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Summary & Conclusions - An O(T.n) algorithm is pre- 
sented for the circular consecutive-weighted-k-out-of-n:F sys- 
tem, where T 5 min[n, [ ( k  - Wmax)/Wmin] + 11; wmaxr Wmin 

are the maximum, minimum weights of all components. This 
algorithm is simpler and more efficient than the Wu & Chen 
O(min[n, k ]  . n) algorithm. When all weights are unity, this 
algorithm is simpler than other O(k . n) published algorithms. 

2. 1NTR.ODUCTION 
Acronyms 

CCH 
Ckn:F consecutive-k-out-of-n:F system 

the algorithm in this paper 
iff if and only if 

i 
otherwise stated 

w, 
wmin minimum of all wi 
w,,, 

pi, qi 
&(i, j )  

&(i, j )  

B, 

SCW 

Notation 
component index; i = 1 , 2 , .  . . , n unless 

weight of component i, w, is a positive integer 

maximum of all components; wma, = wl, 

[reliability, unreliability] of component i 
see assumption #2 

reliability of the linear weighted Ckn:F 

reliability of the circular weighted Ckn:F 
consisting of components i, i + 1, . . . , j 

consisting of components i, i + 1, . . . , j 
event: the functioning component with the 

minimum index is component i 
event: the circular weighted Ckn:F (consisting 

of components 1,2 , .  . . , n)  functions 

1 T max [i : cfli wj < k, 1 5 i 5 n + 1 

A Ckn:F [l - 51 consists of n components arranged in 
a line or a circle; each component has its own reliabil- 
ity such that the system fails iff some k consecutive com- 
ponents fail. A weighted-Ckn:F [6] consists of n compo- 
nents; each component has its own reliability and positive- 

integer-weight such that the system fails iff the total weight 
of some consecutive failed components is at least k. When 
all weights are unity, the weighted Ckn:F is the ordinary 
Ckn:F. 

This paper proposes an equation which expresses the 
circular (weighted & ordinary) Ckn:F reliability in fewer 
reliability terms of smaller linear systems than other pub- 
lished equations. For example, there are: . 2k - 1 linear reliability terms in the equation of [7], - k + 1 linear reliability terms (and one circular reliability 

- O(k2) linear reliability terms in the equation of [9], - only k linear reliability terms in (1). 

term) in the equation of [8], 

Based on ( 1 )  we give CCH for both the ord-inary circu- 
lar Ckn:F and weighted circular Ckn:F. For the ordinary 
circular Ckn:F, the CCH is simpler than other O(k . n) 
published algorithms [7 - 91. For the weighted Ckn:F, the 
CCH takes O(T . n) time, 

which is simpler and more efficient than the O(min[n, k1.n) 
algorithm (61. 

Assumptions 

T I min[n, [(k - wmax)/wminl + 11, 

1. Component i has its own wi, pi, qi, for i = 1,2, . . . , n. 
2. The ordering of components is arranged so that w1 = 

maxi[wi], i = 1 , .  . . , n. This can be done by re-indexing 
components in the circular Ckn:F. 

3. Each component is either failed or not-failed. All 
components are mutually s-independent. 

4. Components 1 ,2 , .  . . , n are arranged in a circle in 
that order. 

4 5. For k > 12, pk = 0, Wk = Wk-n. 

2. MAIN RESULT 
Lemmas 1 & 2 support main theorem (theorem 1). 

Lemma I shows that if any B; occurs, the circular weighted 
Ckn:F becomes a linear weighted Ckn:F. Lemma 2 shows 
that if some Bi occurs with i > T, then the circular 
weighted Ckn:F is sure to fail. All proofs are in the ap- 
pendix. 
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Lemma 1 
P r { S ~ ~ ~ B ~ } = R ~ ( i + l , n + i - l ) , f o r i = 1 , 2  , . . .  ,n. 4 

Lemma 2 
Pr{Scw I Bi} = 0, for i > T.  4 

The focus of this paper is theorem 1, which expresses 
the circular weighted Ckn:F reliability in terms of linear 
reliabilities. 

Theorem 1 

(1) 
T > n, 

CCH is based on theorem 1. 
Algorithm CCH 

1. Compute T .  
2. If T > n, then Rc(1,n) = 1. STOP. 
3. Compute R L ( ~  + 1, n + i - l ) ,  for i = 1,2 , .  . . , T.  
4. Compute Rc(1,n) by the equation in theorem 3. 
STOP 4 

Lemma 3 gives an upper bound of T; it is useful in the 
time complexity analysis of CCH. 

Lemma 3 
T I [(k - w m a x ) / w m i n l  + 1. 

Theorem 2 
CCH takes O ( T .  n )  time, where: 

for a weighted circular system. 
T I [ ( k  - Wmax)/WminI + 1, 

4 

4 

For an ordinary circular system, all wz = 1 and T = k .  
The worst-case time complexity of CCH is O(k . n). 

APPENDIX 
A.1 Proof of Lemma 1 

If B, occurs, there is no possibility that k consecutive 
components including component i all fail. So we can re- 
move component i and take the remaining system as linear. 
Components 1,2, . . . , i - 1 are re-indexed as components 
n + 1, n + 2 , .  . . , n + i - 1 and they all fail. 

A.2 Proof of Lemma 2 
If B, occurs, components 1,2, .  . . , i - 1 all fail. By def- 

inition of T, cjl: wI 2 k, the system cannot function, 
and so SCW can not occur. 

A.3 Proof of Theorem 1 
- If T > n, then T = n + 1, Cy=l w, < k, and the system 

cannot fail even when all components fail. Rc( 1, n)  = 1. - If T 5 n, then C 2 1 w ,  2 k, and the system must 
contain at least one functioning component in order to 

The B1, Bz,. . . , B, are mutually exclusive. 

n 

i= 1 
n 

i=l 
T 

= Pr{Scw I Bi} . Pr{Bi} 
a= I 

T 

A.4 Proof of Lemma 3 
By definition of T, 

T-1 

C W i < k  

i=l 
T-1 

A.5 Proof of Theorem 2 
For a weighted circular system, 

- step 1 takes O ( n )  time, - step 2 takes 0(1)  time, - step 3 takes O(T . n)  time, . step 4 takes O ( T )  time. 
IF T > n, THEN steps 3 & 4 are not executed and 

the total time complexity is O(n);  ELSE steps 3 & 4 are 
executed; ENDIF. 

T 2 [ ( k  - W,,x)/Wmin] + 1 by lemma 3. 
The worst-case time complexity is O(T . n),  where 
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