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Abstract. Suppose G is a connected, k-regular graph such that Spec(G) = Spec(I") where I’
is a distance-regular graph of diameter d with parameters aj =ay =--- =ay-; =0 and
ag > 0; ie., a generalized odd graph, we show that G must be distance-regular with the
same intersection array as that of /" in terms of the notion of Hoffman Polynomials. Fur-
thermore, G is isomorphic to I" if I" is one of the odd polygon Cy,.1, the Odd graph Oy,
the folded (2d + 1)-cube, the coset graph of binary Golay code (d = 3), the Hoffman-
Singleton graph (d = 2), the Gewirtz graph (d = 2), the Higman-Sims graph (d = 2), or
the second subconstituent of the Higman-Sims graph (d = 2).

1. Introduction

We shall consider only finite undirected graphs without loops and multiple edges.
Let G = (V(G), E(G)) be a connected, k-regular graph and 4 an adjacency matrix
of G, which is row-indexed, as well as column-indexed by the vertices of G; also let
A’ be the usual matrix product of i copies of 4, and A’(x, y) be the entry of A" at
row x and column y. Suppose 4 is an eigenvalue of A, then, since 4 is symmetric,
A is real, and the multiplicity of . as a root of the characteristic equation
det(Al — A) =0 is equal to the dimension of the eigenspace corresponding to A.
The spectrum of A is also called the spectrum of the graph G, denoted by

Spec(G) = (K™, 07",...0"')

where k(=60y) >0 > --- > 6,_, are distinct eigenvalues together with their
multiplicities my = 1, my, ..., and m,_; respectively; refer to [3, 5] for more details.

Now assume I’ is a connected graph with diameter d, let I';(x) = {y|y e V(I")
and d(x,y) = i}, where V(I') is the vertex set of I" and d(x, y) is the distance be-
tween vertices x and y. I is called distance-regular if the parameters c¢; =
[Tici ()N ()], ai = |Ti(x) N (y)| and b; = [Ty (x) N T (y)] depend not on
particular vertices x and y we choose, but only on the distance i = d(x, y) between
them. It is clear that co = b, =0, ¢; = 1, by = |I'1(x)| foreach x € V(I"), and a; =
by — b; — ¢;. The following array
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¢ €1 € 3 Ci-1 C4d

ay ai ax a3 - a4 dq

bo by by by -+ bgy bg
or {bo,b1,...,bg_1; c1,¢2,...,cq} is called the intersection array of I'. Generalized
odd graphs are distance-regular graphs of diameter d with parameters a; =
a=---=ay_1 =0, and a; > 0. As shown in Section 2, the odd polygons Cyy. 1,

the Odd graphs O, the folded (2d + 1)-cubes, the coset graph of binary Golay
code, the coset graph of the truncated binary Golay code, the Hoffman-Singleton
graph, the Gewirtz graph, the Higman-Sims graph and the second subconstituent
of the Higman-Sims graph are examples of generalized odd graphs, refer to [5] for
further details.

One can see from the spectrum of a graph whether it is regular and connected,
whether it is strongly regular, or whether it is bipartite distance-regular of diame-
ter 3 [5, p. 263], but one can not tell in general its distance-regularity directly. On
the other hand, it is known that a connected, regular graph with diameter d has
at least d 4 1 distinct eigenvalues, and that distance-regular graphs of diameter
d have exactly d + 1 distinct eigenvalues. The determination of the distance-
regularity of those connected regular graphs of diameter d with exactly d + 1 dis-
tinct eigenvalues is an interesting subject. The distance-regularity of some graphs
in terms of their spectra have been studied under some additional conditions, for
example: with large girth [6], with diameter 3 and x = 1 [10], with diameter 4 and
prescribed 4, k; [8], and all graphs with spectra of distance-regular graphs with at
most 30 vertices can be found in [11]. Continuing the work in [13], the relationship
between distance-regularity and spectra of connected regular graphs will be further
studied in this paper. Indeed, we prove

Main Theorem If G is a connected regular graph which has the same spectrum as
that of a generalized odd graph I of diameter d, then G is distance-regular with the
same intersection array as that of I'. Furthermore, G is isomorphic to I' if I is one
of the following: the odd polygon Cyyy1, the Odd graph Oy, the folded (2d + 1)-
cube, the coset graph of the binary Golay code (d =3), the Hoffman-Singleton
graph (d = 2), the Gewirtz graph (d = 2), the Higman-Sims graph (d = 2), or the
second subconstituent of the Higman-Sims graph (d = 2).

The main theorem answers affirmatively a question asked by Cvetkovi¢ [7,
p. 36] that whether the Odd graphs can be characterized by their spectra among
connected regular graphs. As an easy corollary of a theorem of Tutte [15], we have

Corollary If G is a connected regular graph which has the same deck of 1-vertex-
deleted subgraphs as that of I" where I' is a generalized odd graph, then G is a
distance-regular graph with the same intersection array as that of I'.

One of the significant links between spectra and connectedness, regularity of
graphs is the so called Hoffman Polynomial. For a connected, k-regular graph
G with Spec(G) = (k,07",...,0™"), let q(x) =[] (x —0)), then p(x)=
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V(G)
q(k)
of the smallest degree such that p(4) = J, where 4 is an adjacency matrix of G
and J is the all-one matrix of order |V (G)|. The main theorem is proved in terms
of the common Hoffoman polynomial of I" and G, its coefficients are studied in
V(@)
are considered in Section 3. Based on the properties among the coefficients of g(x)
obtained in Section 2, we show that each of them has a unique solution, which
leads to the distance-regularity of G. Lemma 3.1 concerning the non-singularity of
those coefficient matrices mentioned above is proved in an algorithmic way. The
argument developed in this paper does not work for bipartite distance-regular
graphs because Lemma 3.1 is no longer true due to the symmetry (with respect to

0) of their spectra.

q(x) is called the Hoffinan Polynomial of G, which is the unique polynomial

Section 2. Some systems of linear equations associated with 4’g(A4)

2. Hoffman Polynomials of Generalized Odd Graphs

Throughout the rest of this paper, we assume that G is a connected k-regular
graph with Spec(G) = Spec(I') = (6;",0/",65>,...,07") with 6y =k, and
my = 1, where I" is a generalized odd graph of diameter d with intersection array

¢ €1 € €3 -+ Cqg-1 Cq
o o0 o0 o --- 0 ag
by by by b3y -+ by by

Furthermore, let 4 be an adjacency matrix of G. The common Hoffinan Polyno-
mial for the graphs I" and G in terms of their common spectrum is studied in this
section, which provides a key step to show the distance-regularity of G in the next
section.

Clearly, odd polygons Cy,.; are generalized odd graphs of diameter d with
intersection array {2,1,...,1;1,1,...,1}. We now recall some other examples,
families or sporadic, of generalized odd graphs. The Odd graph O, has the d-
subsets of {1,2,...,2d + 1} as vertices, and two vertices are adjacent if and only if
their corresponding subsets are disjoint. The small Odd graphs are the triangle
K;(d = 1), and the Petersen graph (d = 2). In general, the Odd graphs O, are
distance-regular graphs of diameter d with intersection array

0 1 1 2 2 coor—=1 r—1 r
0 0 0 0 0 0 0 r
2r 2r—1 2r—1 2r—2 2r—2 --- r+1 r4+1 0
for the case d + 1 = 2r, and
0 1 1 2 2 r r
0 0 0 0 0 0 r+1
2r+1 2r 2r 2r—1 2r—1 -+ r+1 0

for the case d + 1 = 2r + 1.
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The eigenvalues of Oy.; are the integers 0; = (—1)'(d 4+ 1 — i) with multi-
2d +1 2d + 1

70
are uniquely determined by their intersection arrays, refer to [14] or [5, p. 260],
among distance-regular graphs.

Folded (2d + 1)-cube is the graph defined on the partitions of an (2d + 1)-set
into two subsets, and two partitions being adjacent when their common refinement
contains a set of size one. Its intersection array is given by

plicities m; = ( > respectively for 0 < i < d. The Odd graphs

0 1 2 3 o d—1 d
0 0 0 0 e 0 d+1],
2d+1 2d 2d—1 2d—-2 --- d+2 0
. e . 2d +1
and its eigenvalues and multiplicities are 0; = 2d + 1 — 4j with m; = 2 )

j <d. The folded (2d + 1)-cube is also uniquely determined by its intersection
array [5, p. 264].

In addition to these families, Moore graphs, i.e., distance-regular graphs with
the intersection array

0 1 1 1 1 1
0 0 0 0 0 k—1
k k=1 k-1 k-1 -+ k-1 0

provide another family of generalized odd graphs, refer to [3] for more details. It is
known that the intersection array for a Moore graph with valency k > 3, and girth
g =5 is feasible if and only if g =5 and k € {3,7,57}. The cases k = 3,7 are
realized by the Petersen graph and the Hoffman-Singleton graph respectively. The
existence of a Moore graph with & = 57 remains open, which can not be distance
transitive if it exists. Some other sporadic generalized odd graphs are given in the
following table, whether these graphs are uniquely determined by their intersection
arrays are indicated too.
For x,y € V(G) at distance i, let

ci(xvy) lf]:l—l,
G (x)NGi(y)| = { ai(x,y) if j=i,

To show the distance-regularity of G is equivalent to show that all ¢;(x, ), a;(x, )
and b;(x, y) are functions of i = d(x,y) only, independent of the choice of x and y
for all i with 0 < i < d. This can be achieved by showing that some systems of
linear equations related to the Hoffman polynomial have unique solutions.
As mentioned before, let 4 be an adjacency matrix of G which is row-
indexed and column-indexed by vertices of G. Since 4/*!(x,y) = (474)(x,y) =
> A/(x,z), and G;(x)NG(p) is empty if j#i—1, i or i+ 1 whenever
zeG
X, yl <ey)V(G) at distance i. Lemma 2.1 is obvious, which is included here for later

reference.
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diameter | intersection array examples uniqueness remarks
{3,2;1,1} Petersen graph O3 Yes Moore graph
{7,6;1,1} Hoffman-Singleton graph Yes Moore graph

[5, p. 391]

d=2 {57,56;1,1} ?
{10,9;1,2} Gewirtz graph Yes [, p. 372]
{16,15;1,4} the second subconstituent Yes [5, p. 394]
of the Higman-Sims graph

{22,21;1,6} the Higman-Sims graph Yes [9, p. 933]

{7,6,6;1,1,2} ? [5, p. 148]

d=3 {23,22,21;1,2,3} the coset graph of the Yes [5, p. 361]

binary Golay code

{22,21,20;1,2,6} | the coset graph of the trun- ? [5, p. 362]
cated binary Golay code

Lemma 2.1. If d(x,y) = i, then
A= Y A+ Y A+ Y Al

z€ G (¥)NGi-1(x) ze Gi(y)NGi(x) z€ G (Y)NG1(x)

In particular,

Ay = Y A(xe).

z2€G1(y)NGi-1(x)

Since A4’(x,y) indicates the number of walks of length i in G joining x and y, it
follows that the number of closed walks in G of length 2i+ 1 is Tr(4%*!) =
Zﬁ:o mjﬁjz”l [16, p. 310]. On the other hand, a; =0 (i < d — 1) for generalized
odd graphs, they have no odd cycles of length up to 2d — 1, it follows that
Z}dzo m;07"" =0, and hence A%*!(x,x) = 0 for all x € V'(G). These observations
are summarized in the following.

Lemma 2.2. 1. A (x,x)=0  fori<d-—1,
2. A1 (x, ) =0 foryeGi(x)and 1 <j <i, and
3. ai(x,y) =0  forallye Gi(x)andi<d—1.

We now turn to the explicit expressions for the coefficients of the Hoffinan
Polynomial of I' and G. Let m(x)=(x—0y))(x—01)(x—62)---(x—06,) =
1! m;x' be the minimal polynomial of I, then the coefficients m; (0 <i < d + 1)
can be calculated in a combinatorial way in terms of the fact that m(x) =

det(xI — B) [5, p. 128] where
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[ 0 C1 0 1
b() 0 (&)
bl 0 c3

bieao 0 ¢y

L 0 ba-t  aa ] (gi1)x(ast)

is the intersection matrix of 1.
Recall that if M = [g; ;] is a tridiagonal matrix of order #, then

det M = ZSign(o-)al,a(l)a2,a(2) ()

where the summation is over all permutations ¢ which are product of disjoint
transformations of the form (7,7 + 1), since a;,(; = 0if |o(i) — i| > 2 for some i. In
the expansion of det(x/ — B) as a sum of products of entries from various rows
and columns, as remarked above, b;c;y; (0 <i<d — 1) always appear in pairs,
but b;b;y1 (0 <i < d— 1) does not. It follows that

det(xI — B)

L%J s
<<Z Hblj Clj+1> d+1-2s + <Z H bijcij+l> (X _ ad)deS>
:O g1 j= S j=1

@

L‘ILIJ 14
3 < Z Hb1]61]+1> dr1-2s g ZZ: el (Z Hbyczj+1> 2

S:() S1US 5s=0 Sy j

where &%), %, consist of all s-element subsets S ={i,bk,...,ii} of
{0,1,2,...,d — 1} with ij4+2<iyy for j=1,2,...,5—1 and {d—1}NS is
empty or not respectively. The above expressions of those coefficients of m(x) can
be transformed into the following way, which is suitable for later computational
purpose. Clearly my1 = 1, myg = —ag, mg—1 = —(boci + bica + -+ - + by—1¢4), and
in general

d—2s d—2s+2 d-2
s+1 2 : } : } :
b11C11+1 blzcl’7+] . zx 1 Ci_1+1 b[:C[S-H
h=i1+2 iy=i5_1+2

for1 <s<|d/2|,and

mq_as

Md—2¢+1

d—21+1 d—=2t+3 d-1
t
=(-1) Z bi ¢y 41 z biyCiyir | -+ bi i 41 Z bi i1 | -
i1=0 h=i1+2 i=i1+2

forl <t <1Jd/2],
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Note that a; (#0) occurs in my_ss for 1 < s < |d/2|. Furthermore, let
q(x) = m(x)/(x — 0h)
= qax" + g1 x + qaaxT 4+ o + qix + qo,
then g7 =1, qs—1 = ¢a, qa—2 = ca—1¢qa — (boci + -+ bg_ncq—1) and its general
expressions are given in the following lemma, which can be checked straight-
forward in terms of the recurrence relations ¢; | = m; + kq; where k = 6y = b; + ¢;
for 1 <i<d— 1. Note that ¢; occurs in gy, for 1 <s < [d/2] — 1.

d-2

d-2
Lemma 2.3. Let q(x) = x¢ + cax¥1 + 3 qix', then
i=0

=21
qa—2 = (=1)' <PZ/[21+1 + Z bi ¢y <P22t+3

i1=0

d—2t+2 d-2
S ST O UV o T
h=ij+2 ir=i_1+2

forl1 <t<|d/2],and

d—2s—1
qd—-2s—1 = Cd(_l)s <P§_§s + Z bil Cij+1 (PZ—;‘H—Z

i1=0

d=25+1 -3

-1
+ E bicisr| - | PS4 bicir |-
h=ij+2 iy=i,_1+2

forl <s</[d/2] -1

where
/ I-s+1)/2
Ps:(_1)< st/ CsCoy1 """ C1—1C)

in case | — s is positive and odd.

The expressions of these coefficients of the polynomial ¢(x) will be needed in
q(0o)
V@)
order |V (G)| [12]. Multiplying A’ on both sides of the equation ¢(4) = vJ, and
since AJ = 0yJ, we have A'g(A) = 0jvJ, 0 <i<d— 1. The information con-
tained in this system of matrix equations can be translated into a set of systems
of linear equations in variables A'(x,y) and with the coefficients of ¢(x) as its
coefficients. A series of row operations will be performed on these coefficient ma-
trices, which pave a way to show the distance-regularity of G. For this purpose, we
define F,,1 = qa—2m—1/¢a, Sm1 = qa—2m and the general terms F,,; and S,,; will be
given later in Section 3.

the next section. Let v = , then ¢(A) = vJ where J is the all one matrix of

3. Proof of the Main Theorem

Following the same notation used in section 2, we shall show that ¢;(x, ), a;(x, )
and b;(x, y) are functions of i = d(x, y) only, independent of the choice of x and y,
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0 < i< d, by showing that each system mentioned above has a unique solution.
Indeed, the distance structure of the given generalized odd graph I” provides non-
trivial solutions for these systems. We shall show in this section that each of their
coefficient matrices is nonsingular, and hence their solutions are unique.

Clearly, a; = a;(x,y) =0 whenever x, y are at distance / at most d — 1 as
shown in Lemma 2.2. To determine c;(x,y), b;(x,y) = by — ci(x,y) — ai(x,y)
whenever x, y € V(G) at distance i, 0 < i < d — 1, we shall show the uniqueness of
Al(x,y) with d(x,y) =i, 2 <i <d— 1 by solving the following systems of linear
equations obtained from ¢(A4) = vJ,

Ad—l—iq<A) _ Uegflfi‘]
AT g(A) = vy T

A*q(A) = v05J
A'q(A) = v0)T

A%q(A) = v0)J

at entries (x,y) for vertices x and y at distance i, 2 <i<d — 1.

As before, 0y is also denoted by k. Indeed, for vertices x, y at distance i,
2<i<d-—1,clearly 4'(x,y) = 0if i < d(x,y) orifi+d(x,y) <2d — 1is odd by
Lemma 2.2, the others 4/(x,y) can be regarded as variables. More precisely, for
vertices x and y at distance 2, A(x,y) = A3(x,y) =4 (x,y) = --- = A¥3(x,y) =0,
the above system can be reduced into

qi-1 4d-3 qda-s5 - 45 43 Q1 0 0 0 0 0
I qa2 qaa - g 94 @ 4o 0 0 0
0 qu1 qas - a1 45 @ q 0 0 0
0 1 qao -+ g g6 q4 @ o 0 0 0
0 0 0 0 quv a3 4a-s qa7 qao - Gz qi
| 0 0 0 0 1 qi> qi4 Qa6 4ga—g - q4 Q2|
A4 (x,y) [ k=37
A5 (x, y) ka4
A8 (x, y) k=3

A*(x, ) k!
A%(x,) N
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whenever d is even; or

[qi-1 Ga—3 qa-5 - g6 4 42 qo 0 0 0 07
I qa2 qaa - @ g5 @ q 0 0 0 0
0 qa-1 qa3 - 48 gs qa 92 qo 0 0 0
0 I qa2 - g9 91 ¢ G ¢ 0 0 0
0 0 0 - 0 gs1 qa3 qa-s 4ga-7 qa-o - 92 9o
0 0 o --- 0 1 qd-2 4d-4 qd-6 4a-8 - 43 41
L 0 0 0O - 0 0 qu1 Qa3 Ga-s qa-7 '+ q4 Q2
F A4 (x, ) T jed—3
A24-6(x. ) fed—4
A28 (x, ) K-S
A0y | ke
X =
A%(x, ) e
A4 (x, ) !
L A% (x,y) L &0 ]

whenever d is odd.
Similarly for vertices x, y at distance 3, substituting A(x,y) = 4%(x,y) =

A4(x,y) = A%(x,y) = --- = A**(x,y) = 0, the above system can also be reduced
into
(qa—1  qa-3 qa-s 4 @3 q 0 0 0 07
1 qa> qaa -+ g 494 @ q 0O 0 0
0  qa1 qas 1 45 93 4 0 0 0
0 1 qan - g5 4 g9 ¢ g 0 0

L 0 0 0 - 0 qa-1 qa3 qa-s qa-7 Ga—o - 43
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(A R
A2d=T (x’ y) kd_s
A% (x, ) =
X Azdfn()gy) =7V Jd=T7
A3(x,y) L &
whenever d is even; or
(qa-1 qa—3 Ga-5 g4 94 92 4o 0 07
1 qa2 Qqu-a g7 45 q3 q1 0 0
0 qu1 qas s g6 94 42 qo 0
1 g 9 4 9 9 q 0
0 0 0 0 qa-1 qa-3 4a-s 4qa-7 qa-9 q2
| 0 0 0 0 I 4a2 qas qa-s 9a-s g3 |
[ A () ] Tk
AT (x,y) Jed=3
A2 (x, ) -6
o | A2 ) | | kT
A>(x,) k!
Ay | LK

whenever d is odd.

Note that these coefficients matrices for the case i = 2 were arranged so that
rows 2r + 1,2r 4+ 2 can be obtained from previous two rows by moving one entry
to right for 1 <r < |d/2]| — 2, except the final row in case of odd d. Note also that
the latter two matrices are obtained from the former ones by deleting the last row
and the last column respectively. We claim in Lemma 3.1 that the coefficient ma-
trices in both cases can be transformed into upper triangular matrices with entries
1 along their main diagonals, it follows that 4(x,y) = c,(x,y) is a constant, say
c2, whenever x,y € V(G) at distance 2, and 4°(x,y) is also a constant whenever
x,y € V(G) at distance 3. Those processes can be performed successively for all
2<i<d-1.

Let E;o be the coefficient matrix given in the case i =2, and E;; » be the
submatrix obtained from E;( by deleting the last i — 2 rows as well as the last
i — 2 columns. The system (x) at entry (x,y) at distance i can be reduced into a
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system of linear equations

-A2d72fi(x7y) T 'kdflfi T
Az‘l*“*"(x,y) kdfzfi
A2d76—i(x7y) kd,3,,'

Eqia : =v :
Aitd (x,) k2
Ait2 (x,7) Kl
Al(x,y) | LK

Note that E;; , is a square matrix of order d — i. Clearly, these systems have
nontrivial solutions through the distance-regularity of the given generalized odd
graph I'. The uniqueness of A4’(x,y) with x, y € V(G) at distance i follows from
the non-singularity of E;; » for 2 <i <d —1 as given in Lemma 3.1, which will
be proved later.

Lemma 3.1. The matrices Eq;_> for 2 <i < d — 1 are non-singular.

Corollary 3.2. A'(x,y) is a constant for x,y € V(G) at distance i, 2 <i<d — 1.
Moreover, A (x,y) = v whenever x, y € V(G) at distance d.

For vertices x,y and z in V(G) with d(x,y) =i and d(z,x) =i— 1, both
A'(x,y) and A""!(x,z) are constants respectively as shown in Corollary 3.2. By
Lemma 2.1,

Aly) = Y AT xw) =l AT (x2),
we G (»)NGi—i(x)

independent of the choice of z, it follows that both ¢;(x,y) and b;(x,y) = by —
ci(x,y) — ai(x,y) are constants. For vertices x, y € V(G) at distance d, 49(x,y) = v
is equal to c4(x,y) multiplied by an absolute constant, hence ¢;(x, y) is a constant
too, say cy.

Lemma 3.3. ¢;(x,y), bi(x,y) are constants, say c;, b;, respectively whenever Xx,
vy € V(G) at distance i < d — 1. Moreover, ¢ (x,y) and hence aq(x,y) are constants,
say cq, aq respectively, whenever d(x,y) = d.

Up to this point, combining Lemmas 2.2 and 3.3 we may conclude that G is a
distance-regular graph of diameter ¢ with the same intersection array as that of I,
this proves the first half of the Main Theorem. Those graphs mentioned in the
Main Theorem are all generalized odd graphs which are uniquely determined by
their intersection arrays as indicated in Section 2. Hence the second half of the
Main Theorem follows immediately.

In the rest of this paper, we shall prove Lemma 3.1 in an algorithmic way.
Since ¢y is a common factor of all entries on the odd rows of E; as shown in
Lemma 2.3, let M; be the matrix obtained from E; by factoring out c¢; from all
entries along the odd rows, and others remain unchanged. Based on the expres-
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sions of the coefficients of the polynomial ¢(x) given in Lemma 2.3, in order to
deal with these matrices in a convenient way, let

Fm,i
d—2i—(2m-1) d—2i—(2m-3)
_ m d—2i+1 o d—2i+1 o
= (D" Paai o * Z biscivi1 | Palai om-ay + Z biy iyt
i1=0 h=i1+2
d—2i-3 d—2i—1
—2i+1 d—2i+1
X Pz—zi—2+ Z bi, i1 | Pysi + Z bi, i1 || -+
-1 =im-2+2 iy =im-1+2
and
Sm,i
d—-2i—(2m-2) d—2i—(2m—4)
—(_1\" d—2i42 s d—2i42 s
- ( 1) Pd—2i7(2m73) + Z b” Cir+1 Pd72i7(2me) + E b12612+1
i11=0 =i +2

d—2i-2 d—2i
42042 , 2042 ,
(PSR + D by | PR+ D b, ||
im—1=lp—2+2 i =im—1+2

and let So ; = Fo ; = 1 for convenience. Note that csF,1 = ga—2n—1 and Sy, 1 =
qa—>m- Hence, the matrix M, can be expressed as

Mg [l Fiy Foy Fip -0 Fyag
Mip |1 Sip S S0 -0 Sa-zn
My =Mgs |0 1 Fiy By oo Faa
Mis |0 1 Sii St - Sqoan

(d—2)x(d—2).

Before we transform matrices related M) into triangular matrices by applying
some row-operations over them, the following lemmas are given for computa-
tional purpose, which can be proved straightfoward, note again that the condi-
tions by = ¢; + b;, (i <d — 1), and a,; # 0 play critical roles in Lemma 3.4 and in
the following arguments.

Lemma 34. 1. SmJ — Fm,1 = (—cd,lad)Sm,Lz forl <m<d -3, and

2. Fpy — Sma = (—cq—2bg_1)Fn_1 for 1 <m <d—4.

Lemma 3.5. Let 2 < j < [(d — 3)/2],

1. Sm,j — Fﬂh./ = (—Cd,2j+1bd,2j+2)Sm,1,/41 forl <m< (d —2j— 1), and
2. Fyj— S, 1 = (—Ca—2ba—2j41)Fu-1,j+1 for 1 <m < (d —2j —2).

It is worth mentioning here that c,_1a4, ca—2j+1b4-2j12, Ca—2ba—24+1 are com-
mon factors of Sy, 1 — Fn1, Spm,j — Fm,j, and F,, ; — S, j11 respectively. The pur-
pose of the following steps is to transform M into an upper triangular matrix in
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terms of row operations. In particular, M is already the trivial matrix [1] if d = 3,
and steps 1, 2 are enough to reduce M, into an upper triangular matrix in case
d=4,5.

Step 1. to get M, from M, with rows My, Mo, ..., My4:

1. since c4—1a4 is a common factor for each entry of the row —M;; + M;, by
Lemma 3.4, replace

M, [1 Fi, Fy F3po ... Fd3,1}

Mo |1 St Soan S350 ... Sassg
by

M, [1 F. Py F3p ... Fd—sﬁl}

My, [0 1 Sio S ... Sian]’

where MZ,I = Ml.l: and Mz,z = (—1/Cd_1ad)(—M1$1 + M172);

2. performing similarly for pairs of rows M, ;1 and M, ;, which are obtained
from rows M ;3 and My, by shifting right one entry for i =2,3,...,
[(d - 3)/2);

3. if d is odd, then the final row M) 4_, remains unchanged, say M>4_»;

4. let M, be the resulting matrix with rows M1, M>5, ..., M 4->.

Step 2. to get M3 from M, with rows My, M2y, ..., M> 4 2:

1. let M3; = M, which remain unchanged;
2. starting from the second row of M, since ¢;_»b,_1 is a common factor of the
row —M>, + M> 3 by Lemma 3.4, replace

Mz’z |:0 1 S1,2 Szﬁz - Sd_4,2:|

M3 |0 1 Fii Fyp ... Fya
by

M3, [0 I S Sip ... Sd472}

M350 0 1 Fio ... Fysp ’

where M35 = My, and M33 = (—1/cq_2bg—1)(—M22 + M>3);
3. performing similarly for pairs of rows M,,; and M, ;41 where i =2,3, ...,

L(d —3)/2];
4. if d is even, then the final row M, ,_» remains unchanged, say M3 4_»;
5. let M3 be the resulting matrix with rows M3 1, M3, ..., M3 4_5).

The above two steps can be done in pairs recursively as follows for 2 <j <

[?}, but step d — 2 is skipped in case d is even.

Step 2]—1 to get sz from M2j—l with rows sz—l,laMZj—l.27 L. 7M2./—17d—2:

1. let My;; = M>j_1;, for 1 <i < 2j— 2, which remain unchanged;
2. starting from the (2j — 1)-th row, since c4—sj4+1b4—2j+2 18 a common factor for
each entry of the row —M>;_1 ;1 + M>j_12; by Lemma 3.5, replace



208 T. Huang and C.-R. Liu

3.

4.
5.

M2j—1,2j—1 |:0 0 1 Flﬁj FZ,A/‘ F3’j Fd_zj_l’jil

My_15 L0 0 1 Si; S S35 - Saa1
by

M2j.2j71 |:0 0 1 FlA,j F2,j F3’j Fd—2j—17j :|

My |0 00 1 Sy Sy oo Sizi2ja]
where

Myjoi—1 = M>j_1,j—1 and
Moo = (—=1/ca-2j+1ba-2j+2)(=Maj—12j-1 + Maj—1 ).

Note that the first 2j — 2 columns consists of entries 0 only;

performing similarly for pairs of rows M»j_12;_1, and My;_j5; for j+1<i<
[(d - 3)/2];

if d is odd then the final row M>;_; 4_» remains unchanged, say M>;4_;

let M>; be the resulting matrix with rows My 1, Maja, ..., Maja s.

Step 2j. to get Moy from My; with rows My, Moja, ..., Mg o:

1.

let M1, = My;; for 1 <i < 2j — 1 remain unchanged;

2. starting from the 2j-th row, since c;s—2;b4—»;+1 is a common factor for each entry

of the row —M>;»; + M- by Lemma 3.5, replace

MZ_/‘A,Z/'[O o 001 S Sa S3ger - Sd2j2,j+1:|
Myspr [0 0 0 1 Fy By Fyo oo Fagay
by
Moy 2 {0 0 1 Sijy1 Sajvr Sz - Sd2j2,j+1:|
Moji10j+1 0 0 1 Fiig B ... Fai3 i
where

Myji1 05 = Mj,; and
Moji1pj1 = (=1/Ca—ajba—sjr1) (= Moz + Majojs1).

Note that the first 2j — 1 columns consist of entries 0 only;

. performing similarly for pairs of rows Mj;»;, and My for j+1<i<

L(d —3)/2];
if d is even, then the final row M»; 4_» remains unchanged, say M»j1 4-2;
let M>;+1 be the resulting matrix with rows M 11, Mojr12,. .., Mojr1.4-2.

After steps 1,2,...,d — 3, an upper triangular matrix with 1 along its main

diagonal is obtained, hence det M, det E;, and det E;; are all non-zero. This
completes the proof of Lemma 3.1 and hence the main theorem.

Remark. The above argument does not work for bipartite distance-regular graphs
of diameter d > 4. Since a; =0, Sy, = Fy,) for all m <d —3 by Lemma 3.4, it
follows that M, and hence E;, Ey,; for all i < d — 3 are all singular.
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