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Design of brushless DC position servo systems 
using integral variable structure approach 

T.-L. Chern 
Y.-c. wu 

indexing terms.' Brushless DC servo motor, Integral-compensated variable .structure confrol, Plant parameter uariations 

Abstract: This paper considers brushless DC 
position control systems with unknown external 
load disturbance and plant parameter variations. 
Since the dynamic characteristics of such systems 
are very complex and highly nonlinear, a conven- 
tional linear controller design may not assure 
satisfactory requirements. To improve the 
dynamic response of such systems, an integral- 
compensated variable structure control (IVSC) 
has been proposed. The approach comprises an 
integral controller for achieving a zero steady- 
state error response under step input, and a vari- 
able structure controller for enhancing the 
robustness. Simulation results show that the pro- 
posed approach gives a rather accurate servo- 
tracking result and is fairly robust to plant 
parameter variations and external load dis- 
turbance. 

1 Introduction 

The advantages of brushless DC motors include higher 
torque/weight ratio, lower rotor moment of inertia, better 
heat dissipation, smaller size and lower weight as com- 
pared to permanent magnet stator DC commutator 
motors having same output capacity. Thus the brushless 
DC servo motor is preferable for certain high per- 
formance applications such as machine tools, industrial 
robots and aerospace actuators. The proposed scheme 
for a brushless DC position servo control system, as 
shown in Fig. 1, consists of an inner loop for inverter 
switching and an outer loop for generating the command 
for the inner loop [I]. The inner loop is a sinusoidal 
current-controlled pulse width modulated (PWM) 
voltage-source inverter (VSI) which is, as shown in Fig. 2, 
widely applied in high performance AC drives. The outer 
loop is designed to achieve a fast and accurate servo- 
tracking response under load disturbance and plant 
parameter variations. However, such requirements are 
usually difficult to achieve by using a simple linear con- 
troller. In certain cases, the variable structure control 
(VSC) is applied but it may result in a steady-state error 
when there is load disturbance [4]. This motivates the 
use of an additional integral action to the conventional 
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VSC design, as has been proposed previously in [S, 61 
where successful applications to electrohydraulic servo 
control systems and robots were achieved. Performance 
comparison of the proposed approach with the conven- 
tional VSC and the linear approaches has been given for 
an illustration. 

I I ! 1 current feedback 1 
I 
1 posltlon feedback 

Fig. 1 Brushless DC servo control structure 
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The brushless DC servo motor considered in the paper is 
a three-phase permanent-magnet synchronous motor 
with sinusoidal back EMF. The stator windings are iden- 
tical, displaced by 120" and sinusoidally distributed. The 
voltage equations for the stator windings can be 
expressed as 

Modelling of brushless DC servo motor 

where 

U,,, U,$, U,, = the applied stator voltages 
i,,, i,, , i,, = the applied stator currents 

La,  L,, L, = the self inductances of the stator wind- 

L,, , L,, , L,, = the mutual inductances of the stator 

R = the resistance of each stator winding 

ings 

windings 
w, = the electrical rotor angular velocity 
8, = the electrical rotor angular displace- 

ment, which is defined as the angle 
between the d-axis (fixed at the center 
of the north pole of the permanent 
magnet rotor) and the phase a axis of 
the stator 

I ,  = the amplitude of the flux linkage estab- 
lished by the permanent magnet as 
viewed from the stator windings 
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Assume that the airgap and the rotor construction of the 
permanent synchronous machine are uniform, then 

L, = L ,  = L, = L 

L,,  = L,, = L,, = M 

Thus, eqn. la can be rewritten as follows: 

(1b) sin (0 ,  + 2n/3) 

Substitution of i,, + i,, + i,, = 0 into eqn. 1 b yields 

L - M  0 

+ A [  
0 L - M  ; ][:I 

dt 
0 0 L - M i,, 

sin (0, + 2n/3) ( 1 4  

current 
command 
- 

Fig. 2 

DC-SIN 
transform 

The electromagnetic torque can be expressed as [7] 

+ i,, sin (e, + $)] ( 2 4  

where P is the number of poles. 
The torque, velocity and position may be related by: 

2 dw 
T, = J ( F )  -$ + E,($)co, + TL 

0, = W ,  d t  s 
where J is the inertia of the rotor, E ,  is a damping coeff- 
cient, TL is the load torque, and 0, is the mechanical 
angular position of rotor. 

The block diagram of a brushless DC machine, por- 
traying eqns. 1 c and 2, is shown in Fig. 3. 

3 

A single input IVSS for tracking an input command r 
with the presence of external disturbance is considered in 
this paper. The proposed IVSC configuration comprises 

The integral variable structure system (IVSS) 

current 
compensator 

- 
"1 

----GI - - sin Or current 
limit - 

\I I 1  1 1  

brushless 
DC motor 

I _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  I 
position feedback 

Block diagram of the current-controlled P W M  V S I  

Fig. 3 

sin er ILK+- sin (e,-*) 

Block diagram of the brushless DC motor 
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an integral controller and a variable structure controller 
as shown in Fig. 4 and is described as [SI : 

X i = X i + ,  i = l ,  ..., n - 1  ( 3 4  

Xi .=-C u i X ,  + bU -f(t) (3b) 
i = l  

Substitution of eqn. 7 c  into eqn. 7 b  yields 
" - 1  

U,,  = c , K , ( r  - x,)  - 1 c , - ~  xi 
i = 2  

n- 1 

i 
+ 1 upxi + (e,- 1 - U : )  

i =  1 

i = r - X ,  ( 3 4  
where X, is the output signal, r is the input command, 
K ,  is the gain of the integral controller, ai and b are the 

integral 
controller vsc 

plant '1 

4 

where 
Fig. 4 Block dingram of nn integral uariable structure control system 

plant parameters, andf(t) is the disturbance. The control 
function, U ,  is a piecewise linear function of the form 

U+(x, t) if u > 0 
U - ( x ,  t) if U < 0 

where U is the switching function, given by 

(4) 

U = c , ( X ,  - K , Z )  + 1 c , x ,  e, = constant e ,  = 1 ( 5 )  
z = 2  

The design of such a system involves 
(i) the choice of the control function U to guarantee 

the existence of a sliding mode 
(ii) the determination of the switching function U and 

the integral control gain K ,  such that the system has the 
desired eigenvalues 

(iii) the elimination of chattering of the control signal. 

3.1 
From eqns. 3 and 5, one has 

Choice of the control function 

U = - c , K , ( r  - X I )  

+ 1 C ; - ~ X ,  - 1 a , X i  + bU -f(t) (6 )  
i = 2  i =  1 

Let 

U ,  = up + Au, I = 1, ..., n 
b = bo + Ab 

where up and bo are the nominal values, and Au, and Ab 
are the associated variations. 

Let the control function U be decomposed into 

U = U e p  + A V  ( 7 4  

here U , , ,  called the equivalent control, is defined as the 
solution of the problem U = 0 under f ( t )  = 0, a ,  = up, 
b = bo. That is 

U,,  = c , K , ( r  - XI)  - i C , - ~ X ,  + ,= 1 u y X , ] , / b o  (7b)  I i = 2  

In the sliding motion, U = 0, one can obtain 

- c I ( X ,  - K , Z )  - 1 c , X ,  ( 7 4  
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The function A U ,  employed to eliminate the influence 
due to Aui ,  Ab andf(t) so as to guarantee the existence of 
a sliding mode, is constructed as 

AU = Y l ( X l  - K , Z )  + 1 Y i X i  ( 7 4  
i = 2  

if ( X ,  - K , Z ) u  > 0 
if (X, - K , Z ) u  < 0 , 

and 

if X , u  > 0 
if X , a  < 0 i = 1, ..., n 

It is known that the condition for the existence and 
reachability of a sliding motion is [2-41 

ua < 0 (8) 

Substitution of eqn. 7 into eqn. 6 yields 

U = - C A a , X ,  - f ( t )  + ( ~ " - 1  - un)Xn +(c,-, - U : )  
! = I  

1 = 2  

= - 1 A u i X i  - f ( t )  + ( e n -  - un)Xn + (c.-, - U:) 
i =  1 

+ b " , ( X I  - K , Z )  + f Y i X i ]  I i = 2  
(9) 

Then 

Uu = [ - A u ,  + U :  Ab/bo + C , ( C ~ - ~  - a:)(l + Ab/bo) 

+ b Y  1](XI  - K ,  Z)U 

+ 1 {[ - Aui + U! Ab/bo - ci- , Ab/bo 

+ c~(c.-, -.:)(I + Ab/bo)  + b'€'i]Xi~} 

+ N(t) (10) 

i = 2  

where 

N(t) = { - K ,  Z ( A u ,  - U: Ab/bo)  

+ Ab/bOCc,K,(r - X,)l -f(Ob 
29 
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If the term N(t) in eqn. 10 is neglected, then :he condi- 
tions for satisfying inequality 8 are 

E, < [Au; - UP Ab/bo + ci- 1 Ah/bo 
- c~(c,- 1 - u,O)(l + Ab/bo)]/b 

/Ii > [Aa, - UP Ab/bo + ci- , Ab/bo 1 - c;(c,-~ - a,0)(1 + Ab/bo)]/b ( 1 1 ~ )  

Yi = 

for i  = 1, . . . ,  n - 1 and c, = 0, and 

am < (Au" + a, - e,. l)/b 
yn = {P. > (Au, + U, - c,- i ) / b  

for eo = 0. 
However, the term N ( t )  may not be neglected in the 

presence of input commands, plant parameter variations 
and/or external disturbance. Hence once the effect of the 
term N ( t )  exceeds the sum of other terms in eqn. 10 such 
that inequality 8 is violated, then the sliding mode breaks 
down and the system gives rise to a limit cycle. Fortun- 
ately, by increasing the control gain Y L ,  the effect due to 
the term N(t) can be arbitrarily suppressed so that the 
magnitude of the limit cycle can be reduced to within a 
tolerable range, the validity of the assumption can be 
shown by the simulation, and a quasi-ideal sliding 
motion can be obtained. 

3.2 Determination of the switching plane and integral 
control gain 

When in sliding motion, the system described by eqn. 3 
can be reduced to the following linear equations: 

Zz = X , , ,  i = 1, ..., n - 2 ( 124  
I. . 

Xn-l = - 1 c , X ,  + c1K,Z (126) 

i = r - X l  ( 124 
, = 1  

The closed-loop system (eqns. 12) has a transfer function 

where R(S)  and X , ( S )  are the Laplace transforms of r and 
XI ,  respectively. Thus, it is obvious that the system shall 
give a zero steady-state error (with step input) and, 
because the characteristic equation 

s" + c,-,s"-' + ' . .  + c 2 S 2  + C I S  + C I K l  = 0 (14) 

is independent of the plant parameters, it is robust to the 
plant parameter variations. It is also clear that the eigen- 
values can be set arbitrarily by choosing the values of cl, 
. . . , c,_ and K ,  . Let the desired characteristic equation 
be 

s"+"'+'"+G(,=0 (15) 

Then c, and K, can be chosen as 

e.-, = U ,  

e ,  = z,-, 

and 

K r  = d x n  - 1 
30 

3.3 Chattering considerations 
For the control law as given by eqn. 7, if Y , ,  i = 1, . . ., n, 
are chosen as 

Y ,  = E[ = - p ,  
then the control function U can be represented as 

n -  1 " - 1  

clK,(r - X,)  - 1 e; -  , X, + 1 upX, 
i = 2  I = ,  

n - 1  

c , ( X , - K , Z ) +  , = 2  xctXi]} jbo  
I 

+ ( y l l X l  - K , Z J +  i Y i l X i ( ) s i g n ( u )  (16) 
l i = 2  / 

Since the control U contains the sign function sign (U), 
direct application of such a control signal to the plant 
may give rise to chatterings. To reduce the chatterings, 
the sign function sign (U) in eqn. 16 can be replaced by a 
modified proper continuous function [SI as 

where 6 is chosen as a function of I X, - r 1 as 

6 = 6, + 6 J X ,  - r j  

and the value of 6, and 6, are positive constants. 

4 

The objective of the control is to keep the mechanical 
angular position, O m ,  of the rotor to follow the desired 
trajectory, B,, as closely as possible, regardless of the 
operating points. The block diagram of the brushless DC 
position servo control system is shown in Fig. 5. This 
scheme contains a brushless DC motor, a power driver 
and the IVSC. In the following, the motor driver and the 
design of IVSC will be described. 

The brushless DC servo position control 
problem 

~ ' positlonfeedback ' 1 I 
Fig. 5 
.servo position control system 

Block diagram of an integral iariable structure brushless DC 

4.1 The motor driver 
In this paper, the motor driver is a sinusoidal current 
controlled PWM voltage source inverter (VSI), as shown 
in Fig. 2, consisting of the DC-SIN transform, current 
compensator, and PWM and VSI circuits. The DC-SIN 
transform circuit is employed to transform the reference 
current command into the three phase sinusoidal current 
commands and the current compensator Gr is designed 
to achieve fast accurate current tracking. The function of 
the PWM circuit is shown in Fig. 6,  where F(i = 1, 2, 3) 
is the phase driver signal (which also appears in Fig. 2) 

Fig. 6 The function block of the  P W M  circuit 
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‘t - 
B C .  1z’- - U - - 

and Di ( i  = 1, 2, 3) is the high frequency triangular signal 
(in the range from 1 to 50kHz). The compared result 
between the and Di is used to control the switching 
signal M,(i = 1, 2, 3) which, in turn, determines the 
ONjOFF state of the power transistors (TI - T,) in the 
VSI as shown in Fig. 7. 

TL 

p Te 1- p i 2  

Fig. 7 The power circuit oJa three phase voltage source inverter 

The function of the PWM circuit can be described as 

vsc ‘! * KA 7 ( L - M I S + R  7 A m *  
- ? y T * K l  

(18) 
(if r/; - D, > 0) 

V -  (if - D, < 0) 
. M i  = { ’+ I = 1, 2, 3 

JP*B,  

The ON/OFF state of the power transistors in the VSI 
can be described as 

-- U -- 

T z O N  
T + ,  = O F F  

(when M i  = V’, i = 1,2, 3) (19a) 

em 

and 

- 
Am 

- - 
2/P 
S 
- 

= O F F  
(when M i  = V-, i = 1,2, 3) (19b) T t 3  3 ON 

From Fig. 7 and eqn. 19, one obtains 

{ v,, (if M ,  = V ’ )  
‘P= o ( i f M , = V - )  

(if M ,  = V’) 
0 (if M ,  = V-) 

and 

(if M ,  = V’) 

The following phase voltage equations may be written 
from Fig. 7 : 

The stator is connected as a three-wire system, where i,, 
+ ib, + i,, = 0 and, from eqn. 1, one knows that the sum 

of c,,, ubs and U, ,  is also zero. Thus, by adding eqns. 21a, 
b and c, one obtains 

c s p  = +(? op + ‘ b p  + c c p )  (214  

rus  = 4 - f ( ” b p  + u c p )  (214 

ha - 1  - 3 U b p  - d U a p  1 + U c p )  (2 If) 

U , ,  = 5 C,, - + ( U O ,  + U b P )  (219) 

Hence, 

In the PWM circuit, if VI = A ,  sin (tot), then the approx- 
imate phase voltage is [8] 

v,, = - sin (a) V D ~  Am . 
2Ad 

where V,, is the DC supply voltage in the VSI and Ad is 
the triangular peak value. Thus, the mode of the PWM 
circuit can be simplified as a constant gain 

The current loop is designed to achieve fast accurate 
current tracking. In this situation, the model of the 
current-controlled loop can be simplified to a single input 
single output (SISO) system as shown in Fig. 8 such that 
the conventional methods for analysing SISO systems 
may be applied with relative ease. 

Fig. 8 The simpllfred dynamic model oJa current-controlled loop 

4.2 Design the IVSC 
The simplified dynamic model of the brushless dc posi- 
tion control system with the integral variable structure 
controller is shown in Fig. 9. Based on this block 
diagram, one can obtain: 

8 ,  = x, (234 

8, = x, (23b) 

X ,  = ~ a , X ,  - a , X ,  + bU -f(t) (234 

Z = r - X I  (234  
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where 

( R  + G, KA)B,  + )PA, 
a, = 

J(L - M) 

G I  K A  b = ) P I ,  ___ 
J(L - M) 

and where X, = 0, is the mechanical angular position of 
the rotor, r = is the reference input, and K , is the gain 
of the integral controller. 

Following the design procedure as described in 
Section 3, one obtains 

U = {c,K,(r - X I )  - clX, 

+ a;X,(c, - a!)CcdX, - K , Z )  + c2 X,l)/bo 

+ (Y1IX1- KIZI  + YZl XZI + ~31x31) 

M d ( 0 )  (244 
where a:, a! and bo are the nominal values, and Au2, 
Aa, and Ab are the associated variations, and 

Y g  < 1 Aa, - a: Ab/bo + ci- , Ab/bo 

- ci(c.- - aB)(l + Ab/bo) I/b 

i = 1, 2 and c,, = 0 (25a) 

Y 3 < ) A a 3 + a , - c , l / b  ( 2 5 ~  
The U function, constructed from eqn. 5, is 

o ci(X1 - K j Z )  + ~2x2 + X3 (26) 
In the sliding motion, the system described by eqn. 23 
can be reduced to the following simple linear form: 

8 ,  = x, (274 
8,  = - c1X1 - c , X ,  + c,K,Z 

. Z = r - X ,  (274 

(27b) 

The characteristic equation of this reduced system is 

S 3  + c2 Sz + c1S + c,K, = 0 (28) 
It is clear that the dynamic performance of the system 
can now be determined by simply choosing the coeff- 
cients C,, c, and the gain K , .  Let A,, I ,  and I ,  be the 
desired eigenvalues, which corresponds to a characteristic 
equation 

s3 - ( I ,  + 1, + 1 3 ) S 2  

+ (Al& + A l l 3  + A,13)S - j.1121.3 = 0 (29) 
Then c,, c2 and K ,  can be chosen as 

C )  = - ( I ,  + I ,  + 13) 

c1 = (R,A, + R,A, + A,A,) 
(304 

( 3 W  

5 Simulation results and discussions 

Though the simplified dynamic model used for designing 
the IVSC is reasonable, the exact behaviour of the overall 
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system can be understood through simulation of the 
model as shown in Fig. 5, including the IVSC, current 
control loop, PWM VSI as described in eqns. 18-21 and 
dynamics of the brushless dc motor as expressed in eqns. 
1 and 2. The nominal values of the machine parameters 
are listed in Table 1. The robustness of the proposed 
IVSC approach against large variations of plant param- 
eters and external load disturbance has been simulated 
for demonstration. The simulation results were compared 
to those obtained by a convention VSC and a linear con- 
troller. 

Table 1 : System parameters for simulation 

Parmeter Value Dimension 

P 4 pole 
R 0 6  n 
L - M  00015 H 
A,  0105 Vs/rad 
J 2 8 4 x 1 0  kgm’ 
B, 0 0  Nm/s 

dimensionless K A  1 2 5  
G, 1 0 0  dimensionless 
V,, 1500 V 
A,  6 0  V 

Choosing the poles of the system, as described by eqn. 
24, at -50 and -45 j22, we obtain the coefficients of 
the switching plane and the integral control gain given by 
eqn. 30 as c 1  = 7000, c, = 140, and K ,  = 17.8. 

The gains Vl,Y2 and Y, must be chosen to satisfy 
eqn. 25 and, based on simulations, one possible set of the 
switching gains can be chosen as Y, = -1, Y z  = 
-0,001, and Y 3  = -0.00001. 

This IVSC design gives a control function 

U = {clK,(r ~ x,) - clX, + a;X, 

+ (c2 - a x c l ( X 1  - K , Z )  + C2XZl}/b0 

+ (YiIXi - K j Z I  + y,IXzI + y,lX,I)M,(U) 
where M,(u)  is given by eqn. 19, U = 7000(X, - K , Z )  
+ 1 4 0 X , + X , a n d b = 2 0 0 0 0 ) X I  - r r )+500.  

Two other approaches are presented here for per- 
formance comparison as follows: 

(a) The conventional V S C  approach 

U = {(a: - 1200)X, 

Let the control function U be 

+ (a: - SO)[ - 1200(X1 - r) - 50X,]}/b0 

+ ( -  101 X I  - r 1 -0.1 1 X, I -0.001 1 X, I)Ma(u) 

where U = 12OO(X, - r) + 50Xz + X,, and 6 = 200(X1 
- rl + IO. 

The control gain and the switching plane are chosen 
with the aims of matching the dynamic response of the 
proposed approach under no load situation. 

(b) The conventional linear approach 
The gains G I  = 40, G, = 40, and G, = 0.2, as shown in 
Fig. 10, are chosen by means of computer-aided tech- 
nique [9 ]  to match the dynamic response of the IVSC 
approach under no load situation. 

The simulation results of the dynamic responses are 
plotted in Fig. 11 to Fig. 14 under various operating con- 
ditions. Fig. 1 1  shows the dynamic responses of the three 
approaches when a shaft-angle-dependent external load 
disturbance TL is present. It is clear that the loaded 
response of the IVSC approach can be maintained almost 
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identical to that of the no load situation, while vary sig- conclusion agrees with that predicted by the character- 
nificantly for both linear and VSC approaches. Fig. 12 istic equation given by eqn. 29 which should be 
shows the dynamic response of the three approaches independent of the plant parameters. 

position velocity 
comDensation comoensation 

current feedback 

velocity feedback 

Fig. 10 The block diagram ofthe brushless DC position control system with the conventional linear controller 

under a constant external load disturbance. Results show 
that the IVSC approach converges very fast to zero state, 
but the others give rise to significant deviations and/or 
steady-state errors. 

Fig. 13 shows the waveforms of the control function 
U .  It is clear that by using a modified proper continuous 
function the chattering phenomena can be eliminated. 
Thus, the IVSC approach seems amenabie for practical 
implementation. 

Figs. 14 shows the dynamic responses of the three 
approaches under changes of the inertia I ,  and the 
damping coefficient E , ,  respectively. From the observa- 
tions, we conclude that the IVSC approach is very insen- 
sitive to the variations of the parameters I and E , .  This 

O l e  
0 005 01 015 0 2  0 2 5 0 3  035 OL 045 05 

t 1 m . s  
0 

08 r 
* /----------- 

0 2  

~ 

0 065 01 015 0 2  025 03 035 04  045 05 
time s 

b 

Fig 1 1  
with a Md(u), 6 = 500 + 20000 I X ,  - 0, I and input command 0, = I rad 
a T, = O N m  
b 7 ,=O5I ( imlNm * IVSC 
-0- vsc 

x hnear 

Anqle responses oJ the I V S C ,  V S C ,  and linear approaches 
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0 005 01 015 02 025 03 035 0 4  045 05 
time, s 

Fig. 12 
with a M,(o), 6 = SO0 + 20000 I X, ~ 0, I input command 0, = 0 rad 
TL = 0.5 Nm 
-*- 1vsc 
-0- vsc 
- x  ],near 

1 

Angle responses oJ the IVSC,  VSC and linear approaches 

0 005 01 015 0 2  025 03 035 0 4  045 05  
time s 

a 

O 7r 

time.8 

b 

Fig. 13 
U without M,(a), 0 = 0 
h w i t h M , ( n l . d = 5 0 0 + 2 0 0 0 0 I X , ~ H , l  

Control signal in fhe  I VSC approach with 8, = I rad 
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_ i ~  _~ 6 Oh 02 025 03 035 0 4  045 05  

tlme s 
a 

I -. I -. 1 2 L  

1: 2- _-- /-- 1 . I=- 3 08L 
al * I  - 

06, ‘ 

‘ 04, ‘ , r  

02 z *  

; 

I ‘  

s s  
obi- ~- 
0 005 01 015 0 2  025 03  035 0 4  0 4 5 7 5  

time s 
C 

Fig 14 
under changes ofthe inertiu J und damping ~oej / i f ienf  E ,  
a the IVSC approach 
h the VSC approach 
L the linear approach 

-0 
- x 

Angle responses of the IVSC,  VSC und the linear upproocher 

-*- vsc (normal) 
VSC (IMK) h changes ~n J )  
VSC ( + 0 05 changes in E.) 

6 Conclusions 

An IVSC design methodology for the brushless D C  servo 
position control system is presented. I t  has been shown 
that the IVSC approach is theoretically robust to the 

I t  

0 005 01 015 02 025 03 035 04 045 05  
t1me.s 

b 

O 1 l L  -L L-L--il 

plant parameter variations. It can achieve a zero stead- 
state error for step input and is possible for arbitrary 
eigenvalue assignment. Simulations show that the pro- 
posed approach can give an almost accurate servo- 
tracking response in face of large plant parameter 
variations and external disturbances. It is a robust and 
practical law for the brushless DC servo control systems. 
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