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Effects of Erlang Call Holding Times on
PCS Call Completion

Yi-Bing Lin, Senior Member, IEEEand Imrich ChlamtacFellow, IEEE

Abstract—This paper studies personal communications services these two probabilities. Both the cell residence times and the
(PCS’s) channel allocation assuming the Erlang call holding time  call holding times of portables are required to investigate the
distribution (a generalization of the exponential distribution) to call completion probability. To provide an accurate analysis,

investigate the effect of the variance of the call holding times on . . - . 2
the call completion probability. Our analysis indicates that the the cell residence time and the call holding time distributions

call completion probability decreases as the variance of the call must be carefully chosen to reflect the real system. In our
holding times decreases. This effect becomes more pronounced asnodel, a general cell residence time distribution is considered,

the variance of the cell residence times decreases. which can be used to accommodate any real PCS system. The
Index Terms—Channel a”ocation‘ Er|ang distribution‘ han- SeIeCtion Of the Ca” h0|d|ng t|me diStI’ibutiOﬂ iS Subtle. In the
dover, personal communication services. early wireline telephone network modeling, the call holding

times were typically assumed to be exponentially distributed.
A previous study [4] indicated that the exponential assumption
may not be valid for modern telephone services. In recent
PERSONAL communications servidg¥CS’s) network telephone network engineering [4], lognormal distributions [5]
[1], [2] allows users to communicate with the networkhave been used to approximate the wireline call holding times.
while on the move. During a communication session, a radio|n this paper, we consider the Erlang call holding time
link is established between the portable (thebile phoneor  distribution. The Erlang distribution is a special case of
mobile computgrand abase stationof the PCS network, if the gamma distribution. Statistically, both the lognormal and
the portable is in thecell or the coverage area of the basgamma distributions have the same capability to approx-
station. If, during the conversation, the portable moves froffhate measured data [6]. An important advantage of the
one cell to another, the radio link between the old base statisBflang/gamma distribution over the lognormal distribution
and portable is removed, and in order to continue the call tRethat the Erlang/gamma distribution has a simple Laplace
portable must obtain a new radio link in the new cell. If ngransform format, a desirable property in our modeling. Al-
radio link is available, the call iforced terminated3]. though the Erlang distribution is a specific case of a gamma
Performance modeling of a PCS system can be conductgétribution, our results (see the Conclusion) also apply to the
at two levels. The first-level modeling uses the number @&|lular systems with gamma call holding time distribution.
radio channels in cells as an input parameter to determing@n a followup work, we have generalized the Erlang call
the new call blocking probability and the forced terminatioRolding time distribution to a general distribution by using
probability. Second-level modeling uses the given new calbmplex inverse Laplace technique [7]. While the result of the
blocking and the given forced termination probabilities tork is more general, it involves nonintuitive mathematics.
study the call completion probability (or the probability that #urthermore, the technique only applies to the second-level
call is successfully completed). modeling. On the other hand, the derivations of this paper
This paper focuses on the second-level modeling which dge easy to understand, and following these derivations, the
rives call completion probability with the given new/handoveresults can be extended from the second-level modeling to the
call blocking probability. Since existing cellular systems argyst-level modeling [8].
typically engineered at 1%—2% new call blocking and forced
termination, these default values may be used as the reference
input parameters for the second-level modeling. However, the Il. ASSUMPTIONS
call completion probability cannot be derived directly from

I. INTRODUCTION

In this paper, we derive the call completion probability with
the following three assumptions. The first two assumptions fol-
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10 We note that the derivation of (4) is exactly the saas
that in [9]. The results of [9] based on the exponential call
0.9 holding time distribution have been generalized in this paper

by using Erlang call holding time distribution. We note that

0.8 - SR o . o
° this distinction is nontrivial. First, the derivation pf based on

0.7 the Erlang call holding time distribution is much more difficult
than that based on the exponential distribution. Second, with
0-69 the Erlang distribution, we are able to observe the effects of
i) 054 the variance of the call holding time distribution on the call
completion probability.
0.4 +im=1 Consider the timing diagram in Fig. 2 where the events
0 _ ey occur at timg&:o,xl,xg, o Thtae At time zo, the por_table
B > o enters the first cell. At timez;, a new call arrives (i.e., a
0.2 4 N eim =3 call connection request for the portable occurs). The call is
complete at timec;.o if it is not forced terminated. In other
0.1~ words, the call holding time i&. = x> — z; [which has the
0.0 ] . I . density functionf.(¢.) as (_jefined in (2)]. The portgble moves
0 1 9 3 4 fromcelli—1to cell at timex; (¢ > 2). If the call is forced
to (Bt = 1) terminated when the portable enters delithen the effective
call holding time for this incomplete call {8 = xg41 —x;1. In
Fig. 1. The Erlang/[gamma distribution. Fig. 2,t; = x2 —x is the time that the portable resides at cell

1, andt; = ;1 —x; (Where: > 2) is the cell residence time at

distribution. Then gamma cell residence time distributiocell . We assume that the cell residence timess, t3, - - -, t
is used in the numerical examples. For a gamma celie independent and identically distributed random variables
residence time distribution with the shape parameterwith an arbitrary nonlattice density functigi{-) and the mean
and the scale parametg@r= ~7 [and the variance of the 1/7. Let f*(s) be the Laplace transform of the cell residence
distribution isV = (1/vn?)]; the density functionf(¢) time distribution. Then
is expressed as

/3"/{‘/*16*,‘”

10 = =gy

Note that they value is a positive real number. As pointeds, 5hose that a call for the portable occurs when the portable
out in [9], the gamma distribution is selected because thein cell 1. In Fig. 2,77 is the interval between when the
distribution is representing a good second approximatio|| arrives and when the portable moves out of cell 1. As

r@= [ e

where ~ > 0. Q)

for the data measured from the PCS field trials.  jyystrated in Fig. 2¢. = 7y +#2 + - - - + .. Thus, the density
* The call holding times have an Erlang distribution with,ction fi(t.) for t. is expressed as the convolution of the
the shape parametet and the scale parametar= mpu density functions forTy, tz, - - -, t

where 1/ is the expected call holding time, and the

variance isV = 1/(mu?). The density functionf. for t t=T1 t—Ty——tg o

the call holding timez, is expressed as fult) = /T O/t R A Y(T1)f(t2) -
at. m—1 . = 2= E—1=

fc(tc):ﬁae t", Wherem:1,2,3,~~~. (2) X f(tk_l)f(t—Tl — ---—tk_l)dTl dto - --dtp_1.

Note that an Erlang distribution is a special case of ﬂ]_eet F2(s) be the Laplace Transform of th&. distribution
gamma distribution where the shape parameteis a Fromk[8] we have ' '
positive integer. Whenn = 1, the call holding time '

has an exponential distribution. Similar to the gamma
distribution, the Erlang distribution can be used to ap-

proximate the measured data for some special cases. It . )
can also be used to illustrate the effects of the variankgt P» b€ the probability that a new call attempt is blocked

and the skewness of the call holding time distribution ofi-€- the call is never connecteg); be the probability that a
the call completion probability. Fig. 1 plots the Erlan andover call is forced terminated, apd be the probability
density functions with mean 1 and = 1, 2, and3 (or hat a call is completed (i.e., the call is connected and

the gamma density function with mean 1 apd= 1, 2, completed). By using,,py, f(t.), and fi(t.), we derivep.
and 3). as follows. From the definitions gf, andp.., the probability of

an incomplete call (i.e., the call is connected but is eventually

Fils) = —[L= f O ()] 3)

w |3

[ll. THE DERIVATION FOR THE 1As pointed out by an anonymous reviewer of this paper, this assumption
CALL COMPLETION PROBABILITY may fit to certain conditions. For example, consider a hexagon-cell structure.
If we draw an arbitrary line across the six hexagon cells, it can be found that
This section derives the call completion probability. on average, four out of six segments crossing the cells are of the same length.
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Fig. 2. The timing diagram for a forced terminated call.

forced terminated) iq4 — p, — p. and is expressed as Let p.(m) be thep, value when the Erlang call holding time
0o o oo distribution has the shape parameter From (6), we have
1—p,—p.= |:/ / 1-p, fk te
kz::l t=0 tC:te( Julte) pe(m)=1—p, — X(m) (7)
x (1—pp)tpsfu(t.) dt. dte} where
=) Jore) m—1
= Z{/ (1_po)fk(te)(1_pf)k_lpf X(m) = {
te=0 =0

k=1
—1)7 df fk

Z 1—po)(1—pp)* 1pf<7>

</ O: R ae )@ x S_J b ®)

In (4), the term in{-} is the probability that a call is forced Appendix A derivesX (m) for m = 1, 2, and3. These results
terminated at thé&th handover [note that the call is connectedlill be used in the next section.

with the probability 1 — p,, then makesk — 1 successful
handovers with the probabilityl — p;)*~!, and is forced
terminated at thekth handover with the probability].
The call incompletion probability is the summation of the In this paper, we assume a PCS system such as AMPS or

IV. DISCUSSION

probabilities forl < k < oo. From (2), we have global system for mobile communications (GSM), where the
oo oo ¢ ym-1 channel assignments for handover calls and the new calls are
/ folte) dt, = / %ae—a% dt.. identical. That isp; = p,. Based on (7), we plop. as the
te=te to=t, (m—1)! function of p, (= py),n,7, 1, andm. Note that the variance
(ot of the Erlang call holding times i$/(mu?), and a largem
= il - implies a small variance. Similarly, the variance of the gamma
=0 cell residence times is/(yn?), and a largey implies a small
and (4) is rewritten as variance. In a PCS system, a typical value f@r: is between

o - 1-3 min. In Figs. 3-8(a), we plqgi. as functions of various
1— po—po = Z {/ (1= po) fulte)( _pf) 1pf input parameters. Figs. 3—8(b) plot the proportional changes
t

P .=0 of p. betweenm = 2, 3, andm = 1. In other words, we plot
m—1 i
X [Z (at:) e_‘m] dte} pe(1) — pe(m) pc(m)’ m =2 and3
=0 t pc(m)
_ i 3_:1(1 p)(1 = pp)t a_” as functions of various input parameters. We observe the
= Po Pr) PRy g following results.
=1 C;:O 1) General Effect ofn onp.: Figs. 3-8(a) indicate that,
x / ! fr(te)e ot dte} (5) decreases ag increases. In other words, when the cell is
te=0 engineered at a fixed blocking probability, ), as the variance
m_l o0 el o of call holding time decreases, the call completion performance
= > (1 =po)(1—py) Pf< i ) degrades. Figs. 3-8(b) indicate that the effectobn p. can
=0 L=l o be ignored form < 2, and the effect becomes significant
x |:(_1)7d7f1i(3) :|} (6) when m > 3.
d's s 2) General Effect of the Interaction Betweem and -:

glgs 3 and 6(b) indicate that when the variance of the cell

where (6) is derived from (5) by using the fact [10, RUIreS|dence time is small (i.ey, is large), the effect of changing

P.3.1.1] that m becomes significant. On the other hand, Figs. 5 and 8(b)
(t) = tf(t) = g*(s) = _df*(s) indicate that when the variance of the cell residence time is
g g ds large (i.e.;y is small), the effect of changing can be ignored.
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Fig. 3. The effect ofyp (v = 10).

3) Interaction Betweern and m: Suppose that a cell is en-the call holding times is necessary. By characterizing the call
gineered at 2% blocking probability (i.ep, = py = 2%). holding times via the Erlang distribution (a generalization of
Fig. 3 indicates intuitive results that decreases as mobility the exponential distribution) we were able to investigate the
7 increases. The effect of on p. becomes more significanteffect of the variance of the call holding times on the call
asm increases. Similar results are observed in Figs. 4 andcampletion probability. Using this model it was possible to
Furthermore, Figs. 4 and 5(b) indicate that if the variance ofake the significant observation that in these systems the call
the cell residence time is large (i.e;,< 1), the effect ofm completion probability decreases as the variance of the call
on p. becomes more significant asincreases. On the otherholding times decreases. This effect becomes more significant
hand, if the variance of the cell residence time is small [i.eas the variance of the cell residence times decreases. In other
~ > 10; see Fig. 3(b)], the effect of on p. becomes less words, when the variances of the call holding times and the
significant asy increases. cell residence times are small, a cell should be engineered at

4) Interaction Betweep,(p;) andm: As  shown in a smaller blocking probability (i.ep, should be small) to
Figs. 6-8, it is intuitive thatp. decreases ag, increases. achieve the same call completion performance as that for a
These figures also indicate that the effectobn p. becomes cell where the variances of the call holding times and the cell
more significant ag, increases. Figs. 6-8(b) indicate thatesidence times are large.
if the variance of the cell residence time is large (i-.is
small), the effect ofm on p. is significantly affected by the APPENDIX |
change ofp,. On the other hand, if the variance of the cell THE DERIVATIONS FOR X (m)

residence time is small (i.ey is large), the effect ofn on Denote as then.. value when the Erlang call holdin
p. is not affected by the change of. : pe(m) P g g

. . . . me distribution has the shape parameter-orm = 1, p.(1
The above discussion leads to an important observation: &%}' bep m pe(1)

) . ; be derived as follows. From (3), we have [9]
call completion probability decreases as the variance of the cal -
holding times decreases. This effect becomes more significant b—1
. . - X(1) = 1—p,)(1—
as the variance of the cell residence times decreases. (1) Z( D D

k=1
n * * k—1
V. CONCLUSIONS X (E)[l = [Tl
This paper introduced a model for studying emerging PCS - (L = po)[1 = f*(e)lpy (9)

cellular systems where a general distribution for modeling all = (1 =pp)f(s)
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Fig. 4. The effect ofy (v = 1).

From (7) and (9), we have where

py = -p{1- 5 —enf@NS

(O EFA0)
For m > 1, in order to deriveX (i), we need to compute the sf*(s)
derivatives of f(s) and f*(s). Let
Considerm = 2. From (8) and (12), we have

~ o _ =N [ ()
[l — f*()lpy } (10) Als) == T e T R

819

(13)

"‘ s at X(2) =X+ Y (1-p)1 - )" s
k=1
Then from (3) _ [_ad;ﬁ 3)}
Cods ||,
1 —1 “(s = (1~ po)
D) =-Au- relrer -1 20 =X+ |
SO R (RO (VIO . {A(a){i[(l ) f*(a)]’“}
i) =
ds wr Ak
— Bla k[(1 — @
ST R LI C L C) ( >{§ o) }}
PULs 1) T ) () =X(1) +a(l = po)ps
(11) y { A(a) ~ B() }
= —AB)f () + Bs)k[f* ()] (12) 1= =pp)f(e) [B--p)f ()
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Fig. 5. The effect ofy (v = 0.1).
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Fig. 6. The effect ofp, (= py) (v = 10).
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Considerm = 3. From (11), we have From (8) and (14), we have

ey — W(g
fIEQ)(S) _ ’EI)( )|:1 + () _ (k= 1)f( ):|

1= f*(s) 7 (s) (2)+ > (1—po)(1—pp)*'py

k=1
1 1 (k — 1)
—f’fs{———i—f@)s[ — }
A ey o Ry [(2) 258
5 2
o ) k= 1f0s) Lo} 27 &% Jlema
IO O 2
a”(1 —po)py
ORI IO —x@+ |
a2+ 0 L 7 (@)1~ p)
f(l)(s) *7 \h—1 e
—A“)[ Fls) | = B) x {c<a>2[<l —p) I ()]
k=1
1, f(l) FO(s e
O D(@) 3 KL~ p) ()]
+ D(« 1—pp)f(a
[f(l) :|k2 ($)FL + nll = f"(s)] k=1
S
L 9 ) [ 9 ) NE (a)]*
R _ + Ela E (1 —pr)f(a
{32 =775 () [1 —f*(sJ (@) 2 FI0 =2l (@)
2
SO oy qes , 1l = I ()]
-] jurepm i = x(2)+ [Pl
2
@)(s (5712 -~
f(s) f(s) . { (a) + E(a)
- L= (T =p)I*(@)
=Cf (" + D(s) x k[f*(s)]"7" + E(s)
n D(a) — E(«) n 2E(«)
LatCl i (14) =0 —p)f (@P =0 =p)f (@B
where
o i [L e D6 O] | all= f6) REFERENCES
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