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A two-stage two-dimensiona(2-D) beamformer is proposed for signal enhancement in an
environment of multiple correlated interferers using a rectangular array. In the first stage, subarray
beamformers are constructed which exhibit reliable interference cancellation using difference-
preprocessed and spatially smoothed data. A secondary combining of all possible subarray
beamformers is then performed to fully exploit the array aperture. It is shown that, compared to the
conventional one-stage optimum beamformer, the two-stage beamformer performs equally well and
requires a much lower complexity of implementation when a suitable subarray size is chosen.
© 1999 Acoustical Society of Amerid&0001-496809)04701-3
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INTRODUCTION vector associated with théspatially smoothed subarray
beamformer is copied to each of the possible subarrays of the
An adaptive beamformer performs spatial filtering by same size, and the overall beamformer is obtained via a sec-
forming a beam in such a fashion that the desired signal cagngary combining of all subarray beamformers.
be received with a large gain, while unwanted interference We exploit here the post-combining concept to develop

a_md noise can be §uppr¢s§e|dj.has a_W|de range of acous- two-stage 2-D beamformer for rectangular arrays. The
tical applications, including sound-signal enhancement an@ o .
eamformer first incorporates a 2-D difference preprocessor

underwater communicatioris® Conventional _adaptive to alleviate desired signal cancellation due to pointing errors
beamformers are effective in suppressing strong interference 9 P 9 '

so long as the pointing error is small and the interferers ard "¢ 2-D spatial smopthlﬁ& is then employed to decorrelate
uncorrelated with the desired source. However, in the predh€ interference left in the preprocessor output, leading to a
ence of beam-pointing errors and/or highly correlated interf€ctangular subarray. The spatially smoothed correlation ma-
ferers, these beamformers exhibit severe degradation in tHEX is noise whitened and used to compute the 2-D weights
output signal-to-interference-plus-noise rat®iNR) as a re-  which produce a null in each of the interfering directions.
sult of signal cancellation® To avoid such problems, the This set of weights can be applied back to each of the iden-
difference preprocessbwas proposed as a tool for removing tical subarrays, leading to a set of “interference cancella-
the desired signal before beamforming. By difference preprotion” beamformers. Finally, a full-aperture beamformer is
cessing, the beamformer will not cancel the desired signapbtained via a secondary combining of the interference-free
even in the presence of pointing errors and coherent interfersubarray beamformers in accordance with the maximum-
ence. . _ _ output SNR criterion. The two-stage procedure is algebra-
~ Inspite of the success of dealing with a single correlateqdcqy organized in that each type of 2-D operation involved
interferer, the difference-preprocessed beamformer cannot represented by a matrix transformation, which facilitates

handle multiple correlated interferefsThis is because the the derivation of the correlation structure and weight vector.

relationship that causes the mutual cancellation between thlehe ronosed 2-D beamformer is suitable for acoustical Sig-
multiple interfering signals in the master beamformer is de- prop 9

stroyed as the optimum weights are copied to the slav@al acq}Jisition in the presence of multipath reflections and
beamformer. To avoid such performance breakdown, th§tong interference. For example, the beamformer can be
spatial-smoothing technigfie/as incorporated as a means of Implemented on a microphone arfafor remote sound-
decorrelating the interfering signals. This ensures that th§ource analysis in an indoor environment contaminated with
beamformer will suppress each of the interfering signals, inharrow-band manmade noise. It can also be used for acous-
stead of performing a mutual cancellation. Unfortunatelytical communications in shallow water, where multipaths
working with spatial smoothing results in a reduction of thecause a major problefOn the other hand, the algorithm for
array aperture, which in turn reduces the signal-to-noise raticomputing the 2-D weights can be executed in an adaptive
(SNR) gain, nulling capacity and resolution capability of the fashion by using high-speed digital signal proces3dri
beamformer. A post combiner can be employed to recovethis regard, the two-stage procedure is much more efficient
the full aperture of the array? This means that the weight than the conventional one-stage procedure in that the com-
putational complexity is significantly reduced by breaking
dElectronic mail: tslee@cc.nctu.edu.tw the original large 2-D array into two smaller ones.

241  J. Acoust. Soc. Am. 105 (1), January 1999 0001-4966/99/105(1)/241/11/$15.00 © 1999 Acoustical Society of America 241



u-axis

A : wavelength
Array Plane u=sin@
v =sin¢

FIG. 1. Array geometry and coordinate system.

|. PROBLEM FORMULATION

A. Notations
Some of the key notations are defined as follows:

Ty transposdécomplex conjugate transpgse

Iy nXn identity matrix

Jn: nXn reverse permutation matrix with ones on
the antidiagonal and zeros elsewhere

Omxn: mXn zero matrix

M(i,Kk): (i,k)th entry of matrixM

M(i:k,I:m): submatrix of entries fronth to kth rows and
Ith to mth columns ofM

VecM}: concatenation of columns @hXx n matrix M
into mnx1 column vector

Vec Hvl: inverse ofv=Vec[M}

LOM: Inner product of matrices andM defined by

LOM=, ; L*(i,k)M(i,k)

=Ved'{L}VecM}.

Diag{v}: diagonal matrix whose main diagonal entries

are given by vectov

E{-}: expectation

Corfv}: correlation matrix of random vectar defined
by Cor{v}=E{w"}.

B. Array-data model

Consider the scenario involving a desired source kind
possibly correlated interferers impinging on aw XN

The random scala$; denotes the complex envelop of tith
source received at th@,1th element of the array, anali2
=E{|&]|? is the corresponding source power. TNeX N
matrix A(u,v) is the array-response matrix given by

A(u,0) =ay(u)ag(v), 2)
where

an(u)=[1e™,. .. em-DHm]T

a,(v)=[1e™,... e V™7 ©

[with m=M andn=N in (2)] are the 1-D response vectors
along theu- andv-axis, respectively. FinallylN consists of
the noise present at the elements. In the following develop-
ment, we will assume that source 1 is the desired one and
treat the others as interference. Also, the noise components
in N are assumed spatially white with povueﬁ.

One way of viewing the data matrix iIMNX1 vector
form is by concatenating the columfs axis) of X into

x=Vec{X}=TE+11 &a(uj,v;)+n=Ds+n, (4)
where

a(u,v)=VecdA(u,v)} (5)

D=[a(u,v1),a(U2,02),....8(Uk+1,UK+1)] (6)

s=[&1.62,fks]” )

n=Vec|N}. 8

We refer tox, a(u,v), andn as the vector representations of
X, A(u,v), andN, respectively.

C. Beamforming issues

A beamformer transforms the array-data matrix into a
scalar outpuy via anM X N weight matrixW according to

y=WOX=w'x, (9)

wherew=\Vec[W} is the vector representation @ corre-
sponding tox.

The beamformer we will work with is the linearly con-
strained minimum variancéLCMV) beamformet! which
minimizes the output power subject to a fixed-response con-
straint in the look directiony, ,v,) =[sin(,),sin(¢o)1:

min E{|y|2=w"R,w

narrow-band rectangular array of identical elements equally subject to: WOA(u,,v,)=wHa(u,,v,)=c,
spaced by a half-wavelength. These sources are assumed to (10

be in the far field of the array such that the plane-wave mOd"«}vhereRx is theMN X MN data-correlation matrix. andis a
holds. The array data received at a certain sampling instaffonzero constant. Invoking the spatial whitenessNoand

can be expressed as &hx N matrix:
K+1

XZZI &EA(U;,vi) N, ()

where u;=sin(6) and vi=sin(¢) represent the sine-space
angles of theith source with respect to the and v-axis,

using (4), we have

R,= Cor{x}=DPD"+ ¢l yn., (11)
whereP=Corr{s} and o2,y are the source and noise cor-
relation matrices, respectively. The solution(i®) is

2
On

respectively, as shown in Fig. 1. Note that the coordinate ,— Rx_la(uorvo)’ (12)

system inherently imposes the constrgifit+ | ¢| <90 deg.

JMN
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where we choose the scaling factor for the convenience of m hy y

the subsequent analysis. 0
h2i hll
Hi= hy i=1,2 (22
Il. DIFFERENCE PREPROCESSING O . hy
The difference preprocessing technitjweas proposed L hy; | Mx(M—1)

as a means of avoiding desired signal cancellation due tQ . . L
L . IS the matrix representation of the preprocessor operation in
pointing errors or coherent interference. Although the tech- P prep P

) - . : " (18). Note that the Toeplitz—block—Toeplitz structure hbf
nigue was developed originally for uniform linear array, it s a result of the rectanqular-array geometry. leads"p
can be equally incorporated into the 2-D array considereél~ o g y_g Y, .
herein. Note first that amM XN rectangular array can be =DG. The expression .||(119) makes it easy to derive the DP
viewed as consisting of four identical rectangular subarray§ata-correlation matrix:
of size (M—1)x(N—1). By linearly combining these sub- R, = Cor{X} =DGPG*D"+ ¢2H"H, (23
arrays with a judiciously chosen weight vecton S
=[hy1,h01,N10,0,5]", a difference preprocessédP) virtual ~ Which indicates that on the DP subarray, one observes the

subarray results. The DP subarray is ad-{1)x(N—1) source-correlation matriGPG* and noise-correlation ma-
v ~214H
rectangular array whose elements share the same respor8& opH™H.

pattern:
h(u,v)=h"a,(u,v), (13
where A. Separable preprocessor
a(u,v)=[1e™ elm elmuto)]T (14) The separable preprocessor is a direct extension of the

. 1-D preprocessor obtained by choosifg=[1,—el ™o,
accounts for the relative phases among the four subarrays. el ™o, el ™ot va]T, tis called separable since the response

By difference preprocessing, the desired signal is removegaﬁem h(u,v)=[1—el ™ U)][1—el ™ v0] is separable
by choosingh such thath(u, ,vo) =0. with respect to the two axes. Figuréapshows that the pre-

Denote as
processor produces a cross-null pattern centeredai()
A'(uvv):a{\/lfl(u)a-fl\—lfl(v) (15) =(0 deg,0 deg). This causes the problem that the preproces-
sor will eliminate interferes from eithemu(v,) or (u,,v),
A(u,v)=VecdA(u,v)} (16) whereu andv can be arbitrary. If this is the case, then the
_ beamformer attached to the preprocessor cannot “see” these
D=[a(u1,v1),a(Uz,v2),...,8(Ug+1,UK+1)] (17 interferes and will fail to cancel them.

the counterparts oA(u,v), a(u,v), andD, respectively, for
the DP subarray. The operation of the preprocessor yields the
DP data matrix as given by B. Nonseparable preprocessor

2z To avoid interference cancellation by the preprocessor,
X=2 > hiX(i:M+i—2kN+k—2). (18)  the response patterh(u,v) should exhibit nulling only
i=1k=1 s . . .
within a limited region arounduy,, ,v,). A possible approach
Since the effect of difference preprocessing is to scalétthe is as follows. First, the constraih{u,,v,) =0 is guaranteed
signal with the complex gaih(u; ,v;), we can show that the by forcing h=Vf, whereV, is the 4<3 matrix representa-

vector representation of is tion of the nullspace obg'(uo,vo) andf is a 3x1 vector.
- - Second, in order to enhance the robustness of the preproces-

X=Vec[X}=H"x=DGs+H"n, (19 sor against pointing errors, the resporsel,v) should be

where minimized over an angular regidR around (,,v,). Third,
to retain the interference scenario as much as possible,

G=Diag{[h(uy,v1),h(Uz,05),....N(Uk 1, 0Kk+1)]7} h(u,v) should be as close to 1 as possible outfd&@hese

(20) requirements lead to the following constrained problem:
accounts for the preprocessor gain for ke 1 sources, and

_ - minj f [h(u,v)|?du dv+ef f_lh(u,v)—llzdu dv

Hi 0 p R R

Hy Hi

— g HyH Hy/HTy Hy/Hy _TH
He H, - 20 =FHVHTV f+ e FHVETV f— f PV — 10V of
O Hl
H +ffdu dv| subject to: fHi;=1 (24)

L 2d MNX(M=1)(N-1) R

with where
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FIG. 2. Patterns of difference preprocessdas.sepa-
rable preprocessotb) nonseparable preprocessor with
e=10"2. (c) nonseparable preprocessor wita
=10"“. (d) nonseparable preprocessor witk 10 °.

©

Pattern (dB)

(SS correlation matrixR, be formed as an average of the
correlation matrices associated with these subarrays. With
this operationR, can be regarded as the correlation matrix
?:f f,aq(u,v)ag'(u,v)du dv. (26)  associated with aM XN, virtual subarray on which the
R desired signal has been removed and the interferes have been
1, is the first column off,i;=[1,0,0]", andeis a parameter decorrelated. We refer to this subarray as the SS subarray,

controlling the relative emphasis of the two cost terms. Theétnd denote as

T=J JRaq(u,u)a;'(u,v)du dv (25

constraint is included simply to avoid a trivial solution. Us- A T
. - ; ) A(u,v)= 29
ing the Lagrange multiplier technique, along with some al- (u,v) aMl(u)aNl(v) 29
gebraic mampulatloi we get au,v)=Vec{K(u,v)} (30)
h=V[VE(T+eT)Vql Vgt + niq], (27)
where M .
[OT0~~-0|0k-+l0+:- 0 0,
o H v 1-1 N voe |
1€tV Vq(T+eT)Vel iy . 1:?:? <:>i<:3: 0+++0 ?.
. — 1. : 1ers ol 1M M !
(VG (T+eT)Vel ™t W—><£LO49;;QJOJ---L<>_~;-_o_<_>: W
An example of the nonseparable preprocessor is given in I_Z_ st ri_ v
Fig. 2(b)—(d), with R={—5 deg<6<5 deg;—5 deg=¢=<5 j© 02++00:-+0-+-0 O

10 Ooooo:o.-qO..oO Ol
| ® . . . le . .

ded, R being the complement &, ande=102, 104, and
10°®, respectively. As expected, the modified preprocessor

e o P Ie M|
10 O+++0!0++:10+++ 0 O,I

does not produce the cross-null pattern as in Fig). Zur- W e
thermore, a comparison of these patterns gives an indication ~ ' = é/
as to how a tradeoff between desired signal remov&l amd 19 ©--0
flatness of response iR can be achieved with a suitably ©0--0
chosene.
© ©:0®
I1l. 2-D SPATIAL SMOOTHING
1C Subarray

In the presence of multiple correlated interferers, as usu- l
ally incurred with multipath propagation, the beamformer —
operating on the DP data cannot cancel these interferes indi- Secondar{,gombmmg
vidually. A remedy suitable for the rectangular array is to 2
perform 2-D spatial smoothif§on the DP subarray before i
beamforming. Performing spatial smoothing in this fashion
requires that the DP subarray be decomposed lintgd M y

—M;)(N=N,) Conti.guolus overlapping SUba:rrays of sizefig. 3. subarray configuration and schematic description of two-stage
M3 XNy, as shown in Fig. 3, and that a spatially smoothetbeamforming.
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M=M; N=N;

5=au, ,a(u,,v,),...,a(u , 31 — 1 ~ .
[a(uy,vy),a(uz,vp) AUk +1,0k+1)] (3D R,= ol 2 (CordVed X(i:i + M, —1,
the counterparts oA(u,v), a(u,v), andD, respectively, as- =1kt
sociated with it. k:k+N;—1)}}

The symmetry of rectangular-array geometry allows for

the incorporation of the forward—backwafféB) techniqué? + CON{JM1N1 Ved{X* (i:i+M;—1kk+N;—1)}})

to enhance the decorrelation effect of spatial smoothing. That

is, we use the fact that 1 Mt
is, we u
& 2 (EacREik+ In,n, EicRE Efdun,)
Ju & (uv)=e 1M Dus (N Dogry ) (32) o
=Rs+02R,, (33
to double the effective number of subarrays. The FB-SS
data-correlation matrix is thus formed by where
Fi 0
F,
Eik=| Om N, x(M-1)(k-1) Om Ny x (M= 1)(N=N; k) (34
Fi
|
with e—jW((Ml—l)U1+(N1—l)Ul)
—jm((M1=1)ur,+(N1—1)vy)
Fi=[Owm,xi-1)/m,|Om,xM-m,-i)] (35 W=Diag € ' :2 P (39)

is the selection matrix picking up the correlation matrix as-

sociated with thei(k)th block X(i:i +M;—1k:k+N;—1)

from R,. The effective SS signal-only and noise-correlation

matrices are given accordingly by
M—M; N—Ny

1 N ~NHET
> > (ExDGPG*D"E],
i=1 k=1

Re=ar
+Ju,N,ED* G* P*GDEf Ju )

M-M; N-N;

> kE (P GPG* @],
=

+ WPk G* P* G, W*) | DM (36)

1 M-MiN-N

Rt 3

2, 2 (ExH"HE

+ 3w, EikHTH* Efdy n,)» (37)
where
ej w((i—l)u1+(k—1)yl)

el (i~ 1ug+ (k=1)vp)
(I)ik:Diag .

el m(i—Dug s 1+ (k= Dok 4 1)

i=1,.M—M,, k=1,.N—N; (39)

@ 7M1= Dug 11+ (Ng— Dok 1)

accounts for the relationshigy_y D*=DW according to

(32). We observe from(36) that the effective source-
correlation matrix on the SS subarray is given by

M—M; N—N;

_ 1

P=or > > (P GPG* df + Wb G* P* GD, W),
i=1 k=1

(40

Discussions on the performance of 2-D spatial smoothing
can be found in the literaturé.

IV. SUBARRAY BEAMFORMER AND APERTURE
RECOVERY

With the signal condition largely improved, the beam-
former constructed on the SS subarfayaster beamformegr
should exhibit good SINR performance when applied back to
an M ;X N; regular subarrayslave beamformer This sec-
tion discusses the issues about the subarray beamformer and
shows how a secondary combining recovers the full aperture
of the original array.

A. Subarray beamformer

Denote asW, the weight matrix acting on the SS sub-
array, andw; =Vec[{W,} the corresponding vector represen-
tation. With the SS subarray-correlation matrix given by
(33), the subarray beamformer can be obtained via the

accounts for the relative phase shifts among the data blockscmV criterion similar to that described in Sec. | C, except

X(@i:i+M;—1k:k+N;—1), and
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a(Uo.vo)Han,vo) U; O

Ry— Ry =R,— 2R+ 72l u n,. (41) : U}
which account for the change of array size and data-

correlation structure. The second substitution involves a U= Uy U, (47)
“whitening” process which replaces the noise partRp by
oely,n, Whereay is an estimate of the noise powéiThis 0

is necessary since the subarray beamformer is to be applied Un, MNXMAN
on a regular subarray and should optimize itself with respect i ) 22

to the corresponding noise-correlation structure, which iswith

oﬁl MN,- With the substitutions of41) in (12), we obtain the T Wa(L)

LCMV subarray weight vector: 1. ’ 0
W, (1,i)

2
g —

o RY)~1 42 Wi(Myq,i
/—MlNl( x) a(Uo,UO), ( ) Ui= 1( 1')

and the corresponding weight matiX, =Vec Y{w;,}.

W= .
W1(Myq,i) Wq(1,)

0

Wl(Mlii)_

MXM,

B. Aperture recovery via secondary combining i=1,.N, (48)

The subarray weight matri/, can be applied on any of . ) . .
the M,N,, subarrays of sizé/; X N;, whereM,=(M—M is a Toeplitz—block—Toeplitz matrix representation\f .

+1) andN,=(N—N,+1). As long as a sufficient degrecla of Note that the approximat_ion i(m_S) holds since the interfer-
freedom is maintained, the resulting subarray beamformefnC€ nas been removed in ;['he first-stage beamformer, and the
will produce a null in each of th& interfering directions. |2t equality results due t0"a(u,v) =w,(uy,v1)a(u,v).
Unfortunately, working with a single subarray beamformer Let WZZ_VeC{W2} be the vector represent.auon Wz-
results in an aperture loss. A remedy would be to construct AN €XPression iri46) suggests that the combiner acting on
beamformer for each subarray using the same weight matrid® 1C suba_rray should _be ghosen SO as t‘? maximize the
W, and then linearly combine these beamformers using aRutput SNR in the look directionue ,v,). That is,

M, X N, weight mqtrisz. With t_his operation\W, i_s re- E{|W1(U1,01)61W5'51(Uo,vo)lz}

garded as the weight matrix acting on &, XN, virtual max E{|WHUHn|2}

subarray, on which each elemefgubarray beamformgr W2 2
eliminates all the interferers in the same way due to the re-

_ |W1(U1101)|2U% |W§é(uo 'Uo)|2

sponse patterwl(u,v)=wTau,v). We refer to this virtual > HURU , (49
subarray as the “interference cancellatioffC) subarray. On W2 W2
The seF of Iinegrly combined subarray beamformgrs,_ as @hich is equivalent to
whole, is effectively a full-aperture beamformer. This is il-
lustrated in Fig. 3. min w5 UHUw, subject to: wha(u,,ve)=c. (50
Denote as 2
A _ This is again an LCMV-type problem whose solution is
A = N 4 \
(Uw) =2y, (W)ag,(v) (43 iven by
a(u,v)=VecdA(u,v)} (44) o2
. , Wo=—— (U"U) " 1a(Uq,v,) (51)
the counterparts oA(u,v) anda(u,v), respectively associ- 2= MaN- N, 070l
ated with the IC subarray. Similar {@8)—(22), we can show . . o _
that the IC subarray-data matrix is given by Fmall;i,1 the weight matrix is recovered viaW,
My Ny =Vec H{w,}.
X=2, > WH(i,k)X(i:i+M,—1kik+N,—1), (45
i=1 k=1
and the corresponding vector representation, which is mor€. Structure and behavior of the full-aperture
useful, can be obtained as beamformer
>“<=Vec{>A(} The full-aperture weight matrix is obtained by the 2-D
convolution of the two-stage subarray weight matrités
=UMx~¢,UMa(u;,vq)+UMn andW,:
=w;(Uy,v1)&8(Ug,04) +U N, (46)

M1 N
W@, k=2 > Wi(l,mWy(i—l+1k—m+1) (52)
where =1 m=1
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for i=1,..M, k=1,..N. The vector representation &/  where we note thay, denotes the input SNR, ang andy;
can be derived from52), or by comparing(9) with y denote the input INR.
=w5k=w5U"x as observed ir46):

w=Uw,=U(U"U) 1&(u,,v,) = U(U"U) U a(u,,v,).
(53 A. Output SINR of the first-stage beamformer

It is interesting to note that the last expressiori58) can be Under A1-A3, we can express the whitened SS
interpreted algebraically as the orthogonal projection ofsubarray-correlation matrix in the following form:

a(u,,v,) onto the range space bf. This makes sense, since .

a(u,,v,) is the optimum weight vector which maximizes the Ry~ k,058,85 + k3058585 + ol v, - (54)
beamformer output SNR under the quiesceémpatially

white-noise-only condition. On the other hand, the range Using the matrix inversion lemma, we get
space ofU represents the “subspace of interference cancel- W
lation.” Projecting a(u,,v,) onto the range space &f is (RXW)_]‘:()';Z[ Iy, — [K2728 K3y3§3]1“—1[55,”,
equivalent to finding a vector lying in the subspace of inter- 3

ference cancellation which is closest to the optimum quies- (59
cent weight vector. where

By applying the full-aperture weight vectar to the _
original array, a beamformer results which suppresses the _ 1+MiNikoy2  MiNik3yspas (56)
interferers individually and nearly achieves the maximum M1Nikoy2p3, 1+MiNjk3Y3

SNR gain of the quiescent beamformer. Nevertheless, it .
should be pointed out that although the secondary combinina’I
can enhance the performance of the beamformer against un- - -
correlated noise, it cannot restore the interference cancella- aﬂgk Sin(E Ml(uk—ui))sin(E Nl(vk—vi))
tion capability of the original array. This is because interfer- 5

ence cancellation is done entirely on the first-stage Fik M1N; sin(z (u —u-))sin(z (v _U_))
beamformer, and thus limited in performance by the subarray 2 K T 2 kT

size. For example, interferers that are close to each other, or 5 @l (712)((M1 = 1) (U= )+ (Ng = 1) vk~ 7))
close to the look direction, will not be canceled successfully

by the full-aperture beamformer due to the reduced resolu- i k=0,1,2,3 (57)

tion of the subarray. Some prior information about the inter- _ L o
ference scenario can help to determine a suitable subarrdging the cosine angles betwegranda, . Substituting(55)

size to avoid this reduced aperture effect. into (42) yields the first-stage weight vector:
_ 1 - i — l_‘,l MlN].FZO
V. PERFORMANCE ANALYSIS OF THE TWO-STAGE TN 3~ [K2y28;  K3Y33s] M1N1pao
BEAMFORMER v
_ : . 1
The following sections derive the output SINR of the = (3g— ady— Bag) (58)
two-stage beamformer for some cases of interest. The deri- VM Ny % 2~ Pag).

vations are all based on the true ensemble data-correlation

matrix. For a manageable analysis, we consider the case S\fhere

two interferers K=2) and make the following assumptions: . M N1 &Y Do+ M1N1k3Y3(Poo— Paapso) ]
Al. No interfering signals are eliminated by the difference 1+|\/|1N1(K272+K373)+M§N§K2K372y3(1_|%2|2) '
preprocessor. (59
A2. The interfering signals are nearly uncorrelated on the SS . -
subarray. g— M N1k3y3[p3o+M1N1k2¥2(p30— p32p20)]
A3. The desired signal is negligible compared to the inter!" 1+ M;N;(kp¥p+ k3y3) + MINT Ky yaK3¥3(1—[p3d?)
fering signals and noise on the SS subarray. (60
A4. ;jl'irrlsétri\ct;rference directions are well away from the look Denote asP,, P,, andP, the desired signal, interfer-

ence, and noise beamformer output powers, respectively. By
For brevity, some shorthand notations are defined as followsa1—A4, w; suppresses each of the interferers such Bhas

a=au,v) i=012,3 negligible compared t& and P,,. As a result, the output
SINR of the first-stage beamformer is given approximately
é.i:é(ui ,Ui) i:0,1,2,3 by
ki=|h(u; ,v)|* =23 SINR. = Ps  Ps_ w3y 61)
o2 PP, P, whw, TV
vi=— 1=1,23,
O-I']

Substitution of(58) into the above gives
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(B o~ )" a0~ oo

SINR, ~ — — ———— — — a= — , 63
! (8,— @d,— Bas)"(a,— @, — Bag) 1_|Ps2|2 63
_ M1N1[po1—a*po— B*pail*v1
l+|a|2+|ﬁ|2—2 Rqa*@o"'ﬂ*ao_aﬂ*ﬁﬂ} o
X yy. (62 p~ P30 P3Pz i°:|2j22° _ (64)

Some cases of interest are considered below.

1. Case 1: High-input INR
With the assumption of high-input INRy;>1,i=2,3)  Substituting these int¢62), along with some algebraic ma-
and thatk, and k3 are not too small, we have nipulations, we get

M1N1[p01(1—=[p22%) = P21P02— P31P03+ Po3P32P 21+ Po2Pazpail*
SINR;~ — =2 ———  — 7 — 2 — 2 Y1 (65)
(1—1p3d*)(1+2p3p20pos— P20l “— P30l *— [P3d?)

In particular, with a small pointing errdu,~u;, v,~v4), Again, two cases are considered below.
we havep;,~1 andp,i=~p;;, i =2,3, such tha{65) reduces
to

[21°+ [ps1l>— 2p21p13pa2 ) 1. Case 1: High-input INR
— |12 1-
1-lpsd With a high-input INR, we have front58), (63), and

SINR]_%MJ_N]_ 1-

2. Case 2: Low-input INR or orthogonal interference

directions _
wq(uq,v)=VM N

With a low-input INR (y;=~0, i =2,3) and/or orthogonal 1{t3,02) 11| Po1

interference direction$p;,~0, i =2,3), we havea~0 and T T DD D DD,
B~0 such that _ P21P027T P31P03™ Po3P 320217 P02P23P31 .

1-[pad
1
Wy~ Y (67 (72
VM1N;
and (62) reduces to Substituting this intd70) yields
SINR;~MN;[po1|*y1, (68)

which is the result obtained under the quiescent conditiongINR,~ &' (UMU) *&y| p10/°M 1N1|pos
Finally, with a small pointing error, we get

SINR,~M;N; y;, (69) _ P21P20+ P31P30 P21P03P 32~ P31P02P2 Zy
7= 12 1-
which is simply the maximum-output SNR of the optimum 1-[pd |
quiescent beamformér. (73
B. Output SINR of the overall beamformer With a small pointing error, we havg;,~1 such that

Using (46) and(51), the output SINR of the overall two-
stage beamformefas observed at the second-stage beamSINRowéT(UHU)*lalMlNl
former output is given by

|Wg31|2 X(l— |FZl|2+|F3;1|2_2321?13F32)2
=7 1
SlNRo“li(Ul,vlﬂzh 1_|P32|2 2
R . N 1A |p2l“+ [p31l*— 2p21p 13032
=& (UMU) "1y |paol 2w (ug,v1) [ ys, (70) =al(U"u) Ty | 1- 1-pad?
where X SINR;, (74)
) al(uu) g, a1
P10=17 T A T
o7 [ag (UML) 14,8 (UML) 1]t where we have use@®6).
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Output SINR (dB)

FIG. 4. Output SINR versus pointing errokl,;=5,
N,=6. (6,,¢,)=(0 deg,0 deg)u=1. (a) separable
preprocessor. f,,¢,)=(20 deg,20 deg), ds,®3)
=(40 deg,40 deg).(b) nonseparable preprocessor.
(62,2)=(20 deg,20 deg),  d3,¢3)=(40 deg,40
(d) deg. (c) separable preprocessor. 6(¢,)
=(0 deg,20 deg (03,¢3)=(40 deg,0 deg). (d)
nonseparable preprocessob, (¢,)=(0 deg,20 deg
(63,3)=(40 deg,0 deg).

Output SINR (dB)
Output SINR (dB)

2. Case 2: Low-input INR or orthogonal interference terference suppression performance of the two-stage beam-
directions former, we defined the simulated output SINR as
With a low-input INR and/or orthogonal interference di- O'EWHalaTW
rections, we have from the previous results Up,v SINR,= _ .
P tha(us v1) Ro oowhw+ 32,33 P(i k)wHaallw

= \/MlNlﬁ)l SUCh that
SINRowél(UHU)*léﬂi)loFM1N1|Fol|2y1 In all casgs, we assumed that thg three _sources and noise
were stationary over the processing period of the beam-
=8,(U"U) 14| p10/?SINRy, (75  former, and a sufficient amount of data were available such

which means that the second-stage beamformer exhibits éﬂat the ensemble-correlation matrix and weight vectors

SNR gain ofal'(UHU) ~14,|p1,|2. Finally, the optimum qui- could be obtained.

escent beamformer output SINR is achieved with a small The first set of simulations examines the S!NR perfor-
pointing error: mance of the two-stage beamformer against pointing errors.

The look direction @,,¢,) was varied over the angular re-
SINR,~&{(U"U) "'a;M N, 1. (76)  gion{—6 deg= 6,<6 deg,— 6 deg< ¢,<6 deg. A coherent
scenario was assumed by settjiog 1. The subarray size was

Although no closed-form expression ¢¥6) is given, we .
g b 016) is g chosen asM;=5, N;=6. The resulting output SINR plots

have found by simulation that the maximum two-stage out i . .
y g obtained with the separable and nonseparalléth e

put SINR is fairly close toMNvy,, which is the optimum ~“*“7 =~ N

one-stage output SINR achieved by the quiescent bearrz_- 10 )dlffgrence preprocessors are shown in Figy) 4nd

former. b), respectively. As expected, the output SINR drops as the
pointing error increases. This is more significant for the
separable preprocessor with a large pointing error. To see the

V1. SIMULATION RESULTS result when the interferers are inside the cross-null region of

Computer simulations on narrow-band signal extractio(u,v), we changed the interference directions ) ,.)

were conducted to ascertain the performance of the two-stage (0 deg,20 deg) and ¢, ¢3) = (40 deg,0 deg), and re-
beamformer. The array was %A2 with identical sensors Peated the above simulations. The results shown in k@. 4
equally spaced by a half-wavelength of the sources. The dé&nd(d) indicate that the separable preprocessor breaks down
sired signal arrived from €y, ¢;)=(0 deg,0 deg), with an When#é, or ¢, is zero. This is the case where at least one of
SNR of 20 dB. Except for one case, we put two interferers athe interferers is eliminated bly(u,v). On the other hand,
(6,,¢,)=(20 deg,20 deg) and 6§, ¢s) = (40 deg,40 deg), the nonseparable preprocessor performed reliably for a small
respectively, with the same INR of 30 dB. The source-pointing error, though certain degradation occurred near the

correlation matrix, as defined in Sec. | C, was set to be  four edges. In the remaining examples, only the nonsepa-
rable preprocessdwith e=10"*) will be used.

of  prowwy proyog The second set of simulations investigates the effect of

subarray size. In this casM; was varied from 2 to 9, and

2 N, from 2 to 11. Fig. %a) and (b) show the output SINR
KO301 KO392 73 plots obtained with ¢, ,¢.)=(0 deg,0 deg) and &, b,)

which says that the three sources are mutually correlatee (3 deg,3 degy respectively, foru=1. Figure %c) and (d)

with the same correlation coefficiept To measure the in- show the corresponding results far=j. We observe that

2 *
P=| noa01 032 M O203 |,
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Output SINR (dB)
Output SINR (dB)

FIG. 5. Output SINR versus subarray sizé; (¢,)
:(0 degro deg)vQZY(JSZ):(ZO degvzo deQ)v a31
¢3)=(40 deg,40 deg)(a) (6o, ¢o)=(0 deg,0 deg).
u=1l. (b) (6o,¢0)=(3 deg3 deg). u=1. (o)
(60,40)=(0 deg,0 deg). u=j. (d (6o, ¢0)
=(3 deg,3 deg u=j.

Output SINR (dB)
Output SINR (dB)

the output SINR is insensitive to the subarray size so long asvely. Figure §a) and (b) show the output SINR obtained
a sufficient degree of freedom is given for interference canwith (6,,¢,)=(0 deg,0 deg) and#;,, ¢,)=(3 deg,3 deg),
cellation. This also demonstrates that aperture recovery cawspectively, forM;=5, N;=6. The results show that the
In particular, the SINR achieved without pointing error is gjmulation was then repeated withl;=9, N;=11 (no
closgglo thebopt|mum value (10 l?glzr(]} 20=40.8) for all . smoothing and the results were plotted in Fig(cand (d).
EOSS'_ ; S:n;,r\;la{gzils’fﬁep&o?é tthite?[(rt\reemzr;:oaﬁnﬁze Surprisingly, the output SINR without pointing error did not
e L LT L o b exhibit any degradation. This is because the mutual cancel-
breakdown withM =9, N; =11 andu=1 in the presence of . . —

tion between the two interferers was not significantly af-

pointing errors was due to the mutual cancellation betwee )
the desired signal and interference as a result of poor decdectéd by the difference preprocessor. On the other hand, the

rrelation. This did not happen with = j, for which effective beamformer suffered performance breakdown with pointing
decorrelation was achieved with FB averaging. errors foru~=*1, which is the case where FB averaging has

In the third set of simulations, we evaluate the effect ofalmost no effect. This again ascertains that the proposed
the correlation coefficient. The amplitudéu|) and phase beamformer performs reliably with a properly chosen subar-
[angléu)] of u were varied from 0 to 1 and O t@, respec- ray size.

Output SINR (dB)
Output SINR (dB)

FIG. 6. Output SINR versus correlation coefficient.
(61,41)=(0 deg,0 deg), &,4,)=(20 deg,20 degy
(63,#3)=(40 deg,40 deg).(@ (6o,d0)=(0 deg,0
deg. M;=5, N;=6. (b) (6y,%0)=(3 deg,3 deg).
d M;=5, N;=6. (c) (0y,¢0)=(0 deg,0 deg).M;=9,
N;=11. (d) (6p,¢0)=(3 deg,3 deg). M;=9, N;
=11.

Output SINR (dB)
N I
o o (=]

Y
[=]
Output SINR (dB)

Angle(u) 0o i Angle(p) 0o il
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