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It is shown that the regular SO3; non-abelian spherically symmetric monopole
solution does not exist in an induced Einstein-Yang-Mills-Higgs model. It is aso shown
that Higgs scalar hair cannot exist in the presence of a black hole event horizon in this
model. The corresponding global behavior of the gauge field is analyzed in a black hole
background. In particular, it is shown that a non-trivial non-abelian monopole solution
exists only if the radius of the event horizon is smaller than the characteristic radius of
the classicd monopole.

PACS. 04.70.Bw — Classical black holes.
PACS. 11.15.-q - Gauge field theories.
PACS. 11.15.Ex— Spontaneous bresking of gauge symmetries.
PACS. 14.80.Hv - Magnetic monopoles.

I. Introduction

There has been much research activity on the classical behavior of a non-abelian monopole
in a static and spherically symmetric curved space [1,2,3,4]. Note that it was first shown
by €t Hooft and Polyakov [5], motivated by the singular solution with a Dirac string in the
abelian U; gauge theory [6], that a regular spherically symmetric monopole solution does
exist in a non-abelian SO3; gauge theory with a Higgs potential that exhibits spontaneously
symmetry breaking (SSB).

It is also known that the monopole configuration exists only when the associated
second homotopy group is nontrivial, i.e. [[,(M)# 0. Here M =G /H denotes the Higgs
vacuum configuration associated with the symmetry breaking pattern G — 7-t [7]. There
is, however, no general rule that can guarantee the regularity and stability of the classica
monopole solution in a modd independent version. As a result, there has been considerable
interest in the study of the non-abelian monopole in various models of interest.

Note that the monopole solution has also been found for similar models in curved
space-time [1,2,3]. Moreover, the physica behavior of a monopole solution in the presence
of a black hole background has also been a focus of related studies [1,2,3,4]. It is known that
the no-hair theorem is a widely-believed conjecture in black hole physics [8]. Evidence aso
indicates that only three kinds of physical quantities. the electric charge Q, the gravitational
mass M and the angular momentum J, can be detected outside the event horizon of a black
hole [9]. Hence a consistency check of the no-hair theorem for any model of interest is thus
an important and routine program.
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Induced gravity model has aso been a focus of research interests following the in-
troductory work by Zee [10]. It was shown that induced gravity may have important
implications in inflationary universe [11]. Note that gravitational constant and cosmologi-
cal constant are in fact dynamical variables in the induced gravity model [12]. Hence it was
raised as a research problem to study the behavior of the Higgs scaar field in the presence
of the classical black hole [2,4,13]. Existence and stability of monopole solution has aso
been studied in the induced Einstein-Yang-Mills-Higgs (EYMH) models [4,13].

In this paper we will present a more complete analysis of the existence and properties
of non-abelian monopole in an 503 induced EYMH model. We will show that regular
spherically symmetric monopole solution does not exist in this model. It will also be shown
that no-hair theorem also applies to the Higgs scalar field in this model. There exists,
however, black hole solution with non-trivial gauge configuration that differs from the well-
known Reissner-Nordstrom solution under certain constraint, in particular rgy >1/ev, On
the coupling constants. Here ry denotes the radius of the event horizon while 1/(ev) is the
characteristic radius of the classical monopole configuration. Note that e will denote the
gauge coupling constant. We will discuss these results in this paper.

This paper will be organized as follows: (i) in section 2, we will present a brief review
on the derivation of the field equations; (ii) In section 3, we will show that regular spherically
symmetric monopole solution does not exist in this model; (iii) a no-hair theorem and the
global behavior of the magnetically charged black hole solution will be studied in section 4;
(iv) some concluding remarks will be drawn in section V; (v) findly, in the appendix, we
will verify the conservation of the generalized energy momentum tensor.

Il. The action and field equations

The Einstein-Yang-Mills-Higgs model with real S$Oj triplet scalar field is given by
the following action:

1 1
$= [ate/Tg [t - o 0r - L V(). 0

Here R is the scalar curvature and ¢ denotes some dimensionless coupling constant of order
one. Moreover, the Higgs scalar field ¢%, with a,b,---=1,2,3 denoting the SO3 gauge
indices, is the real triplet scalar field. Note that the gauge covariant derivative D, ¢® of ¢*
and the curvature tensor Fj, of the gauge field A, are

Dy¢® = 0,06" + ecanc A% ", (2)

Fo = 0,AT ~0,A% + ecqp A% AC (3)

wrtvs

respectively with e denoting the dimensionless gauge coupling constant. Furthermore, we
will also assume the well-known Higgs potential V(¢?) = 3(¢? — v?)%. Here ¢? = ¢#¢*
denotes the squared-norm of the scalar field. Note aso that the action (1) exhibits global
scale invariance in the limit v = 0 since al coupling constants are dimensionless (except v)
by construction.

The Euler-Lagrange equations of motion can be obtained from varying action (1)
with respect to g,,, A}, and ¢*. After some agebra, one has:
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1

Guu = '¢_2(Duau¢2 - guuD2¢2) + ?‘T uy = 4Luvy (4)
D*F?, = e€w.8"D,¢", ()

and

10V(¢)
D,D"¢" ~ €R ’ (6)
¢ - Re" = S5 o

Here G, =39, R -- Ry, isthe Einstein tensor while T}, is the energy momentum tensor

associated with the scalar field ¢ and the gauge field A}, given by the following expression:

TLW = Du¢aDu¢a t F:p ~Juv 4F;10Fap0 + DP¢aDp¢a + V(¢)] (7)
Moreover, 7,, can be thought of as the €generaized energy momentum tensor T which has
to be divergentless, D“7,, = 0, due to the Bianchi Identity D*G,, = 0. Proof for the
conservation of the generalized energy momentum tensor will be given in the Appendix.
For simplicity in notation, we have written both gauge covariant derivatives and tensoria
covariant derivatives uniquely with the same notation as D,T};. Here T denotes physical
fields with gauge index a and some space—time tensor indices p. To be more specific,
DoF?, = 04F2, —T), Ff, - T3, F2 + € AL FS, isthe correct covariant derivative of F2,
which is covarlant with the cooperation of the gauge connection A7, and the affine connectlon
..

Indeed, the correct details of the covariant derivatives can be read off directly from
any field equations since al field equations are covariant by construction.

For latter convenience, we will write ¢ = p¢® with ¢* denoting the unitnorm scalar
field such that ¢°¢® = 1. Note that ¢* is in fact the gauge-phase part of the Higgs field.
Therefore, one has

q’;aDud;a = 0> (8)
D,$°D,¢" + ¢°D,D,¢" =0 (9)

from successively differentiating the identity ¢°¢e = 1.
Hence one can write Eq. (6) as

- - 1 . . -
D, D"¢* + eR¢* + ; [28M@D“¢“ + D 0" pop* — Q‘—(;—Eof)w] =0. (10)
Moreover, one has
1 - ~ 1 oV () ]
- anuia - i hdAN ) 1
R ; [Duqb D*¢ " <Du8 w+ B ) (11)

from multiply Eq.(10) with #*. Note that one has used the identity (9).
Note that the trace of Equation (4) gives.
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— 1 __1__ “ E b l[ 18 Dk e V( )1
"R—(6+;>¢23M8¢+¢Dn3¢+€ D,¢*D*¢* + g (12)

Therefore one has

1 1 [9V() V(w]
w = oy — - . 13
D (9“99+998u998 ) 1+6€[ B 4 ” (13)
Findly, equations (10), (12) and (13) give
DD*3 + 8D, D + 2 0,0D"6" = 0. (14)

Therefore, the field equations can be written, in terms of the new variables ¢ and <;~S“ as
1 1
G;w 2{2 [?(3;:905}@ - guuap‘foap‘fo) t ;(Duau(lg - g;prap(P)

ap F a1,

v

(15)

DVF;, = e<p26abCDuq~$b¢~$c, (16)
1 1 [9V(e) V(@)]
D, o* —0,00%p = —4 1
u (P'{'(pu‘fo @ 1+6e[5‘<,o o | (17)
. - . . 9 -
D,D*¢* + ¢°D,¢° D ¢b + ;augopuqsa =0. (18)
Here
7F) = L (pe pas 1. pe pase 1
v’ ;;5 pwed'y T Z!Juv Py ) (19)
76 = 25,00 Ly oo
b = o |0 = G 50w p+V(e))], (20)
(%) 1 D.&%D. ¢ 1 78 PP e
P Z u¢ v@* — iguuD;ﬂs Df¢ (21)

represent the energy momentum tensor associated with the gauge field A%, norm of the

~ u’
scaar fiddd ¢ and the phase content of the scalar field ¢* respectively.
In this paper, we will focus on the implications of the induced gravity mode in a
static and sphericaly symmetric pseudo-Riemannian space with the metric given by:

2
ds? = —BX(r)C(r)de? + % F 2 (d6? + sin® 0g). (22)

Note that non-vanishing Einstein tensor can be shown to be
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Gi=3-3~ 7 (23)

G.__1,C C 2B
AR (24)

¢B’ ¢ 3B'C" CB" ("

Cop=Coe= gt +o% Tt (25)

in an orthonormal frame. Here the prime denotes differentiation with respect to the argu-
ment r. We will aso adopt the spherically symmetric €t Hooft-Polyakov ansatz for gauge
field and Higgs field. It is given by

& = o), (26)
a __ 1 — ’U)(T) 27

Ai = €aij or 1’“7, (27)

A5 =0, (28)

in Cartesian coordinates. After some algebra, one can show that equations (15-18) become

1
C"=;(1—C)—Tp, (29)
rB
B/ = %(p —-T), (30)
1— 2
(BCw') + Bw [ T;U - 62(,921 =0, (31)
BCr?y" M? Bri(p? — %)
BCr2o'Y - ¥
(BCrtyply + = = s S, (32)
once the gauge ansatz and Higgs ansatz are substituted. Here
27, (C” 2> ,] 1 ( 1 ) n 1 w?
= = — - — {12+ = -
P C{ap[('o+ 20+T ¥ +4,92 +2e ? +ee2r2
1w 1 [(1-w?)? (33)
€| r2 2 2e?rt SR
[2@, <§i Ql g) 1 39,2 w12 1
T=CLl— + 9 o —)1@12 (34)
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are the generalized energy density and the generalized radial pressure measured with respect
to the orthonormal frame. Note that the Higgs equation (32) is independent of the gauge
field. This is a very unique result due to the induced coupling ¢2R. It will be used to show
that (i) regular monopole solution does not exist, (ii) no hair theorem does apply to the
norm of the Higgs scaar .

I11. Non-existence of regular monopoles

In this section, we will show that regular monopole solutions to the system of Eqgs. (29-
32) does not exist due to specia coupling in the induced gravity model. Note that the most

general boundary conditions of various field variables at the origin (r = 0) can be argued
to be:

C(0) = 1, ¢(0) = 0, w(0) = 1, B(0) finite. (35)

Note the argument leading to the non-existence of regular solution to be shown in a moment
remains valid as one relaxes the boundary condition on ¢(0) to be finite at » = 0. Therefore,
one can expand these fields as

o(r)=ker + ... (36)
W(T) = 1= kyr® 4 -+ (37)
C(r)y=1=ker™+ . .. (38)
B(T) = Bo—kpr" 4 (39)

near the origin. Here k,, kw, kc, kg and Bo= B(0) are constants to be fit with the field
equations. Moreover, m,n are both positive integers which can be shown to satisfy the
inequality m,n > 2.

On the other hand, asymptotic flatness and regularity of various physica quantities
will also impose on these fields the following boundary conditions:

C(oo)=B() =1, w(oo) =0, (o) = (40)

at spatial infinity.

In order to show the non-existence theorem, one needs to show a few Lemmas. First
of al, one will show that ¢ is a monotonicaly increasing function if ¢ <wv or monotonically
decreasing function if ¢ > wv.

This can be proved by showing that ¢ has no maxima for ¢ >v» and no minima for
@ <wv. Indeed, Eq. (32) shows that

1 AP @ — o (41)
=21t 64 Cop

44
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a loca extremum of ¢. Let rg be the point such that ¢'(rg) = O. It follows that ¢" > 0 at
ro if ¢ >v. This means that ¢ is a loca minima if ¢ > v at ro. Similar argument leads to
the statement that ¢ is a maxima if ¢ <wv a ro. This proves the statement stated above.
As a result, » has to be a monotonic function because ¢ — v at spatia infinity. Hence one
proves that ¢ will monotonically approach v asr increases no matter what its initial value
is.

Note that one can derive

PO oo
———— | drBr’(¢’ —v*) = BCr*¢'¢l,=c0 42
2(1+66)/0 rBré(¢” — v*) = BCr ¢ ¢|,= (42)

from multiplying both sides of Eqg. (32) by ¢ and integrating over r. Here one has dropped
the vanishing boundary term BCr%¢’pl.—¢ as the boundary condition C(0) = O demands.
Equation (42) indicates that the left hand side of equation (42) is positive definite if © > v.
On the other hand the right hand side of equation (42) is negative definite since ¢’ <0
everywhere due to the Lemma just proved. Hence there is a contradiction here. Similar
argument show that contradiction also appears if ¢ <wv. Hence there does not exist
non-trivial solution to ¢ that satisfies different boundary conditions a the origin and the
spatial infinity. Hence the only consistent solution of is the constant v. Note that ¢ =v
will make ¢ singular a r» = 0. Therefore, one reaches the conclusion that regular €t Hooft-
Polyakov monopole solution does not exist in this induced EYMH model. Note that the
¢ =V monopole solution has been discussed in great details in reference [13]. Our analysis
provides a complete proof that trivial Higgs solution is the only possible regular spherically
symmetric monopole field configuration this induced system can admit. We will aso show
that Higgs hair can not exist if a black hole event horizon exists shortly in the following
chapter.

IV. Magnetically charged black holes

A black hole is characterized by the event horizon. In the presence of the event
horizon, we consider solutions of Egs. (29)-(32) in the region r € [rg,c0), where ry is the
radius of the (outermost) horizon. The boundary conditions at r =ry are

C(TH) = 0, CI(TH) > 0, (43)

and the functions ¢, ¢’, w, wT and B are assumed to be finite [14]. At infinity the asymptotic
flatness conditions (40) must be satisfied.

We will show that no-hair theorem is true for the ¢ field such that Higgs field has to
be frozen at its global minima ¢?=v2%. Indeed, one has

o 09912 )\’U2 v
drBr? | e —v)*| = BCrio(e - v)I2;
/m o [ o+ 20160 L = BOTE (e — )l (44)

from multiplying Eq. (32) by (¢ -v)and integrating with respect to r from the event
horizon rg (where C(ry) = 0) to spatial infinity, Note that properly dropping boundary
terms after appropriate integration by parts are required to derive equation (44).
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It is known that B and ' are both finite as required by the regularity of these field
variables. Hence the right hand side of above equation vanishes because (i) C(ry)=10at
the lower bound ry and (ii) ¢ —v a spatid infinity. Therefore eguation (44) shows that
@(r)y=v for dl +>ry because the integrand on the left hand side of the equation (44) are
all positive. This proves the no-hair theorem for the Higgs field in this model.

Similarly, one can derive, from multiplying Eq. (31) by w and integrating from the
rg to infinity,

[ 2
/ drB [C’w'2 +%(ezv2r2 + w? —1)| = BCw'w|®, (45)

after proper integration by part. Note that the right-hand side of above equation vanishes
by similar argument due to the boundary conditions. If (e?v%r?— 1) > O for all +>ry,
or equivalently ry>1/(ev), one has wt) = 0 for all r>rg. Note that 1/(ev) is the
characteristic radius of the classical monopole. Hence the constraint g >1/(ev) indicates
that the event horizon of a non-trivial w monopole black hole solution does fal inside the
characteristic size of a monopole configuration. Equivalently, it is a black hole in a monopole

[2].

Hence a black hole with a horizon ry>1/(ev) will demand that w = O which can be
shown to give the Reissner-Nordstrom black hole solution. Indeed, when ¢ =v and w = O,
the fidd equations can be solved to give:

m 1

c_1- (46)

= dmev?r + Qevle?r?’

B =1, (47)

which is exactly the Reissner-Nordstrom solution. Here m is the ADM mass of the black hole

and the constraint m >M is required to prevent the exposure of the naked singularity.
Note that the field equamlon can be reduced to

1 1
C’ (1—-0) Cw '2+(272)+w2 | (48)
, Bw/?
g =2 (49)
B
(BCw') = x—';’(w2 +22-1), (50)
Here we have written x = evr,C=C(x), B = B(X) and w= w(x) for sim-plicity. Hence

the condition for a non-trivial w black hole solution becomes zy < 1. We will hence work
on the case where z<1. Note also that the prime denotes differentiation with respect
to the argument x. One notes that equations (48850) are similar to that of the gravity
minimally coupled to the SU, gauge field and the Higgs field system in the limit of infinite
Higgs self-coupling constant studied by Aichelburg and Bizon [4], and our numerical results
are in agreement with theirs.
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We will show two lemmas [4] that control the behavior of w under the influence of the
fiedld eguation in certain domain. Lemma one states that w is a monotonically decreasing
(increasing) function of z if w >1(w< -1). Lemma two states that w monotonically
approaches 0 in the range x > 1.

Since the field equations are invariant under w — —w, one can assume w(zg)> 0
without any loss of generality. Note that, at local extrema such that w’(z)= 0, equation

(50) becomes

Cu' = —(w? + 22 —1). (51)
Ty

If w> 1 one has wT > 0 at the local extrema for al zo > 0. This means that w(zo) is a
locd minima. Similarly, if w < -1, one can show that w(zg) is a loca maxima. Therefore
the boundary condition of the variable w at spatia infinity, w{oo)— 0, will rule out the
existence of loca extrerna for w in the region |w|> 1. Hence any physical solution of w
has to be a monotonically decreasing (increasing) function in z as long as the field value of
w remans in the domain w >1(w < -1). This proves Lemma one.

On the other hand, sign (WT) = sign (w) at these extremum (where w'(zo)= 0
throughout the whole region zo> 1. This means that local extrema is a local minima
(maxima) if w > 0(w < 0). Hence one proves Lemma two that states: w monotonically
approaches 0 in the range x > 1.

Note that, at the event horizon of a black hole where x =z, equation (50) reads

C'v' = EQ(w2 + 2% -1 (52)
TH
since C(zg) = 0. Hence w(zy)> 1 will imply w’(zg) > 0. Note that we have used the
fact the C'(zg)> 0 since C is assumed to be positive definite for all x > zy. Recall that
w(zy)> 1 implies that w is a monotonically decreasing function such that w'(z)< O for
all x according to Lemma one. Therefore we have a contradiction here. Hence one has the
conclusion that w(zp) < 1. Note that similar argument also holds if w < 0.

Note that one can aso show that w'(zp) < O following similar argument. Indeed,
if w'(zy)> 0 one should have w(zg)%+z% — 1 > 0. Furthermore, there must exist at
least a local maxima of w somewhere since w will have to turn its direction in order to
approach zero at spatial infinity. Note also that w has to attain this maxima before it
reaches the region w > 1. Otherwise w will keep increasing once it reaches the region w > 1
according to Lemma one. Hence there must exist a local maxima of w at zo€(zpy, 1) such
that 1 >w(zo) > w(zy). Note that one has w(zo)?tz3— 1 < 0 at the local maxima
according to equation (51). Hence one has a contradictory result z%, >z3 since one has (i)
w(zg)? t 2% — 1> 0 and (ii) w(zg)>w(zy) as a loca maxima. Hence one reaches the
conclusion that (i) w(zg) < 1 and (ii) w'(zg) < 0.

Note that w'(zy) <0 and a =w(zgy) > 0 indicate that

1-a> m?{ (53)

following Eq. (52). Therefore, the necessary condition for the existence of a non-trivia w
non-abelian black hole is
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< 1, (54)

in agreement with our previous result. Moreover, one has

2

Cllag)= L _(1-a)2% o (55)

TH 2¢x €TH

from Eg. (48). Equivalently, one has

ot —2(1-2%)a* - 223+ 1< 0 (56)
which admits real solution for a only if

24 —2(1-€¢)> 0. (57)
Hence one has (i) xH >/2(1 —¢) if 1/2<e < 1; (ii) magneticaly charged black hole can

not exist if 0 < ¢<1/2; (iii) there is no constraint at al for e> 1.

Finaly, one notes that the inequalities (53) and (56) saturate for extrema black hole
such that C’(zy) = 0. Hence one has

Ty = \/2(1——6) (58)

if 1/2<e< 1.

In summary, one has shown that (@) w can be an oscillatory function in the domain
¢ € (zy,1); (b) whas to approach 0 monotonically in the domain x > 1; (¢) w(zy) < 1;
(d) w'(zg)< 0; (d) 1 >zp>/2(1-¢)if1/2<e < 1; (e) magnetically charged black
hole can not exist if 0 < €<1/2; (iii) there is no constraint at all for ¢> 1. Note that these
congtraints will be very helpful for setting correct initial conditions for numerical solutions.
Note that equations (48-50) can be reduced to

1 1 (1 — w?)?
= —(1 - - 1z, ") 2
¢'=—-(1-0C) — |Cu” 4 o vt (59)
/3
CwlI+Clw/+ Cw3 +E(1—’w2——$2) =0 (60)
€T T

after eliminating B(z). Note that C'(z) and w(z) can be expanded as
C(z) = c(z - zm) +O((z - 2g)?) +--, (61)
wx) = a tbz—xny +0((z—z5)}) ¢ (62)
near zy. Therefore one has, from recurrence relation,

1 (1-d) &

TH 2ez3; ey’ (63)

c =
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b=———(1—a®— ), (64)

with a confined by

1 -z — gz —2(1 —¢) <a® < 1- 2%, (65)

Note that zy =/2(1 —¢) and a=+/2¢e — 1 for extremal black holes. Note that similar
stable solutions has been solved numericaly in reference [13].

V. Conclusion

We have shown that regular SOz non-abelian spherically symmetric monopole solu-
tion does not exist in an induced Einstein-Yang-Mills-Higgs model. Hence one turns our
atention to charged black hole solutions. It is then also shown that Higgs scalar hair can
not exist in the presence of a black hole event horizon in this model. It is also shown
that existence of a non-trivial monopole-charged black hole solution in the induced EYMH
model imposes a number of constraints on the field parameters e, w(z ), w'(zy) as well
as the location of the event horizon zg. In particular, it is shown that non-trivial non-
abelian monopole-charged black hole solution exists only if the radius of the event horizon
is smaller than the characteristic radius of the classicall monopole, i.e., rp <1/(ev). We
have also analyzed the global behavior of nontrivial w such that large distance behavior of
w is available without solving the field equation directly. These analysis may be helpful for
related studies. One would like to emphasize again that our analysis is valid only under
the assumption of the spherically symmetric ansatz adopted throughout this paper.
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Appendix

We will show that the generalized energy momentum tensor is indeed a conserved quantity
here. In fact, D#7,, = 0 can be shown to give

v 2 v v 1 1 a apo a a
R,0"p = ;(aﬂwua 0 —0"pV,0,0) + 2 [ZauchMF 77— 0,0F, F up]

1[1 y 1 v V()
+—2—€ [?(QGM@V(L,O) — 0,p0,90" p) + ; <8u9°vva ¢ = Oup de ) (66)

+<,oDu<:oaDuD"¢3a} :
with help of the identity (D,, D,]0"¢ = R,,0"¢ which follows from the definition of the

curvature tensor, and the Bianchi identity for Fg,, ie,D,Fy, + D,Fs, + D,F2, = 0.
Moreover, Eq. (11) and Eq. (15) gives
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P 11
R,0"p = ;(%&Vﬁ”w — Vi) + [ZaﬂwFﬁaF“”“ - aych;,,F“””]

i i v l v OV((,O) 67
+2€ Log (20upV () — 00,00’ @) + p (&L@V,a - (')ucp——a(’p ) (67)

_QBDLPDV&IDMQEG] 3
Comparing with Eq. (66), one has
20,0D"$* D ,6" + ¢D,¢° D, D" ¢* = 0, (68)

Indeed, one notes that above equation is exactly Eq. (18). Hence one proves the claim
D*T,, =0
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