nevertheless, with the advent of science and
technology involving the conditions of cryogenic tem-
perature, short duration, high-rate change of tempera-
ture or heat ¯ux, the assumption of in®nite thermal
propagation speed might not be su�ciently accurate.
Some investigations have indicated that the heat
propagation velocity under such circumstances becomes
®nite and dominant [6±9]. The operation of the super-
conducting detectors can be based on cryogenic tem-
perature, thin thickness, and short duration of high-rate
heat ¯ux change. The ®nite speed of heat propagation
may have to be considered in modeling the heat transfer
in these devices.

While considering the ®nite speed of wave propaga-
tion, Cattaneo [10] and Vernotte [11] independently
suggested a modi®ed heat ¯ux model in the form of

q�r; t � s� � ÿkrT �r; t�; �1�
where s is the relaxation time, k the thermal conduc-
tivity, r the position vector, and t is the physical time.
Clearly, for s � 0, Eq. (1) reduces to the classical di�u-
sion theory, leading to an in®nite propagation velocity.
In addition, when Eq. (1) is used in a local energy bal-
ance, a hyperbolic equation is obtained. Temperature
®elds obtained from the hyperbolic heat conduction
equation often display wavelike characteristics that
would not be predicted by the parabolic type traditional
di�usion theory [12]. Several investigators have esti-
mated and predicted the magnitude of s for engineering
material [13±18]. In the superconducting state, heat is
transferred predominately by phonons, with phonon

velocity of the order of 103 m/s [19,20]. This value is
further smaller than that in metals, which predomi-
nantly transfer heat due to electrons, with thermal
propagation speed of the order of 106 m/s. Based on the
kinetic theory [13] , the relaxation time s for YBaCuO
®lm is � 300;� 0:6;� 0:4 ps for T � 4, 50 and 77 K,
respectively. Recently, Mitra et al. [21] determined ex-
perimentally the s value to be approximately 16 s for a
biological material and directly validated the hyperbolic
natural of heat conduction by comparing the tempera-
ture with the non-Fourier predictions.

While emphasizing engineering applications of the
thermal wave theory, �Ozisik and Tzou [22] thoroughly
reviewed thermal wave propagation, including the sharp
wave front and rate e�ects, thermal shock phenomenon,
thermal resonance phenomena, and re¯ection and re-
fraction of thermal waves across a material interface.
Tzou [23] further proposed a general criterion for the
dominance of wave behavior over di�usion

oT
ot
� Toc2

2a
exp

c2t
a

� �� �
�2�

with To being the reference temperature. According to
this criterion, relative importance of the wave behavior
in heat conduction can be examined by considering the
interaction of three factors which contained the ther-
mal properties (a and c), the thermal loading and re-
sponse conditions (oT =ot and To ) and the transient
time (t). If the heat transfer process occurs in an ex-
tremely short period of time or that with an extremely
high rate of temperature increase, the wave behavior
may become pronounced regardless of the value of To.
In experiments to investigate the non-equilibrium re-
sponse mechanism, heating pulses can be as short as
the order of a picosecond with the heat ¯ux value up to
the order of 109±1011 W/m2 [24,25]. This high heat ¯ux
value is further larger than that of the critical value of
107 W/m2 for the Fourier heat ¯ux model breaking
down [7].

By applying the thermal wave model, there are several
investigations concerning the heat transfer behavior in
the thin ®lm, which might possibly be the case for the
operation of certain thin ®lm superconducting devices.
Those works include the step change of boundary heat
¯ux [26±28], boundary temperature jump [29±31], os-
cillatory boundary heat input [32±34], and the impulse
heat pulse [35±38]. It is found that the temperature
predicted by hyperbolic equation is signi®cantly higher
than that predicted by FourierÕs law. The previous in-
vestigations deal with the bare ®lm structure, i.e. ignored
the substrate e�ect. Frankel et al. [39] proposed a ¯ux
formulation to investigate the thermal waves in a two-
layer composite media with perfect contact interface.
The internal re¯ections are produced at the interface of
two dissimilar media and the thermal properties ratio of
di�erent layers signi®cantly in¯uence the heat transfer
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solutions in the composite media. In addition to being
in¯uenced by the thermal properties of the substrate, the
heat transfer behavior in the ®lm is also heavily in¯u-
enced by the interface thermal resistance at the contact
surfaces of ®lm with the substrate in the FourierÕs low
analysis [1±4,25]. However, the in¯uence of interface
thermal resistance on the hyperbolic heat conduction
has not been investigated yet to date.

To consider the thermal boundary resistance at the
contact interface of two dissimilar materials, the radia-
tion-boundary-condition at the interface where the
thermal ¯ow across the interface proportional to the
di�erence of the fourth power of the temperature on
each side of the interface is employed [40,41]. Taking the
most common substrates used for Y±Ba±Cu±O ®lm
(MgO, SrTiO3, LaAlO3, and sapphire), the in¯uences of
the substrates and interface thermal resistance are ex-
amined in this study. Results demonstrate that the e�ect
of the substrate, interface resistance and surface heat
pulse duration can be very important to the heat transfer
in a thin-®lm superconductor deposited on substrates as
predicted by hyperbolic and parabolic heat conduction
equations.

2. Physical model and theoretical analysis

The constitutive and energy conservation equations
used in the thermal wave theory take the form [12]

q�x; t� � s
oq�x; t�

ot
� ÿkrT �x; t� �3a�

and

qCp

oT �x; t�
ot

�r � q�x; t� � 0: �3b�
The physical system under consideration is shown in

Fig. 1. A thin-®lm superconductor of thickness x1 is
deposited on a substrate. The ®lm and substrate are
initially at the same temperature as the coolant of To. At
t � 0�, a step change of constant heat ¯ux is imposed at
the exterior surface of the ®lm for the duration tp where
H(t) is the HeavisideÕs unit function. The heat ¯ux qo

can be thought of as the net heat ¯ux into the ®lm, e.g.,
for a detector, the di�erence between the incident radi-
ation and any losses from the surface to the surround-
ings. In addition, the back surface of the substrate at
x � x2 is maintained at the coolant temperature of To.
To predict the thermal resistance at the interface of the
®lm and substrate, a radiation-boundary-condition
model is employed. This obtains [40, 41]

qc � j�T 4
1c ÿ T 4

2c� at the interface; �4�
where

j � 2pk4
BC

h3�v2

p4

15

� �
: �5�

The most important constant is C, a function of the
material properties of the two media in contact. Using
the ®gure provided by Little [40], C can be obtained if
the density ratio and the sound velocity ratio of the two
media are known. The higher C (or j) value represents
higher transmission across the interface, i.e. a lower in-
terface thermal resistance.

For convenience, in the subsequent analysis, the non-
dimensional variables are de®ned in the transformed
system as follows:

x� � c1x
2a1

; t� � c2
1t

2a1

; T �j �
Tj

To

;

q�j �
a1qj

Tok1c1

; j� � jT 3
o a1

k1c1

�6�

and the dimensionless property ratios

a�j �
aj

a1

; s�j �
sj

s1

; k�j �
kj

k1

; �7�

where c represents the thermal wave speed and equals
�a=s�1=2

. The subscripts j � 1, and 2 represent the ®lm
and substrate, respectively. Clearly, we have
a�1 � s�1 � k�1 � 1. The energy equation and non-Fourier
constitutive equation are expressed in terms of the above
dimensionless variables as (with asterisks omitted)

oTj

ot
� 1

kj

1

aj

oqj

ox
� 0; �8�

oqj

ot
� kj

sj

oTj

ox
� ÿ2

1

sj
qj: �9�

The non-Fourier constitutive equation along with the
energy equation for the ®lm and substrate can be written
in dimensionless vector form as

oU j

ot
� oFj

ox
� Sj; �10�

Fig. 1. The physical model of a thin-®lm superconductor deposited on

a substrate.
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where

U j � Tj

qj

� �
; Fj �

1
kj

1
aj

qj

kj

sj
Tj

( )
;

Sj �
0

ÿ2 1
sj

qj

� �
:

�11�

Eq. (10) can be written as

oU j

ot
� A� �j

oU j

ox
� Sj �12�

and the Jacobian matrices are

�A�j �
oFj

oU j
: �13�

Then, [A]j can be diagonalized through the eigenvectors

�A�j � �R�j�k�j�R�ÿ1
j ; �14�

where k denotes the diagonal matrices consisting of two
eigenvalues of [A] for each layer. The superscript ÿ1
represents the inverse eigenmatrix. The diagonal matri-
ces and the right eigenmartices show that

k� �j �
ÿ aj

sj

� �1=2

0

0
aj

sj

� �1=2

264
375; �15�

R� �j �
1 1

ÿkj
1
aj

1
sj

� �1=2

kj
1
aj

1
sj

� �1=2

" #
: �16�

In addition, the dimensionless interface condition is in
the form of

q1c � q2c and

T1c � T2c for perfect contact interface;
�17a�

q1c � q2c � j��T1c�4 ÿ �T2c�4�
for interface with thermal resistance: �17b�
The dimensionless initial conditions are given as

T � 1 and q � 0; at t � 0: �18�
At t > 0, a constant heat ¯ux with dimensionless value
of unity is imposed at the exterior surface of the ®lm for
a duration of tp. After the pulsed duration, the ®lm
surface condition is assumed to be adiabatic. In addi-
tion, the back surface of the substrate cooled by the
coolant is maintained at the initial or operating tem-
perature To. The boundary conditions become

q � 1; t < tp

0; t > tp;

�
at x � 0; �19a�

T � 1 at x � x2: �19b�

3. Numerical method

This study uses the characteristics-based numerical
method developed by Yang [42] which resolves the
thermal wave without introducing oscillation or dissi-
pation, to solve the system of equations. First, multiply
Eq. (12) by �R�ÿ1

j , then obtain

oW j

ot
� oM j

ox
� G j; �20�

where

�W �j � �R�ÿ1
j � �U �j�M �j � �k�j � �W �j

�G�j � �R�ÿ1
j � �S�j:

�21�

Now, the problem attempts to solve the characteristics
variable [W], instead of the original T and q coupled
equation. Then, Eq. (20) is expanded by the ®nite dif-
ference and explicit methods, therefore, we have

W iter
i �W n

i ÿ
Dt
Dx

Mn
i�1=2

�
ÿMn

iÿ1=2

�
� DtG iter

i ; �22�
where Dx � xi�1=2 ÿ xiÿ1=2 and Dt � tn�1 ÿ tn. The su-
perscript iter denotes the iteration value at new time step
of n� 1.

The total variation diminishing scheme [42] is used to
compute the characteristic variable [W] of the interior
points. Moreover, a simple and accurate numerical al-
gorithm presented by Yeung and Lam [43] applying the
Godunov method is employed to compute the [W] value
at the point next to the boundaries.

The interface temperatures of the ®lm and substrate
(T1c and T2c) at time step n are used to calculate the
interface heat ¯ux (qc) for time step n� 1. Based on this
interface heat ¯ux, the new iteration T and q values of
the ®lm are obtained. The interface heat ¯ux is updated
by the new iteration value of T1c. Then, based on the
updated qc, new iteration T and q values of the substrate
are obtained. The procedure is repeated until the T and
q in the ®lm and substrate composites are valid for the
criterion of convergence

T ÿ T iter

T

���� ����
max

6 10ÿ5 and
qÿ qiter

q

���� ����
max

6 10ÿ5: �23�

Then, the new values of T and q of the ®lm and substrate
at the time n� 1 can be evaluated.

4. Results and discussion

A one-dimensional computer code was written on the
basis of the above calculation procedure. Grid re®ne-
ment and time step sensitivity studies have also been
performed for the physical model to ensure that the
essential physics are independent of grid size and time
interval. Typically, the substrate thickness is several 100
or even 1000 times thicker than the thin ®lm. A ®lm with
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a dimensionless thickness of 0.5 deposited on the sub-
strate with a dimensionless thickness of 30 is considered
in this study.

4.1. Perfect contact interface

Figs. 2 and 3 display the in¯uence of the thermal
properties of the substrate on the heat ¯ux and tem-
perature distribution, respectively, in the ®lm and par-
tially in the substrate, using the thermal wave heat
transfer model. The ®lm surface heat ¯ux duration tp is
1. The bare ®lm solution which neglects the e�ect of the
substrate and a prescribed constant temperature To of
the coolant at the back surface of the ®lm [28], is pre-
sented as a reference to enable an understanding of the
substrate e�ect. The hyperbolic wave nature is clearly
shown by displaying the sharp wave front, and an un-
disturbed region ahead of its front. The wave front lo-
cated at x � 0:2 at t � 0:2 since the dimensionless wave

speed in the ®lm is unity. By e�ect of di�usion, a slant
across the top of the wave is observed. The hyperbolic
heat conduction equation predicts that a thermal wave
disturbance tends to propagate in a given direction with
a propagation speed of c until its course is impeded by a
wall or barrier. Therefore, before the wave front impacts
the interface at x � 0:5, the heat ¯ux and temperature
distribution is identical for each di�erent substrate
property and bare ®lm solution, as attributed to the fact
that the wave front is unaware of the existence of the
substrate. The substrate e�ect is clearly illustrated after
the wave front has encountered the interface. By t � 0:6,
the internal re¯ection and transmission occur at the
contact surface of the dissimilar material. The re¯ected
wave fronts move toward the exterior surface of the ®lm,
and the transmitted waves toward the exterior surface of
the substrate. The higher substrate conductivity repre-
sents the higher heat transfer ability to transmit energy
when the wave front has an impact on the interface. In

Fig. 3. In¯uence of substrate properties on hyperbolic temperature

distributions in the ®lm and partially in substrate with tp � 1.

Fig. 2. In¯uence of substrate properties on hyperbolic heat ¯ux dis-

tributions in the ®lm and partially in substrate with tp � 1.
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addition, the heat capacity of symbol qCp changes
proportionally to k when a is held constant. Thus, the
e�ect of substrate conductivity tends to increase the heat
¯ux pro®les but decrease the temperature pro®les as k2

increases (Figs. 2a and 3a). Moreover, since the wave
speed in the ®lm and substrate is the same when
a2 � s2 � 1, the wave fronts coincides, regardless of the
conductivity value. However, the wave speed in the
substrate is varied with a2 and a2, since c2 � �a2=s2�1=2

.
When a2 > a1 with s2 � s1, the wave travels in the
substrate faster than in the ®lm. This di�erence in wave
speed leads to the transmitted wave in the substrate
being pulled away faster than the re¯ected wave in the
®lm (Figs. 2b and 3b). The opposite occurs when
a2 < a1. Moreover, as a2 increases, substrate di�usivity
tends to decrease the heat ¯ux pro®les but increase the
temperature pro®les, as attributed to the fact that the
heat capacity of qCp changes inversely proportional to a
when k is held constant. In Figs. 2c and 3c, the trans-
mitted wave front is stretched when the relaxation time
of the substrate is smaller than that of the ®lm. In ad-
dition, the lower relaxation time of the substrate leads to
the higher heat ¯ux and lower temperature pro®le. The
in¯uence of the substrate properties on the internal re-
¯ections and transmissions heat ¯ux and temperature
are analogous with the research for analysis by Frankel
et al. [39] in ®nite composite media exposed to a pulsed
volumetric source. It is clearly demonstrated that the
heat ¯ux and temperature in the ®lm are heavily in¯u-
enced by the substrate. Furthermore, the temperature in
the ®lm is markedly underestimated when using bare
®lm approximation.

Fig. 4 presents the interface heat ¯ux and temperature
for various substrate properties, to illustrate the validity
of bare ®lm approximation. The values present in Fig. 4
are taken at t � 0:6 after the interaction of the wave
front with the interface. The interface heat ¯ux goes to
zero, which indicates that no heat ¯ux is transferred
through the interface into the substrate when the sub-
strate conductivity k is less than 10ÿ2, or a or s is greater
than 104. Meanwhile, this results in high interface tem-
perature. In contrast, when k is greater than 102 or a is
less than 10ÿ4, the substrate e�ect can be neglected and
the interface temperature equals to the coolant temper-
ature of To. This indicates that the heat transfer ability
of the substrate approaches an in®nite value and results
in the heat ¯ux at the interface approaching a limiting
high value. Notably, there is no critical s2 value to ap-
proach the bare ®lm approximation. From Eq. (1), the
heat wave model allows a time lag between the heat ¯ux
and the temperature gradient. The relaxation time s is
associated with the communication time between pho-
nons (phonon±phonon collisions) that is necessary be-
fore commencing heat ¯ow. When the relaxation time of
the substrate increases, the commencement of the heat
¯ow is delayed and the temperature accumulates. Thus,

the temperature increases with an increase of s2; con-
versely, the heat ¯ux decreases with an increase of s2. In
contrast, when s2 is su�ciently low, the commencement
of the heat ¯ow will not be delayed and will act more
like the FourierÕs di�usion heat transfer model. Then,
the limiting heat ¯ux and temperature values are found
to be independent of the variation in the relaxation time
of the substrate. These limiting values cannot be ob-
tained from the bare ®lm structure.

Bai and Lavine [28] investigated the importance of the
®nite thermal propagation speed in the bare ®lm with a
prescribed temperature at the back surface of the ®lm
for directing application to thin ®lm high temperature
superconducting electronic devices. However, according
to Figs. 2±4, the assumption of ignored substrates is
inappropriate, except for special substrate properties.
To investigate the e�ect of the substrate on the heat
transfer in superconducting devices in this study, a
typical system was chosen consisting of a Y±Ba±Cu±O
®lm deposited on the four most common substrates in
use: LaAlO3, MgO, SrTiO3, and sapphire. The proper-
ties of the ®lm and substrates at the initial temperature

Fig. 4. In¯uence of substrate properties on hyperbolic interface heat

¯ux and temperature to demonstrate the validity of bare ®lm ap-

proximation.
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of 77 K are listed in Table 1. Fig. 5 illustrates the tem-
perature distribution in the ®lm and partially in sub-
strates, at t � 0:2 and 0.7, as predicted by the hyperbolic
and parabolic equations. In Fig. 5a, the parabolic so-
lution shows a continuous temperature distribution,
which is in contrast to the normal nature of hyperbolic
waves. The di�usion model predicts that the tempera-
ture pro®le is dependent on the used substrate at t � 0:2,
as the result of the in®nite propagation speed. A high
thermal conductivity conducts heat more rapidly to the
coolant and thus reduces the temperature increment in
the ®lm. Thus, the lowest temperature is obtained by
using the sapphire substrate. The e�ect of di�usivity is
clearly shown by comparing the solutions of LaAlO3

and SrTiO3 (because the di�erence in their di�usivity is
10 times, while their thermal conductivity is the same).
The temperature distribution is highest for LaAlO3, as a
result of its low conductivity and high di�usivity. Ac-
cording to Fig. 5b, the hyperbolic temperature pro®le
was a�ected by the substrate at t � 0:7 after the wave
front impact on the interface. Nevertheless, in the
thermal wave model, the heat transfer behavior is not
only mediated by the conductivity and di�usivity, but
also by the relaxation time of the substrate. A compar-
ison of the properties of LaAlO3 and SrTiO3 shows that
their thermal conductivity is equal and low, however,
the LaAlO3 exhibits the highest temperature pro®le;
conversely, SrTiO3 exhibits the lowest temperature
pro®le in the four di�erent substrates, because of the
di�erences in their di�usivity and relation time.

Fig. 6 depicts the average ®lm temperature as time
elapses for di�erent substrates. For the hyperbolic so-
lution, there is no heat transfer across the interface prior
to the impact of the wave front on the interface. Thus,
the hyperbolic average ®lm temperature remains con-
stant and is independent of the substrate for t < 0:5.
Subsequently, the average temperature abruptly drops
to a value that depends on the used substrate when the
leading edge of the wave front impacts the interface at
t � 0:5. The discontinuity behavior occurs after a di-
mensionless time interval of 1 when the waves re¯ected
by the ®lm surface impact the interface again until they
have become damped out by the e�ect of di�usion and
energy transmitted into the substrate. For the remaining

time, when the waves do not impact the interface, the
average ®lm temperature gradually changes with time;
this is attributed to the exchange of a slight amount of
energy across the interface by the residual energy in the
wake of propagating wave. It is clearly shown that the
hyperbolic model predicts higher temperatures at small
time scales than those predicted by the parabolic model.
The di�erence between the predictions of the two models
diminishes with time. For bare ®lm approximation, and
high conductivity materials such as sapphire and MgO,
the solutions obtained for both models coincide and are
in a steady state after a dimensionless time greater than

Table 1

Characteristic parameters of Y±Ba±Cu±O ®lm, substrates at operating temperature of 77 K

To (K) k1
a (W/mK) q1

a (kg/m3) Cp; 1
a (J/kg K) Substrate a2/a1 s2/s1

b k2/k1 Cc

77 2.2 6350 156 LaAlO3
d 100 50 10 0.3

Sapphiree 2000 800 500 0.2

MgOa 1000 200 200 0.2

SrTiOe
3 10 2 10 0.15

a [1].
b [13].
c [40].
d [44].
e [45].

Fig. 5. Comparison of parabolic and hyperbolic temperature distri-

bution in the ®lm and partially in substrates with tp � 0:1.
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about 5. Nevertheless, using substrates LaAlO3 and
SrTiO3 requires longer time scales than using other
substrates, for the solutions obtained from parabolic
equation coincides with that for the solutions obtained
from the hyperbolic equation.

Fig. 7 depicts the ®lm surface temperature as time
elapses when the ®lm is deposited on the substrate MgO
with various duration values. The parabolic solution
shows that a smooth variation of temperature with time
within the duration interval is a result of the instanta-
neous heat di�usion. In contrast, the hyperbolic equa-
tion gives rise to an in®nite slope to increase the surface
temperature from 1 to 2, in response to all the imposed
heat energy concentrated on this surface at t � 0�. Then,
the temperature continuously increases for a period
equal to the duration. This phenomenon might change
the superconductors from the superconducting state to
the normal resistive state, especially with a longer heat
pulse duration. In addition, more energy is incident into
the ®lm for a longer duration, thus, the time taken is
longer to damp out the nature of the wave of the hy-
perbolic solution by the e�ect of di�usion and energy
transmitted into the substrate.

4.2. Interface thermal resistance

Fig. 8 illustrates the dimensionless total energy in the
®lm as time elapses, when the ®lm is deposited on the
sapphire substrate under various interface conditions.
The dimensionless total energy Q1 can be obtained from
the spatial integral of qCpT in the entire area of the ®lm.

The higher j value represents the higher transmission
across the interface, i.e. a lower interface resistance. For
hyperbolic solutions, the interface resistance e�ects an
obvious variation in Q1 when t > 0:5. The energy is re-
stricted to transmit across the interface when thermal
resistance exists. When the dimensionless resistance

Fig. 8. Comparison of parabolic and hyperbolic ®lm total energy

versus time with various interface condition for substrate sapphire with

tp � 0:1. The light and dark lines represent the parabolic and hyper-

bolic solutions, respectively.

Fig. 6. Comparison of parabolic and hyperbolic average ®lm tem-

perature versus time with tp � 0:1. The light and dark lines represent

the parabolic and hyperbolic solutions, respectively.

Fig. 7. Comparison of parabolic and hyperbolic ®lm surface temper-

ature versus time with various duration for substrate MgO. The light

and dark lines represent the parabolic and hyperbolic solutions, re-

spectively.
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constant j (which represents the interface resistance
magnitude) is less than the order of 10ÿ3, the total en-
ergy Q1 nearly remain at the constant value of 0.1. The
value equals the total incident energy, indicating that
there is almost no heat transfer across the interface to
the substrate, and the interface is equivalently adiabatic.
In addition, when the interface resistance magnitude is
in the order of 10ÿ1, the discrepancy from the perfect
contact interface is relatively minor. It is clearly dem-
onstrated that when the interface resistance is ignored,
the Q1 value, which can represent the average ®lm
temperature is signi®cantly underestimated. Notably,
the solution discrepancies between hyperbolic and par-
abolic signi®cantly depends on the interface condition.
For parabolic solutions, when the interface is in perfect
contact or j is in the order of 10ÿ1, the heat easily dif-
fuses across the interface into the substrate instanta-
neously. That results in the hyperbolic solution being
higher than predicted by the parabolic equation in the
presented time domain. On the other hand, because the
heat di�usion into substrate is small when the interface
with j is less than 10ÿ2, it causes the minor parabolic Q1

to decrease with time. In addition, because the heat
transfer across the interface is proportional to the dif-
ference of the fourth power of temperature on each side
of the interface, the energy concentration occurring at
the wave front in the hyperbolic type transfers more heat
across the interface than in the parabolic type at t � 0:5.
This event accounts for why the hyperbolic solutions are
lower than the parabolic solutions when j is in the order
of 10ÿ2. When j is in the order of 10ÿ3 and 10ÿ4, nearly
equivalent to the adiabatic interface condition, the so-
lutions obtained from both heat transfer models almost
coincides. From the ®gure provided by Little [40], the C
value for Y±Ba±Cu±O deposited on the sapphire sub-
strate is about 0.2, which corresponds to the dimen-
sionless resistance magnitude j in the order of 10ÿ3. This
value indicates that the thermal resistance of the inter-
face should be considered. In addition, the dimension-
less resistance magnitude j is in the same order of 10ÿ3

for each of the four di�erent substrates, as listed in
Table 1. With this interface resistance magnitude, the
e�ects of the substrates are as demonstrated in Figs. 9
and 10.

Fig. 9 clearly reveals that only a small amount of
energy can be transferred across the interface with a
resistance magnitude of j � 10ÿ3 for all four substrates.
This indicates that the interface acts more like an adia-
batic interface condition. Thus, the temperature pro®le
in the ®lm is independent of the used substrates for both
hyperbolic and parabolic equations, despite the di�erent
properties among those substrates. Moreover, the tem-
perature continuity condition at the interface breaks
down. The temperature jump at the interface is attrib-
uted to the increment of ®lm temperature, and the re-
duction of the substrate temperature from the perfect

Fig. 9. Temperature distribution in the ®lm and partially in substrates

with interface resistance and tp � 0:1.

Fig. 10. Comparison of ®lm surface temperature versus time between

perfect contact interface and resistance interface with tp � 0:1.
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contact value. The temperature pro®le in the substrates
is dependent on the substrate for their di�erent heat
capacity of symbol qCp, corresponding with the small
amount of energy transmitted into the substrate. This
substrate temperature dependence causes the heat
transfer across the interface to vary with the deposited
substrate while the wave re¯ected by the ®lm surface
impacts the interface again for a longer duration, as
presented in Fig. 11.

Fig. 10 illustrates the ®lm surface temperature dis-
crepancies between the perfect contact and the resistance
interface for the four substrates. The energy restricted in
the ®lm caused by the resistance interface is more than
that caused by the perfect contact interface. Therefore,
when the interface is in resistance condition, the time to
damp out the hyperbolic wave nature takes longer than
that in perfect contact condition. In addition, higher ®lm
surface temperature is predicted for the interface with
thermal resistance. Due to the substrate SrTiO3 exhibits
the highest temperature in the perfect contact condition,
the discrepancies between the di�erent interface condi-
tions for substrate SrTiO3 is less signi®cant than others.
Despite the signi®cant deviation among various sub-
strates with perfect contact interface, the values are
nearly the same when j � 10ÿ3. This virtual equivalence
indicates that when the thermal resistance is considered,
the heat transfer behavior in the Y±Ba±Cu±O ®lm is
almost independent of the four substrate deposits at this
duration value. Nevertheless, the substrate dependence
on the interface heat transfer is observed for longer
duration, as presented in Fig. 11. When the leading edge
of the initial wave front impacts the interface at t � 0:5,
the interface heat ¯ux abruptly increases from zero to a
value that is independent of the substrate and duration.

Thereafter, the energy concentrates in the wave width
causing the interface heat ¯ux to gradually increase with
time. At t � 1:5, the waves re¯ected by the ®lm surface
impact the interface again. At this moment, the tem-
perature of the wave front is dependent on the heat
duration. The wave re¯ected by the interface is heated
by the ®lm surface when the duration is greater than
unity. This heating causes the temperature at the wave
front at t � 1:5 to be much higher than that at t � 0:5.
In addition, the heat ¯ux across the interface is pro-
portional to the di�erence of the fourth power of tem-
perature on each side of the interface for a constant j
value. Therefore, at this moment, the energy crosses the
interface easier than t � 0:5, and the interface acts less
like an adiabatic condition. Moreover, the interface ®lm
temperature is equal for di�erent substrates, however,
the interface substrate temperature depends on the
substrate. Therefore, the heat transfer dependence is
observed for t > 1:5 when duration is greater than unity.
The heat transfer across the interface for LaAlO3 is less
than other substrates; this is attributed to the tempera-
ture in this substrate being higher than in other sub-
strates. This poor heat transfer ability produces the
longer time required for substrate LaAlO3 to approach
the steady state.

Fig. 12 illustrates the di�erence between Q1 obtained
from hyperbolic and parabolic equations as a function
of time with the varied duration. The solution discrep-
ancies between the parabolic and hyperbolic equations
are observed for time greater than 2 at tp � 10. This

Fig. 12. Comparison of parabolic and hyperbolic ®lm total energy

versus time with various durations for substrate LaAlO3. The light and

dark lines represent the parabolic and hyperbolic solutions, respec-

tively.Fig. 11. Interface heat ¯ux versus time with various durations.
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implies that when the duration is shorter than 2, the
average ®lm temperatures obtained for both heat
transfer models coincide. The ®lm temperature at the
interface predicted by parabolic approximation instan-
taneously, and then continuously builds by the imposed
surface heat ¯ux. However, for the hyperbolic model,
the imposed ®lm surface heat ¯ux builds to the ®lm
surface temperature, but does not build the ®lm inter-
face temperature until the wave front reaches the inter-
face. That accounts for the total energy in the ®lm for
the parabolic solution being lower than that predicted
by the hyperbolic equation for time scales larger than 2
when the duration is longer than 2. The physical time
scale to correspond to a dimensionless duration value of
2 is four times that of Y±Ba±Cu±O relaxation time.

5. Conclusions

By applying the thermal wave theory, this study nu-
merically analyzes heat conduction in the ®lm and
substrate composites under an imposed surface heat ¯ux
on the exterior ®lm surface. The results demonstrate
that the re¯ection and transmission occur when the
wave front impacts the contact surface of the dissimilar
material. The relative energy concentration in the re-
¯ected wave front and transmitted wave front varies
with the substrate properties and interface conditions.
The interface thermal resistance restricts the energy
transmitted across the interface to the substrate, the
energy stays in the ®lm and ultimately increases the ®lm
temperature. The bare ®lm approximation which ig-
nores the substrate and interface resistance e�ects, sig-
ni®cantly underestimates the ®lm temperature.

In addition, the heat conduction for Y±Ba±Cu±O ®lm
deposited on several common substrates is examined.
The radiation-boundary-condition at the interface
where the thermal ¯ow across the interface is propor-
tional to the di�erence of the fourth power of the tem-
perature on each side of the interface, is employed to
take into account the interface resistance. The heat
transfer in the ®lm is nearly independent of those de-
posited substrates for short surface heat pulse duration
in spite of the di�erent thermal properties among those
substrates. The substrate dependence gives rise to the
®lm temperature using substrate LaAlO3 being higher
than that using other substrates when a longer surface
heat pulse duration is imposed. Moreover, the thermal
wave model predicts a signi®cantly di�erent ®lm tem-
perature distribution in small time scales than those
predicted by the FourierÕs di�usion model. Nevertheless,
the average ®lm temperature obtained for both equa-
tions coincides when the dimensionless duration of the
surface heat pulse is shorter than 2, because the interface
resistance magnitude is almost equivalent to that of an
adiabatic condition. For duration longer than 2, the

hyperbolic solution predicts a higher average ®lm tem-
perature than that predicted by the parabolic equation.
Using LaAlO3 substrate requires longer time scales than
using other substrates for the solutions obtained from
the di�usion model to coincide with the thermal wave
model.
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