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An efficient algorithm for finding the D-stability bound of discrete singularly perturbed systems with

multiple time delays

FENG-HSIAG HSIAOf, SHING-TAI PAN; and CHING-CHENG TENG§

In this paper, we present an original work on the D-stabilization problem of discrete singularly perturbed systems with
multiple time delays. A new robust D-stability criterion in terms of stability radius is first derived to guarantee that all
poles of the discrete multiple time-delay systems remain inside the specific disk D(oz, r) in the presence of parametric
uncertainties. Then, by using the technique of time-scale separation, we derive the corresponding slow and fast sub-
systems of a discrete multiple time-delay singularly perturbed system. The state feedback controls for the D-stabilization
of the slow and the fast subsystems are separately designed and a composite state feedback control for the original system
is subsequently synthesized from these state feedback controls. Thereafter, we derive a frequency domain e-dependent D-
stability criterion for the original discrete multiple time-delay singularly perturbed system under the composite state
feedback control. If any one of the conditions of this criterion is fulfilled, D-stability of the original closed-loop system is
thus investigated by establishing that of its corresponding slow and fast closed-loop subsystems. Finally, an efficient
algorithm is proposed to obtain a less conservative D-stability bound of the singular perturbation parameter and to

reduce the computation time.

1. Introduction

In the analysis of dynamic systems, we are often
faced with parametric uncertainties originating from
various sources, e.g. identification errors, ageing of
devices, variation of operating points, etc. Therefore,
the problem of maintaining the stability of a nominally
stable system subject to uncertainties has been of con-
siderable interest to researchers and a number of signif-
icant results concerning this issue have been reported in
the literature. On the other hand, the problem of pole
assignment in linear systems theory has been discussed
by many authors and solved in various ways. However,
one cannot place the poles at a specific location, due to
parametric uncertainties. Therefore, placing all poles in
a specific region rather than choosing an exact assign-
ment may be satisfactory in practical applications. One
such specific region for discrete systems is a disk D(o, r)
centred at (0,0) with radius r, where lol +r < 1. The
assignment of all poles of a system in the specific disk
D(oy ) shown in figure 1 is referred to as a D-pole pla-
cement problem (Furuta and Kim 1987). This subject
has received much attention in previous reports (Furuta
and Kim 1987, Lee and Lee 1987, Kolla et al. 1989,
Vicino 1989, Lee ez al. 1992, Su and Shyr 1994).
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The stability radius is a tool to describe the distance
from instability. There are two distances from instability
for a real square matrix—the complex stability radius
and the real stability radius; they can differ considerably.
In general, the real stability radius is more important in
applications but is more difficult to determine
(Hinrichsen and Pritchard 1986). Kharitonov (1991)
has been concerned with the analysis of the complex
stability radius of a matrix with respect to the unit
disk of the complex plane.

The problem of stabilizing time-delay systems has
been explored over the years because delay is commonly
encountered in various engineering systems, such as
chemical processes—e.g steel smelting and refining—
or in long transmission lines, in pneumatic, hydraulic
or electric networks. Its existence may produce undesir-
able system responses. Consequently, researchers on sta-
bility analysis of time-delay systems become essential to
practical applications. This question has been raised by
Mori et al. (1982), Mori (1985), Mori and Kokame
(1989), Oucheriah (1995), Wang and Wang (1995),
Hsiao and Hwang (1996a), and others. Since the number
of poles of the closed-loop system increases due to time
delays, the introduction of a time-delay factor makes the
D-pole placement problem much more complicated. The
D-stability problem for discrete time-delay systems has
been discussed by Lee et al. (1992) and Su and Shyr
(1994). However, their results are too conservative.
Furthermore, there exist multiple time delays in some
physical systems and delays in practice are not exact
integer multiples of the sampling interval. Thus, for
the purpose of general application, two cases of a new
robust D-stability criterion in terms of complex stability
radius are proposed for discrete uncertain systems with
multiple time delays which may not be exact integer
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Figure 1. A disk D(oz, r) centred at (0(, 0) with radius r.

multiples of the sampling interval. One is a direct test
(i.e., check d) < d;) and the other is a boundary test. The
robust D-stability is first checked by the direct test. If it
fails, resort to the boundary test.

Singularly perturbed systems have been studied by
many researchers (see, for example, Saksena et al. 1984,
Kokotovic et al. 1986, Su and Hsieh 1990, Chen and
Hsieh 1994, Chen et al. 1994, Venkatasubramanian
1994, Hsiao and Hwang 1996b). This is due not only
to theoretical interest but also to the relevance of this
topic to the control of engineering applications. The
singular perturbation parameters often result from the
presence of small parameters in various physical
systems; e.g. in power system models the singular per-
turbation parameters can represent machine reactances
or transients in voltage regulators. In industrial control
systems they may represent time constants of drives and
actuators, and in nuclear reactor models they are due to
fast neutrons, etc. (Kokotovic et al. 1976). Indeed, the
singular perturbation approach has been proven to be a
powerful tool for system analysis and control design
(Corless and Glielmo 1991). A fundamental feature of
such an approach is that the feedback design problem
can be broken into two design subproblems for the slow
and fast subsystems. The two designs are then combined
to give a design for the original systems (Khalil 1989).

A key to the analysis of singularly perturbed systems
thus lies in the construction of the slow and fast subsys-
tems. It is noted that the approximation of an original,
singularly perturbed system via its corresponding slow
and fast subsystems is valid only when the singular per-
turbation parameters of this system are sufficiently
small. Therefore, it is important to find the stability
bound of singular perturbation parameters such that
the stability of the original system can be investigated
by establishing that of its corresponding slow and fast
subsystems, provided that the singular perturbation par-
ameters are sufficiently small to be within this bound.
For a continuous-time system, Klimushchev and
Krasovskii (1962) found the e-bound of singularly per-
turbed systems. In Feng (1988), Chen and Lin (1990)

and Lin and Chen (1992), a frequency-domain approach
was proposed to find the e-bound of singularly per-
turbed systems. Shao and Rowland (1995) considered
a linear time-invariant singularly perturbed system
with single time delay in the slow states. Their work
gave a delay-independent sufficient condition for the
stability bound of ¢. In cases of discrete time, the two-
time-scale properties of weakly coupled discrete systems
and control of these systems were discussed by
Mahmoud (1982). The stability bound of singular per-
turbation parameters for the asymptotic stability analy-
sis of singularly perturbed systems with a single
parameter was discussed by Li and Li (1992).

In this paper, the research on time-scale modelling is
extended to include discrete multiple time-delay singu-
larly perturbed systems. The stability problem of dis-
crete multiple time-delay singularly perturbed systems
was first considered by Trinh and Aldeen (1995), in
whose paper time delays are exact integer multiples of
the sampling interval. In their work, the delay terms are
treated as the perturbations of the systems and the sta-
bility bound of ¢ is obtained from nominal systems. As
for the singular perturbation approach, they merely
dealt with discrete singularly perturbed systems without
delay and subject to some plant uncertainties. In our
work, the control design for discrete singularly per-
turbed systems with multiple time delays which may
not be exact integer multiples of the sampling interval
is fulfilled by using the standard procedure to analyse
singularly perturbed systems. Furthermore, an efficient
algorithm for finding the D-stability bound of the sin-
gular perturbation parameter is proposed.

The organization of this study is as follows. In §2,
the techniques of D-pole placement and complex stabi-
lity radius are combined and extended such that they
can solve the D(q, r)-stability problem of discrete uncer-
tain multiple time-delay systems. Two cases of a new
robust D-stability criterion in terms of complex stability
radius are proposed to guarantee that all poles of the
system remain inside the specified disk D{oyr) in the
presence of parametric uncertainties. The corresponding
slow and fast subsystems of a discrete multiple time-
delay singularly perturbed system are then derived in
§3. In §4, the state feedback controls for the slow and
fast subsystems are separately designed such that the
slow and fast closed-loop subsystems are both D(oyr)-
stable. In §5, a composite state feedback control for the
original system is synthesized from the state feedback
controls designed in §4 and a frequency domain e-
dependent D-stability criterion is subsequently proposed
to examine whether the singular perturbation parameter
¢ 1s small enough or not. If ¢ is so small that any one of
the conditions of this criterion is satisfied, then D (ot r)-
stability of the slow and fast closed-loop subsystems can
imply the stability of the original system under the com-
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posite state feedback control. In order to obtain a less
conservative D-stability bound of the singular perturba-
tion parameter and to reduce the computation time, an
efficient algorithm is proposed in §6. Finally, an ex-
ample is provided to illustrate the efficient algorithm.

2. D-stability criterion

In this section, we will propose a new robust D-sta-
bility criterion in terms of complex stability radius for
discrete uncertain multiple time-delay systems described
by the following difference equation:

xlk+1) = Ax(k) + A Ax() + D Aax(k — hy)
=1
+ > A Agx(k — h) 2.1
=1

in which 4 and A are constant matrices with appro-
priate dimensions and /;, i=1,2,...,n, are positive
numbers: A 4 and A Ay denote the parametric uncer-
tainties with the following upper norm-bounds:

A4l < (2.24)

IAdgll <m, i=1,2,...,n, (2.25)

where B and 1] are given constants.

Before we proceed to derive the robust D-stability
criterion, some useful concepts are given in the follow-
ing.

Definition 1: A feedback control system is said to be
Doy r)-stable if all poles of the system are within the
specific disk D(a,r) centred at (0,0) with radius 7. In
other words, the solutions of its characteristic equation
satisfy

-/l <1 (2.3)

in which r > 0 and lof +r < 1.

Definition 2 (Hinrichsen and Pritchard 1988, Kharito-
nov 1991): Let all eigenvalues of the matrix 4 be in-
side the unit circle of the complex plane; then
the positive value

o) = {max (NP1 - A7 20

is said to be a complex stability radius of the matrix A.

Remark 1 (Kharitonov 1991): The value p(4) de-
pends on the choice of norm. For instance, if the Eu-
clidean norm is used, then it is easy to show that

0(4) = min {ale”’7 — AI}, (2.5)

in which a(*) is the minimal singular value of matrix ().

Lemma 1 (Kharitonov 1991):  Let all eigenvalues of
the matrix M be inside the unit disk of the complex
plane. All the eigenvalues of all matrices M+ A M are
inside the unit disk if and only if |A Ml < p(M).

Lemma 2 (Vidyasagar 1985): Ler a matrix
E(z) € R with RIE™ denoting the set of m % n ma-
trices whose elements are proper stable rational func-
tions; then

sup lEG)|l = S}1>171)||E(Z)” = sup [IEE)I (2.6)

€0 E oclont

where @ = {z= r,ejg,@ € (0,27, = 1}. Since E(2) is
analytic for z € @, this norm is well defined.

After reviewing the above definitions and lemmas,
we are in the position to derive the robust D-stability
criterion in terms of complex stability radius for a dis-
crete uncertain multiple time-delay system.

Theorem 1:

(I) Suppose that all the eigenvalues of A are within
the specific disk D(oyr). The system (2.1) is
robustly D(O(, r)-stable if

g S all+ - Iod)'h"]
i=1

zm<4A“ﬂz% (2.74)

in which lol < r.

(I1) If di = ds and the function
M) =2 |5+ |3 atrg+ ™
=1

+3 0 lod™ (275)

i=1

does not lie inside the interval [a’s,dl], where
lol < r and g takes the values in the bounded
region Uy ={glg=re’’,0€10,278,1 < r < dy,}
with

Ay,

|

then the system (2.1) is robustly Doy r)-stable.

Proof: See Appendix A.

Remark 2: It is easy to see that the D-stability cri-
terion in Theorem 1 will get a less conservative result
than the criteria proposed by Lee e al. (1992) and Su
and Shyr (1994). Furthermore, since system (2.1) con-
tains multiple time delays which may not be exact inte-
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ger multiples of the sampling interval, their results can-
not examine the D-stability of system (2.1).

Remark 3: Case (I) of Theorem 1 provides a neat al-
gebraic condition to test the D-stability of system (2.1)
at the cost of conservativeness. It is therefore reason-
able to check the D-stability with case (I) and then, if
it fails, to resort to case (II). Thus, case (I) and case
(IT) complement each other.

However, for a practical application, it is difficult to
examine case (IT) of Theorem 1. The following ‘bound-
ary test’ may be helpful in examining this case.

If di=ds and the following inequality

,-]<ds

(2.8)

where lol < r and g = &’ for 6 € (0,278, then the system
(2.1) is robustly D o, r)-stable.

Proof: The matrix Y_j—; Aa(rg+ o)™ of which all
poles of the elements have the modulus

<l :% <1 (2.9)

Corollary 1:
(2.8) holds:

() B—'_ ZAQ'I i’g"‘OO +ZTI

mXm

belongs to R . Consequently, on the basis of Lemma
2, the term | Z, lAdl(rg+ o) "l in (2 8) takes on its
supremum in the range given by g = ¢’ for 6 € [0, 27d.
Therefore, if the inequality (2.8) holds, /(g) does not lie
inside the interval [d,di] for all g € Uy and then the
system (2.1) is robustly D(o, r)-stable (according to the
case (IT) of Theorem 1). This completes the proof. [ ]

3. Problem formulation

Consider the following discrete multiple time-delay
singularly perturbed system:

xik+1) ZAl,xlk hi)

e ioj;hm(k — B+ Bl (1a)
xk+1) ZAz,xlk hi)

o3 Aok — )+ Bulk)  (.18)

=0
where Ay;, A, Al,, Az,, =0,1,2,...,n, B and B, are
constant matrices with approprlate dlmensions and 7,
i=1,2,...,n, are positive numbers () = 0); the pair
(410, B1) is assumed to be controllable. System (3.1) is
referred to as the C-model (p. 45, Naidu and Rao 1985)

and can be obtained from the slow sampling rate model
as a result of discretization or sampled-data control of
singularly perturbed continuous-time systems (Li and Li
1992). The small positive scalar ¢ is a singular perturba-
tion parameter subject to the following constraint:

52”;12,” <1 (3.2)
=0

Before we discuss the main result, a lemma is first given
in the following.

Lemma 3 (Chou and Chen 1990): For any matrix
A€ R if olA] < 11, then |det (I € 4)| > 0.

On the basis of Lemma 3 and the fact that

G[gizz,.] <> A <o Wl < 1
=0 =0 =0

it is clear that the matrix

is non-singular. Now, according to the time-scale analy-
sis in Mahmoud (1982), the slow and fast subsystems of
the original system (3.1) can then be derived as follows.

3.1. The slow subsystem
Let )Q(k - h,’) = )Q(k) = )_Cz(k) fori= 1,2,. ..
system (3.1) thus reduces to

ZAI,XJ k= h)

,1; the
x(k+1)
e <zoj ;11,) B0+ B (33a)

- i;Azixs(k — )

+ ¢ <i 22,') )_Cz (k) + Bzus(k) (33b)
i=0

where x;, X, and u; are the slow components of xj, x»
and u, respectively. From equation (3.3 5), we have

T The notation o[4] denotes the spectral radius of the
matrix A.
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n _1 n
X (k) = <I —¢€ Z ;12,) Z Az,'xs(k - h,’)
i=0 i=0
-1
< Z A2,> Bouy(k (3.4)

Substituting (3.4) into (3.3a), the slow subsystem of the
original system (3.1) can be expressed as

K+ 1) = Agxk—h) + Bus(k)  (3.50)
=0
where
n n _1
Asi:A1i+s< ;11_/> <I—£Z;12j> Azi
j=0 j=0
fori=0,1,2,...,n (3.5b)
n n _1
BS:Bl ‘|‘£<Z;11,'> <I—£Z;12,'> Bz. (3.50)
=0 =0
3.2. The fast subsystem
Let
xr (k) = xalk) = %20) up (k) = ulle) — us k), (k) = usle = h;)
and
X1 (k) = X1 (k - hz) = xs(k - hz) = xs(k)
for i=1,2,...,m we have (from equation (3.4))

n _1 n
x_f(k) = )Q(k) - <I —¢ 20;12,) <ZO Az,’) xs(k)

(3.6)

< ZA2,> _leuJ

According to equation (3.15), the fast subsystem of the
original system (3.1) is derived as follows:

xrlk+1) = Si;lzixf(k —h)*te (2’1: Zm)

i=0 i=0

n -1 n
X (I — ¢ Z ;12,) (Z A2i> Xs(k)
i=0 i=0

(ge) - 5]

(Z A2,> x5 (k) + Balugy (k) + 14, ()]
Z A2,> (Z Azi> x (k)

( ZA21> BZ”A
= i Xf(k hi)

[l

x (1 - zn:;iz,> (Z A2,>] x; (k) + Bouy (k)
i=0

+ [1— (1—82;,212) ( ZA2,>_1

= Ak = ) + By ()
=0

B2 us

(3.7a)

where

Af,' = SAzj and Bf = Bz. (3.7b)

4. State feedback controls for the slow and fast
subsystems

In this section, the state feedback controls for the
slow subsystem (3.5) and for the fast subsystem (3.7)
are separately designed such that both slow and fast
closed-loop subsystems are D(q r)-stable.

4.1. State feedback control for the slow subsystem
Introducing the slow control

GRS

in which kg, i=0,1,2,...,n, are the state feedback
gains into the slow subsystem (3.5), we have

n

Z(Asi + Bsksz')xs(k - hz)

i=0

= Sy + A A(e)]

=0
+[By + A B (&)l b x,(k — hy)

_Z sz+AAsz

4.1)

xk+1)=

Wx(k—h) (4.2
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in which
Ay = Avi + Bikyi, A Aq(z) = A A1;(e) + A By (e)ky
(4.3)
with
n n -1
AAle) = <Z ;11_,-> <I —¢ Z?lz_;) A,
i=0 i=0
i=0,1,2,....n

7 -1
ABy(e —S<ZA1,> <I—SZZ12_,-> B..
=0

On the basis of the constraint (3.2), we can derive the
following inequality:

7 -1
<I - & Z 22,’)
=0

n n 2
= I"‘SZZz,’"‘sz(ZZzi) + ‘
i=0 i=0

n n 2
<l +e Z;lzi +é <Z;12i> +
=0 =0
n n 2
<1+ SZ 1 4yll + &2 <Z ||17121||> +
=0 =0
— (440)
1= e 10
=0
According to the inequality (4.4 a), we have
n n -1
A Aii(e)ll = ||& <Z;11_/> <I— 52;12_,) A
Jj=0 J=0
=0
; -1
X <I— € 22_,-) | Al
j=0
< ||A1,||> [l 4
< = o4(e)
- Zqu,n
i=0,1,2,...,n (44b)

n n _1
A Bi(e)ll = s< 21_/) <I— 52;12,> B
j=0 Jj=0
<D Ay
Jj=0

Bl

[y

<Z |A1,||> | Bl
<—= Ble),

1- SZIIZIZ,-II
Jj=0

(4.4¢)

and hence
IA Al = 1A A1:(e) + A By (£)kyll

<A 41+ 1A By ()l
< oile) + BE)llkgll = 5:(e), i=0,1,2,...,n
(4.5

Consequently, according to case (I) of Theorem 1, if the

state feedback gains ky,i=0,1,2,...,n, are chosen
such that
= o)+ 0 + (e~ o)™

<p (AAO — aI) = dss,

r

(4.6a)

then the slow closed-loop subsystem (4.2), or equiva-
lently the slow subsystem (3.5) under the control (4.1),
is D(oyr)-stable with > |ol. Substituting (4.5) into
(4.6 a) and according to (4.4 b) and (4.4 ¢), the inequality
(4.6 a) is equivalent to

s < - =4 (4.65)
ms + ny <;”22i”>
where
1o = rd — Zl LA
and

<Z||A1,II> [Z [ Axill + | Ballll il D (r = Iod)"h"].

T According to (4.6a), it is obvious that 7, is positive.
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However, if the condition (4.6 a), or equivalently (4.65),
fails, then we resort to checking the following condition
(see Corollary 1):

Si

hlg) =+ {on(e)+

X Zﬁ I"_ |QJ l] < dss, (47)

e/’ for n€ [0,27.

Remark 4:  For the purpose of D(a, r)-stabilization of
slow closed-loop subsystem (4.2), the state feedback
gains kg, i =0,1,2,...,n, are adjusted such that ] is
as large as possible. This can be fulfilled by choosing
ks to place all the poles of 4o = Ao + Biky at (o, 0)
(i.e. to maximize dss) and choosing ks to minimize
I Asill = 141 + Biksill  for i=1,2,...,n. However,
there are various choices of kM, =0,1,2,...,n, to
make &) as large as possible, but only one of thern is
chosen here.

Remark 5: The inequality (4.6 b) provides a neat alge-
braic equation to find the upper bound of e, which
guarantees the D(oy r)-stability of the slow closed-loop
subsystem (4.2) at the cost of conservativeness. How-
ever, a less conservative upper bound, called zj, can be
obtained by finding the upper bound of ¢ that fulfils
the inequality (4.7) with much more computation time.

where r > ol and g =

4.2. State feedback control for the fast subsystem
Introducing the fast control

U = ¢ i kﬁXf (k - h,) (4 8)

i=0

where kg, 1=0,1,2,...,n, are the state feedback gains
into the fast subsystem (3.7), we have

xplke+ 1) = Ay U= o) + eBr ) kg (k = hy)
=0 =0
=D (A + eByhy)xy e = hy)
i=0
=> e(dy+ Brkgi)xy(k — hy)
i=0
=) _A Af,( )xy (k= hi) (4.9a)
i=0
in which
A A;i(e) = e(Ay + Brky) (4.95)

Consequently, according to case (I) of Theorem 1, if the
state feedback gains kg, i=0,1,2,...,n, are chosen
such that

diy =11 Zoll + 3 18 5~ lob) ™)
i=0

L) S Iy i (‘f") = dy

=0

(4.10a)

then the fast closed-loop subsystem (4.9), or equivalently
the fast subsystem (3.7) under the control (4.8), is
D(oy r)-stable with > lol. It is noted that the inequality
(4.104) is equivalent to

rdy
2“;121' + Brksill (r = lod) ™"
=0

[

e < & (4.105)

However, if the condition (4.10a), or equivalently
(4.10b), fails, then we resort to checking the following
condition:

(rg+ o)™ < dy (4.11)

where r > |of and 1= ¢/’ for 6 € [0,271.

Remark 6: In order to make 5 as large as possible,
according to the similar discussion in the preceding
subsection, we need only to choose ks to rninirnize
||A21+Bfkfz” for i=0,1,2,...,n. Moreover, ¢ ob-
tained from the more conservative inequality (4.105)

(i.e. (4.10@)) is less than the upper bound of &, called

%5, that fulfils the inequality (4.11).

5. D(o, r)-stabilization of the original system

In this section, a composite state feedback control
for the D-stabilization of the original discrete multiple
time-delay singularly perturbed system (3.1) is sub-
sequently synthesized from the slow control (4.1) and
the fast control (4.8). Furthermore, a frequency domain
e-dependent D-stability criterion is derived such that the
D(o, r)-stability of the original system (3.1) under the
composite state feedback control can be investigated
by establishing that of its corresponding slow closed-
loop subsystems (4.2) and fast closed-loop subsystem
(4.9).

According to the slow control (4.1) and the assertion
x5tk — h) = x,(k) in §3.2, equation (3.6) can be re-
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written as
n _1 n
x_f(k) = )Q(k) - <I — ¢ Z 22,') <Z Az,’) xs(k)
=0 =0
n _1 n
- <I —e) 17121'> By kxs(k = hy)
=0

=0

n -1 n
= )Q(k) - <I — ¢ Z ;12,) <Z A2i> xs(k)
i=0 i=0

n _1 n
- <I — & Z 22,') Bz stixs(k) (5. 1)
=0 =0
Le.
-1
xo(k) = Xf < ZAz,)
X <ZA21' +BZsti> xs(k) (52)
=0 =0
Hence, we have
-1
xalk = hi) = xp(k — hy) < Z Az;)
x <Z A+ BY ksi> (k= 1)
=0 =0
fori=0,1,2,...,n (5.3)

Consequently, the composite state feedback control is of
the following form:

ulle) = (k) + uy (k)

= iksixs(k —h)+ i ekpixy(k — hy)

i=0 i=0

Sl m)“

(e ogu)or

n n -1
+_ sky [(1— 52,712_,)
=0 =0
x <f Ayt By i@) xslke = i) + xp (ke = hz')]

J=0 J=0

(5.4)

On the basis of equation (5.3) and the assertion

Xk = h) = x1(k = hy) in §3.2 for i =0,1,2,...,n, the
composite feedback control (5.4) becomes

0 =Y Jkuxilk =) + Ykl =) (5.50)

i=0 i=0
where
l n n
kii = kg = ekyi| 1 < Z A2/> <Z A+ B ks/)
i=0 i=0
fori=0,1,2,...,n (5.5b)

kai = ek fori=0,1,2,...,n (550

Applying the composite state feedback control (5.5) to
the original system (3.1), we have

xk+1)= Z Miixy (k= hy) + Z Moxa(k=h;) (5.6a)

i=0 i=0

xwk+1) = Z Msixi (k= h) + Z Miix>(k—h)  (5.6b)

=0 =0
where

My = A+ Biki, M= edii+ Bk
(560

My = Ay + Boki, My = e+ Boko;

Prior to discussing D(qy r)-stabilization problem of
the closed-loop system (5.6), we first introduce a useful
lemma as follows.

Lemma 4 (maximum modulus theorem) (John
1967):  If f(z) is analytic in a bounded domain D and
continuous in D (i.e. the closure of D), then |f(2)| takes
its maximum on the boundary of D.

We now proceed to derive a frequency domain e-
dependence D-stability criterion for the closed-loop
system (5.6).

Theorem 2: If the state feedback gains ks and ki for
i=0,1,2,...,n are chosen such that the slow closed-
loop subsystem (4.2) and the fast closed-loop subsystem
(4.9) are both D(oyr)-stable with r> lol, the original
system (3.1) under the composite state feedback control
(5.5), or equivalently system (5.6), is D{(o, r)-stable with
r> lol if the singular perturbation parameter & satisfies

(D ploz(e,e”) <1 fore€ (0,278 (57a)

(5.7b)

S

(1D ploz(e,e”)] < 1 fore€ (0,21
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where

bale,e) =2 (e,e”) {Rz(e,e"’) - [Z M)+ o)™

i=0
-1

x| (re’ + o0l = Zn: Ma(e)(re ™+ o)™

)

Rile,e) - [Z Mo (r

i=0

) [Z M) (e + @)
=0

and

zg(s, ejg) = {

) -1
X [(re_je oI = D Mle)(re™® + O()_h'}

i=0

e_j9 + a)_hi:|

X [ " Msi(e)(re™® + O()_h'} }7\@1(8,61'9)

i=0

with

7\5?(83 ¢’’)

i=0

and

Rele,e’) = ,no[ <ZA"> <I_g§22j>_l

. -1
X (A2 + Bokyi) + eBikj; <I —) 22/)
=0

x Z(AZ_/ + sz;/)‘| (Ve_jg + O()_hi
i=0

Proof: See Appendix B.

Remark 7: The dependence of the matrices M for
j=2 3 4 and i=0,1,2,...,n upon &, although
omitted elsewhere, is indicated here in Theorem 2 for
the purpose of clarification.

Remark 8: In principle, both the two conditions in
(5.7) can be used to test the D-stability of the closed-
loop system (5.6). It is therefore reasonable to check
the D-stability with any one of the inequalities and
then, if it fails, to resort to another.

Remark 9: Let ¢5 and 3 be the upper bounds of &
that fulfil the D-stability conditions (5.7a) and (5.7b),
respectively. Since there is no explicit information to
indicate the conservativeness of &3 and z3, the less con-

= (e o = (yle) + BV (re 7 + o0

servative one should be used to find the D-stability
bound of ¢ for each case in hand.

6. Algorithm for finding the D-stability bound &*

According to Theorem 2, the D-stability bound of e,
called ¢, can be obtained by finding the upper e-bound
such that not only the slow closed-loop subsystem (4.2)
and the fast closed-loop subsystem (4.9) are both

D(o, r)-stable but also the condition (5.7a) or (5.7b) is
satisfied for all £ € (0,¢). In order to obtain a less con-
servative result and to reduce the computation time, on
the basis of Remarks 4-6 and 9, we propose an efficient
algorithm to find the D-stability bound &* such that
D(oy r)-stability of the slow closed-loop subsystem
(4.2) and the fast closed-loop subsystem (4.9) can
imply that of the original closed-loop system (5.6), pro-
vided that the singular perturbation parameter is suffi-
ciently small to be within this bound.

Algorithm:

Step 1. Choose ky to place all the eigenvalues of
Ao = Ao+ Bikyo at (0,0) and choose kg to
minimize || Al = |4y +Blk3,|| for i=1,2,

,n, and then we can obtain | from (4. 6b)

Step 2. Choose ki to minimize |4 + Brksll for
i=0,1,2,...,n and then we can obtain e
from (4 10 b)

Step 3. Find the upper bound of 3 such that the
inequality (5.7 a) holds for all & € (0,3).

Step 4. Choose ¢ = min (&1, 3, 83).

Step 5. 1f " =¢;,j=1,2and 3, then go to (1), (2) and

(3), respectively.

(1) Find the upper bound Z] such that (4.7)
holds for all ¢€(0,7]) and & =
min (31, 63,3). If &* =%, then stop; else
go to Step 6.

(2) Find the upper bound % such that (4.11)
holds for all £€(0,3) and & =
min (¢1,33,3). If &* =25, then stop; else
go to Step 7.

(3) Find the upper bound 3 such that (5.75)
holds for all ¢ € (0,73). If 33> &3, then
g = rmn (81 ,52,53) Under this condition,
if & =%, then stop; else go to Step 8.
However if 73 < &3, then stop.

Step 6. If & =¢;, j=2 and 3, then go to (1) and (2),
respectively.

(1) Find the upper bound z5 such that (4.11)
holds for all ¢€(0,%) and & =
min (31,33,3). If &* =25, then stop; else
go to Step 11.
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(2) Find the upper bound 3 such that (5.75)
holds for all ¢ € (0,%3). If 33 > &3, then
e = = min (gl ,62,53). Under this condition,
if & =%, then stop, else go to Step 10.
However, if 33 < &3, then stop.

Step7. If & =¢;, j=1and 3, then go to (1) and (2),
respectively.

(1) Find the upper bound %] such that (4.7)
holds for all £€(0.z]) and & =
min (3],%2,¢3). If ¢ =3, then stop; else
go to Step 11.

(2) Find the upper bound 3 such that (5.7 b)
holds for all ¢ € (0,73). If 33> &3, then
e = = min (gl ,52,%3). Under this condition,
if & =%, then stop; else go to Step 9.
However, if 73 < &3, then stop.

Step 8. If & =¢;, j=1and 2, then go to (1) and (2),
respectively.

(1) Find the upper bound Z] such that (4.7)
holds for all ¢€(0,3) and ¢ =
min (31, ¢,73). If ¢* =%, then stop; else
go to Step 10.

(2) Find the upper bound % such that (4.11)

holds for all £€(0,7) and £ =
min (¢1,35,73). If &* =%, then stop; else

go to Step 9.

Find the upper bound & gl such that (4. 7) holds

for all ¢ (0 81) and 8 = min (51 52353)

Step 10. Find the upper bound & 2 such that (4. 11) holds
for all ¢ € (0,%2) and ¢ = min (1,%3,33).

Step 11. Find the upper bound 3 such that (5.7b) holds
for all £€(0,33). If 35 >¢5, then & =

l’nln(sl 82,83) else 8 = mm(gl 9€2,£3

Step 9.

~k *)

Remark 10: For some cases, the preceding algorithm
may avoid the examination of conditions (4.7), (4.11)
and (5.7a), (or (5.7b)) simultaneously to get a less
conservative D-stability bound &¢*. For example, if the
design algorithm stops at Step 5 (1) then it is not
necessary to examine the conditions (4.11) and (5.7b).
This obviously reduces the computation time.

Remark 11: Consider the following discrete multiple
time-delay singularly perturbed system which is re-
ferred to as the R-model (Naidu and Rao 1985, p.47):

= Z Avixir(k = hy)

i=0

xlr(k + 1)

+ zn:;llixzr(k —h)+Bulk)  (6.1a)

i=0

kbt 1) =¢ Z Aixi, (k= hy)
=0

+e Y Auxplk—h) + eBoulk)  (6.15)
=0

Introducing the following state-variable transformation
(6.2) into system (6.1):

ol=l el e

the system can then be converted into the following C-
model:

xilk+ 1) Z Ak = hy) Z Arixaclk = i) + Buulk)
=0 =0

(6.3a)

xzc(k + 1 Z Az,xh k— h Z Az,)Cz( k— h ) + Bzu(k)
=0 =0

(6.3b)

Hence, the design algorithm proposed in this study can
also solve the D-stabilization problem of the R-model
system (6.1) by a state-variable transformation.

7. Example

Consider a discrete time-delay singularly perturbed
system described by the following equations:

k"‘ 1 ZA],X] k— h ZA],)Q k— h ) + Blu(k)
=0
(7.1a)
olk+1) ZAzlxl (k = hy) ZAM (k = hy) + Boulk)
=0
(7.1b)
in which
ho =0, =02, = 1.1;
(23 2 1 1.5
A = ,All °
L4 43 0 3
5 10 _ 04 0.23
Ap = ,Aw = R
LO 20 0 0.17
. T0s5 07 . 0.27 071
An = ,Ai2 = >
L0.65 0.31 0.18 0.28
[2 2 1 1.5
Ay = ,An = R
L2 2.001 1 1.501
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5 107 _ 51
An = ,Axn = R
L5 10 1.5 1

6 12] 2 2
Ay = ,An = R
L6 1 22 2

el

It is desired to find a composite state feedback con-
trol u(k) such that the time-domain performance of
system (7.1) satisfies the following specifications:

Blz

(a) overshoot < 15%, or equivalently, damping

ratio (= 0.5; (7.2a)
(b) rise time = 8s, or equivalently, natural
frequency w, > 0.3125; (7.2b)
(c) settling time < 20, or equivalently, all poles less
than 0.8 (the sampling interval T =1s) (7.2¢)

These constraints (a)-(c) may be interpreted as pole
locations inside the specific disk D(0.3,0.46) (Lee and
Lee 1987). Subsequently, the design algorithm proposed
in §6 is used to find the D-stability bound ¢ such that
D(0.3,0.46)-stability of the slow and fast closed-loop
subsystems can imply that of the original system (7.1)
unde(:r the; composite state feedback control (5.5) for all
e € O,s* .

Step 1. Choose kyp = [-2 —2| to place all the eigen-
values of Ayg = A+ Biky at (0.3, 0) and
choose kg = [-1 — 1.5 and ko =[-5 —10]
to minimize | 44l = l41; + Bikgllt for i=1,2,
respectively; we then get ] = 0.0448 from equa-
tion (4.6 ).

Step 2. Choose ko =[5 — 1, kyy =[-6 —1] and
kpy =[=2 — 2] to minimize |4y + Brksll for
i=0, 1, 2, respectively; we then get
&3 = 0.0699 from equation (4.105).

Step 3. In_figure 2, the supremum of the function
p[qﬁg(s,e"g)] in the range 6 € [0,2711 is depicted
with respect to . According to this figure and
the inequality (5.7 a), we have ¢3 = 0.0128.

Step 4. Choose ¢ = min (s1, 3, 53) = 0.0128.

Step 5. Since ¢ = &3 = 0.0128, we resort to case (3). In
figure 3, the supremum of the function
plpz(s,e’")] in the range 6 € (0,278 is depicted
with respect to . According to this figure and
the inequality (5.75), 3 = 0.007 is obtained.
Since #3 > &3, We stop.

T In this example, the Euclidean norm is considered.

1.4

1.24

T e

0.8
sup{pl gy (e}

0 . . .
0 0.005 0.01 0.0128

£

0.015

Figure 2. The supremum of the function olo g(s,e‘i )] in the

range 6 € [0, 271.

1.4

1.21

081 sup( [ 3 (e}

061

041

0.2}

t
i
!
i
I
'
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|
|
I
)
t
t
|
|
|
|
|
|
|
|
|
|
|
|

’ )
0.007 0.01
&

0 0.005 0.015

Figure 3. The supremum of the function p[g;,(s,e"‘e)] in the
range 6 € [0, 271.

According to the above discussion, we conclude that
the discrete time-delay singularly perturbed system (7.1)
under the composite state feedback control (5.5) with
the state feedback gains obtained in Step 1 and Step 2
is D(0.3,0.46)-stable for all & < &* = 0.0128.

8. Conclusion

In this paper, we investigate the D-stabilization
problem of a discrete multiple time-delay singularly per-
turbed system. Two cases of a new robust D-stability
criterion in terms of complex stability radius are first
proposed for discrete uncertain multiple time-delay
systems. One is a direct test (i.e. d; < d;) and the other
is a boundary test. Then, the corresponding slow and
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fast subsystems of a discrete multiple time-delay singu-
larly perturbed system are derived by using the tech-
nique of time-scale separation. the state feedback
controls for the D-stabilization of the slow and fast sub-
systems are separately designed, and a composite state
feedback control for the original system is subsequently
synthesized from these state feedback controls. There-
after, a frequency domain e-dependent D-stability cri-
terion is proposed for the original discrete multiple time-
delay singularly perturbed system under the composite
state feedback control. If any one of the conditions of
this criterion is fulfilled, the D-stability of the original
closed-loop system is thus investigated by establishing
that of its corresponding slow and fast closed-loop sub-
systems. Finally, an efficient algorithm is proposed to
obtain a less conservative D-stability bound of the sin-
gular perturbation parameter and to reduce the compu-
tation time.

Appendix A. Proof of Theorem 1:

(I): The necessary and sufficient condition to guarantee
that all poles of the system (2.1) lie inside the specific
disk D(oyr) is that all solutions of the characteristic

equation
det {ZI —|A+AA+ Z(Ad,- + AAdi)Z_hi] } =0
i=1
(A1)

satisfy |z — ol < r. Let (z— o) /r be replaced by a vari-
able g (i.e. z=rg+ o; then (A 1) becomes

det {(rg+ o —

A+AA+D (Ag+AAg)rg+ a)""} } =0
i=1

or, equivalently,
det{gl— [A_r‘” 1 (AA-FZ(Ad, +A A g+ o) ’)] } -0

| (A2)

If Igl > 1, we have r— lol < lrg+ ol. From equation
(2.7 a), the following inequality (A 3) can be achieved:

- lIIA Al + Z (144l + la A4 Dlrg + o™

=1
<p(A_°‘1> forlg 21 (A3)

AA+Z (Ag+ A Aa)(rg+ o)~ ]H

i=1
<p(A_rOd> forlgl >1 (A4

Since all the eigenvalues of 4 are within the disk D(c 7),
all the eigenvalues of (4 — o) /r lie inside the unit circle.
Hence, from (A 4) and Lemma 1, all eigenvalues of the
matrix

A_TO‘I LA a+ > (Ua+ 5 Aa)rg+ o)™ ] (A5)
i=1
remain inside the unit circle for gl > 1. That is,
’)\{A ro‘l AA+2; Ag+ A A rg+ )" } <1
forlgd >1 (A6)

This implies that
A-ol
r

In view of (A7), all solutions of the characteristic equa-
tion (A 2) satisfy |gl < 1 (i.e. [(z— o) /rl < 1). This com-
pletes the proof of case (I).

(IT): If the system (2.1) is not D(qy r)-stable, then there
exists a solution g of the characteristic equation (A 2)

satisfying
{A of , AA+Z<A4,+AAJ,><rg+a>””
=1
(A8)

On the basis of Lemma 1 and equation (A 8), the follow-
ing inequality is obtained:
(2
r

i
(A9)

Since

lgl # |A

o Sarrasts o
i=1

forlgd =1 (A7)

lgl = >

AA+Z A+ A A g+ o)™ ]
=1

1
.

AA+Z Ai+ A A8+ o)™ ]H
=1

<o || Aatg+
i=1

3 0= lod) ™
=1

< g+ 3 0aal + (- Iod)"h"] (A 10
i=1

we have
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[AA+ D (A +A A rg+ o) }

i=1

(rg+ ol ™" = h(g)

3 =l
=1

%[;HZ (l4gll + 1) = |od)"”} =d forlgl>1

(A11)

Moreover, according to (A 8), we can obtain the follow-
ing inequality:

1§|§|: {A ral AAJ’_Z(ALJZ—"_AALJZ)(VgJ’_a) h:|}‘
i=1
< |[4=<L + AA+Z(A¢,+AA4,)(rg+OO ’H
=1
< 4= “’H ,B+Z(||Ad,||+n)(r—|od) } dy

(A12)

This implies that, if the system (2.1) is not D(qy r)-stable,
then all the unstable poles of this system must be within
the bounded region U,. Hence, if the inequality (A 11) is
not true (i.e. /(g) does not lie inside the interval [ds,dl])
for all g € Uj, then the system (2.1) is robustly D(oyr)-
stable. This completes the proof of case (II).

Appendix B. Proof of Theorem 2:

(I): Applying a z-transform to the closed-loop system
(5.6) yields

ZXl Z Mz 11‘/1

+ Z Moz " X5(2) + x2,(0)  (Bla)
X (z Z Mz X0 (2
+ Z Mz " X(2) + x2(0)  (B1b)

in which x;(0) and x,(0) are the bounded initial con-
ditions of the states x;(k) and x,(k), respectively.
According to (B 1b), we have

n _1 n
z) = <ZI - Z Z\/L;iz_hf> <Z Miz_hi> X (2)
=0 =0

(B2)

n -1
+ Z<z[ - Z ]\/L;,'Z_hi> x2(0)
i=0

Substituting (B2) into (B 1a), X;

" -1
Xi(z) = zo™ I(2) (Z Mz~ ’) (zl - Z ]\44,'2_/1') x2(0)
i=0
(z)x1 (0)

(2) is obtained as

(B3)

+zo~

where

o(z) = 21— i Mz — <z”: Alziz_h’)
=0

i=0
n _1 n
X <z[ -3 mﬂ) <Z M3,~z‘hf> (B4)
=0 =0

Since the fast closed-loop subsystem (4.9) is D(o, r)-
stable, and the basis of the fact that My = AT, all
poles of the term

) -1
<ZI — Z ]\/L;iz_hi>
=0

in (B 3) lie inside the d1sk Do, ). Moreover, all poles of
the term Y_i_y Myz " in (B 3) are z = 0 which is also
inside the disk D(oyr) (" r > lol). Therefore, to let all
poles of Xi(z) be within the disk D(o,r) (and likewise
those of X>(z)), we need only to find the condition which
guarantees that all the poles of @ '(z) are within the
disk D(o,r). Substituting (5.5b) and (5.6¢) into (B4),
we have

o(z) =z — ZA1,+B1k1,

()
=0
X (zl - i A/I4,~z_l”> (i A/Ig,iz_l”>

=0 =0

=0

o Z{Al, +B |k

i gkﬂ ( Z AZ/)

(n
- (S
nmpiz
i=0

x (zn:Az/ +B, i%)} }Z_l
= =0

T The fact that My = A /_lﬁ can be observed by comparing
(4.9 b) with (5.6 ¢) and using the matrices defined in (3.7 b) and
(5.5¢).
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( . )( o, o D=1+ D =y a7 (BS)
X ZI—ZMI‘Z ' Mz ™
=0 =0 where
n n n -1 l//(Z) =]+ ¢(Z)
=zl — 4 { [Al,‘*‘&‘(‘_ Zl/ (I_SZZZ/> Azi] with

b el (S
ksi 2 =0

n _1 n
C e )
z " i=0 i=0

: . Since the SIOIW closed-loop system (4.2) is D(qy, r)-stable,

et the term A~ (2) in (B 5) has all poles lying inside the disk
2 |Biks (1 S;Azf ) D(o,r). Consequently, if all poles of the term
l//_?%z) =[I+4)]™" "in (B5) lie inside the disk

n n Y n ) D(o,7), we can guarantee that o '(z) has all poles
x (2& Ay "‘Bz%ksj)}Z b~ (E% Moz ") lying inside the disk D(o, 7).
J= J= =

Let (z— o) /r be replaced by a variable g (i.e.
z=rg+ o; then the term v~ '(z) becomes

y @) =1+ =1+ ¢Grg+ o]

i=0

n _1 n
=0 =0

=z - i(Asi + Bky)z "+ R(z) =+ ¢g(g)]_l = ‘//g_l(g) (B6a)
=0 where
n n na 7
- (; Mz"z_h> (ZI - ; M“"Z_h) (; M3fz_h'> be(g) = 15 () | Relg) = <Z My(rg + oz)"”‘)
i= = = —0
see(3.5h) and (3.5¢)

n -1
z | g+ adr =Y Mylrg + oo_h’)
= A(z){l +47(2) [R(z) - (Z My["") < & ; €
=0

n na - ) —h;
x (zl -2 M4,~z""‘> (Z Mgiz_”"ﬂ } 8 <ZO: My(rg+ o) )] (B6b)

with
where ;
0 Aglg) = g+ T — D _(Ay + By rg+ ™"
A(Z) = ZI - Z(As[ + Bsksi)z_hi =0
=0 and
and " " " -1
n n n -1 Rg(g) = . & < . ;11/> <I - 8222/>
R( Z) — . < 1711_;) < I Z ;12]) =0 j=0 Jj=0
=0 | \j=0 j=0

. -1
-1 X (Ay; + Bokg) + 2Biky; <I —ey. 1712_,->
X (AZ;’ + szsi) + SBlkﬁ <I —¢ Z ;12]) J=0
J=0

(rg+a)™

x <Z Ay + szs/)

J=0

X <Z Ay + szs/) ] Z"

j=0 If the following inequality holds:

Hence, we have ldet yo(g)| = ldet[I + ¢,(g)ll >0  Vigl=1 (B7)
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(i.e. all the poles of l// ) are within the unit disk), then
all the poles of ¥ fz ) lie inside the disk D(Ot, r). Let
g=17 '; then y,(g) becomes

Vel = ve@ ) = T+,& ) =1+ 93® = (@

where

428 =27 @ [R~ 2= (Z My(rg )
" -1
X ((rg‘l + ol = Myl + a)""‘)

i=0

x (E% Mz + Oo"n)} (BSH)
with |
122 =0z + ol - Z (Ay + Bk 6T+ 07"
and

., -1
X (A + Boky) + eBiky; <I —) 22/)
J=0

x <f Ay + B2ks/>] (g '+ o™

J=0

Therefore, the examination of (B7) is equivalent to
investigating the following inequality:

det yz(®)| = ldet[I+¢, @] >0 VzgI<1 (B9
Introducmg the singular perturbation parameter ¢ into

(B8b), $z(2) can then be rewritten as

E’(S;N) EZ; ( ;g) RE’ ;g) (Z M 5) rg I+OO >

S

; -1
% <(V§_l + o= My()iE ' + oz)"”‘)
=0

(B10)

X (i M(e) Gz~ + O()_h’)}

i=0

with

Agle,d) = +a)IZM

Vksi) g o)™

and

Rele,

" -1
(Z A1,> (1 - sz) (4o + Boky)
=0

i=0

n -1 n
+gBlkﬁ (I — ¢ Z ;lzj) (Z A2j + szsj>
Jj=0

=0

< (ig T+ o

Since all poles of the term (z — >/ Mgz ")~ in (B3)
and the term 4~ '(2) in (B5 he inside the dlsk D(O(, ),
the terms [(rg+ o)l — X"y Milrg+ o)™™'  and
Ag'(g) in (B6b) do not have any pole lying inside the
region |gl = 1. Moreover, the term R,(g) in (B6b) does
not have any pole lying inside the region lgl > 1 ("." the
multiple poles of R,(g) are at g= —a/r and r > |ol)
either. We can then conclude that ¢ g( ) does not have
any pole lying inside the region |gl = 1. Consequently,
¢g( ,8 = ¢3(8) = ¢,(z”") has no poles lying inside the
region |3l < 1 and the function A;[¢z(s, @)t is hence
analytic and continuous in the bounded domain
gl < 1. Therefore, if (5.7a) holds,

ie. clpzle,@)] = mlax|?\i[<;§(s,§)]| <1 Vigl=1
(B1D)
then we have (according to Lemma 4)
oloz(e, 0l <1 Vgl <1 (B12)

On the basis of (B12) and Lemma 3, the following
inequality is obtained:

>0
(B13)

|det yz(@)| = Idet [I + ¢5(@)]l = Idet [ + ¢5(z,
Vgl <1

and then the inequality (B9), or equivalently (B7), is
fulfilled. This implies that the closed-loop system (5.6)
is stable, thus completing the proof of case (I).

(II): Using the matrix inversion formula

-1

I+zn) '=1-xU+m)'n (B14)

the function l//_l (z) in (B 5) can be rewritten as

T The notation A; (4) denotes the eigenvalue of the matrix
A.
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l//_l(z):{I+A z)[ z)‘(ZMz, )

n _1 n
X (zl = Z Miz_h’> (Z %iz_h’>
=0 =0

AT DU+ (7!

n n _1
(g
=0 =0

X( : %iz_hi>:|
i=0
n n _1
- <§ Mz,z‘hf) <zl— ) m[’”)
=0 =0

X <i M3jZ_hi>] A_1 (Z)
=0

Since all poles of the matrices

o () B (S )

and A7'(2) lie inside the disk D(O(, r), therefore, to
ensure the D(q r)-stability of the system (5.6), we need
only to find a condition which guarantes that all the
poles of [7 + ¢ (z)] ™" are within the disk D(a, 7). Follow-
ing the same procedure as that in case (I), the proof of
case (II) is thereby completed.

:I—

(B15)

where

6(2)

(B16)
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