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1. Introduction. In transport theory, a variation of the usual one-group neu-
tron transport equation [2, 8, 10] is formulated as

(1) {wrarg+1}eem=5 [ ol ),

-1

(1b) (0, p1) = f(p), p>—a,|pl <1,
(1c) Jim (2, p) = 0.

Here ¢ is the neutron flux, a (0 < a < 1) is an angular shift, and c is the average
of the total number of particles emerging from a collision, which is assumed to be
conservation; i.e., 0 < ¢ < 1.

The scattering function (see, e.g., [15]) for particle transport (or radiative trans-
fer) in the half-space can be derived from (1) via invariant embedding [2]. Such
a scattering function satisfies the following integrodifferential equation (see the ap-
pendix in [15]):

1 1 1 [ X(w,v) 1 [ X(,w)
2 X =c|l+ = ——d 1+ - ——d
) u+a+y—a (v) =e +2 wta ¥ +2/a w—a

—Q

with (u,v) € [—a, 1] X [a, 1]. Here the function X : [—a, 1] X [a, 1] — R is called a
scattering function. For the case in which ¢ = 0 or aw = 1, (2) has a trivial solution.
When a = 0, the existence of nonnegative solutions of (2) has been studied by many
authors (see, e.g., [15] and the works cited therein). In fact, for this case, the two
integrals in (2) are the usual Chandrasekhar H-function [5, 15].

Discretization of the integrodifferential equation of (2) yields an algebraic matrix
Riccati equation. To see this, let {wy}7_; and {cx}}_, denote the sets of the Gauss—
Legendre nodes and weights, respectively, on [0, 1] with

(3a) O<wy < <wy<w <1

*Received by the editors March 7, 1997; accepted for publication (in revised form) by V.

Mehrmann January 28, 1998; published electronically September 23, 1998. This work was sup-
ported in part by the National Science Council of the R.O.C. on Taiwan.
http://www.siam.org/journals/simax/20-1/31825.html
TDepartment of Applied Mathematics, National Chiao Tung University, Hsinchu, Taiwan 31015,
Republic of China (jjuang@math.nctu.edu.tw).
fInstitute of Applied Mathematics, National Tsing Hwa University, Hsinchu, Taiwan 30043, Re-
public of China (wwlin@am.nthu.edu.tw).

228



Downloaded 04/28/14 to 140.113.38.11. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

NONSYMMETRIC ALGEBRAIC RICCATI EQUATIONS 229

and

(3b) den=1,0>0k=12,...,n
k=1

Transforming the Gauss-Legendre nodes and weights on [0, 1] to the intervals [—a, 1]
and [a, 1], respectively, we have the following relationships:

(4a) w, = {1+ a)wp —a} € [-a,1], ¢, =cx(l+a),
(4b) wi ={(1-)wk +a} €la,1], ¢f =cx(l-a)
for k=1,...,n. Let X;; = X(w;

+
wj,

w;, J‘*‘), i,5 =1,...,n. Replacing p, v with w; and

respectlvely7 in (2), the integrals in (2) can be approximated by

1 X (w,wl) "L Xy
"I o ~ k A kj
| ey

o =1 Yk +a

' X (w; i +xk
[ e

Consequently, the descretized version of (2) becomes

and

Xyt Xy
c(w; +a) J c(w;r - a) J
C Xk 1 o 1 & zkc C Xl
5 =1 + = k J + = + - k 1 J .
O e A R G e

Substituting (4) into (5) and writing the resulting equation in matrix form, we get
an n X n nonsymmetric algebraic matrix Riccati equation in X:

(6) B—AX — XD+ XCX =0,

where A, B,C, and D have the following structures:

(7&) A:diag[617527"'aén] _eqTa
(7b) B =ceel,
(7c) C=qq",
and
(7d) D = diag[dy, da, . .., d,] — qe”,
where
1 1
(8a) Y ewi(1+ @)’ cwi(1 — )
and
(8b) 62[1517"'51]T’ q= [Q17Q2,---,qn]T with ¢; = o

2w;’
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In studying (6), we may assume that all the data are real and that 0 < ¢ <1, 0 <
a < 1, and (3) are satisfied. Consequently, we may assume that

(9a) 0<b<ba<---<by
and
(9b) 0<di <dg <---<dpy.

In addition, we may assume that
(9¢) d;=06; for a=0,d; >0 fora#0, i=1,2,...,n.

Recently, the existence of nonnegative solutions (in the componentwise sense) of
(6) was demonstrated via the degree theory by Juang [13]. Some iterative procedures
[14] have been developed for finding the nonnegative solutions of (6). However, for
the case in which ¢ ~ 1 and a = 0, the convergence rates of these procedures are very
slow, which is unsatisfactory.

Now, let H denote a 2 x 2 block matrix of the form

(10) H:[g :ﬂ,

where A, B,C, and D are as defined in (7). We call this matrix H a Hamiltonian-
like matrix of (6). In this paper, we develop a different approach to constructing
the nonnegative solutions of (6) based on computing the invariant subspaces of H
corresponding to some specified eigenvalues. The inversion formula of a Cauchy
matrix is also used to explicitly construct such solutions. Our approach gives a
complete representation and bifurcation diagram, with respect to parameters ¢ and
a, for nonnegative solutions of (6). Furthermore, it provides a numerical algorithm
for computing the nonnegative solutions of (6) and avoids the deficiencies inherent in
the iterative procedures mentioned above.

Symmetric algebraic Riccati equations arising from linear-quadratic control prob-
lems are often solved by computing the “stable” invariant subspace of the correspond-
ing Hamiltonian matrix A (see, e.g., [17, p. 55]). Such equations have been treated
at length in the literature (see, e.g., [17] and the works cited therein). Here H is of

the form H = [‘g :f], where B, C are symmetric and A is arbitrary. On the other
hand, nonsymmetric Riccati equations (see, e.g., [7, 18]) are less well understood than
their symmetric counterparts. Note that H, given in (10), is a Hamiltonian matrix
only when ¢ = 1 and a = 0, which is why we call it a Hamiltonian-like matrix.
Moreover, we are seeking a nonnegative solution of (6), as opposed to the positive
semidefinite solutions found in linear-quadratic control problems or the nonsingular
solutions found in polynomial factorizations.

This paper is organized as follows. In section 2, we analyze the eigenvalue dis-
tribution of H and characterize the components of the associated eigenvectors. In
section 3, a complete representation and bifurcation diagram of the nonnegative solu-
tions of (6) are established. In particular, we show that (6) has a unique nonnegative
solution when ¢ = 1 and @ = 0 and two nonnegative solutions otherwise. An error
analysis and some numerical experiments for the computation of the nonnegative
solutions are given in section 4. In section 5, some comparison results are derived.
Specifically, we are able to show that the minimal solution of (6) is increasing in ¢ and
decreasing in a. Our concluding section primarily contains some thoughts regarding
possible future research related to the results presented here. For completeness and
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ease of reference, we conclude this introductory section by recording some well-known
results.

In what follows, we shall give the definition of the M-matrix and its properties
(see, e.g., [19, p. 54]).

DEFINITION 1.1. A real n X n matriz A is an M-matriz if there exists a
nonnegative matrix B with a mazimal eigenvalue r such that A = cI,, — B, where
c>r.

THEOREM 1.2. Let matriz A be an n xXn nonsingular real matrix with nonpositive
off-diagonal elements. Then the following are equivalent:

(i) A is an M-matriz. (i) Every real eigenvalue in A is nonnegative. (iii) A=1 is
nonnegative.

THEOREM 1.3. Let two n X n matrices A;, i = 1,2, be decomposed into A; =
D; — B;, respectively, where D;, i = 1,2, are diagonal parts of A;, i = 1,2. Suppose
A1 is an invertible M-matriz, D1 < Dy, and By > By > 0. As is then an M-matriz
and Ay' < AL

2. Properties of the Hamiltonian-like matrix H. In this section, we ana-
lyze the eigenvalue distribution of H given in (10) and characterize the components
and properties of the associated eigenvectors.

LEMMA 2.1. The matriz H, as defined in (10), has only real eigenvalues
{=tiny ooy =1, A1, -, An}, which are arranged in an ascending order and satisfy
the following inequalities:

(11&) —b, < — iy, < 1 < o < =02 < — 2 < -0 < —p1 < 0,
(llb) < Mi<di<<dr<...<\, <d,.
Moreover, the following hold: (i) u1 =0 only if c =1. (ii)) \y =0 only if c =1 and
a=0. (iii) g = N,i=1,2,...,n, for a =0.
Proof. Let
(12) D, = diag[d;,ds,...,d,] and A; = diag[éy, b2, ..., 6]

We rewrite H — A\ as

0 —-A —

(13) H—)J:[Dl 0 }—)\I—{ 1 }[eT,qT].
The secular equation (see, e.g., [3, 6, 11]) of H — A\ is given by

f<A>=1—<€T’qT){(D1 T st H | ]

—e
14 =1- — .
" R

Since A = d; and —6;, i =1,...,n, are not eigenvalues of H, finding eigenvalues

of H is equivalent to locating the roots of f()). Using (14), we immediately have the
following asymptotic properties:

lim f(A) =1, lim f(A)==o0, lim f(A)=Foc0, i=1,2,...,n.

A— oo A—dE A——6F

The intermediate value theorem indicates that f(\) must have at least one root in
each of the intervals (d;, d;+1) and (—6;41, —6;), where i = 1,2, ..., n—1. Thus, there
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are at least 2n — 2 roots in those intervals. We next examine the number of possible
roots of f(A) in the interval (—é1,d;). To this end, we evaluate f(0) and its rate of

change, f (0).
From (14), (8), and (3b), it can be determined that

n n

F0)=1- ; 221 cwi(l—a) — ; 22) cwi(1+ )
(15 e 20 preset
and
1 (0)= —% z": cic?wi(1 —a)? + % iciczwi(l +a)?
=1 =1
W emege2)

Since lirn/\ﬁﬂsfr fA) = lim)\ﬁd; f(A) = —o0, we conclude, via (15), that, for 0 < ¢ <
1, f(XA) has two other roots. Specifically, one is in (—61,0) and the other is in (0, dy).
It follows from (15) that, for ¢ =1 and 0 < o < 1, one root of f(A) is zero and the
other root is in (0,d;), and for ¢ =1 and a = 0, f(\) has a zero root of multiplicity
2. We thus complete the proof of the lemma. ]

The following results can be easily obtained by studying the secular equations of
A and D. The proof of the lemma is thus omitted.

LEMMA 2.2. The eigenvalues of A and D are real and positive.

We now turn our attention to the eigenvectors corresponding to the eigenvalues
A and pg of H for k=1,...,n.

LEMMA 2.3. Let [z1, ... ,xgn,k]T and 21y - - - zzn’k]T be the eigenvectors of H
corresponding to A\, and —uy, respectively, for k =1,....n. Then it holds that

16 Tip = nd Tpiip = i=1,....n
( ) i,k di — )\k a n+i,k 61 + )\k ) s 10y
qi(6n — pix) on — Mk
17 Zig = ——"—" and Zpiik = i=1,...,n,
( ) i,k dz n m n+i,k 61 ~ i
fork=1,... n.
Proof. Let x = %1%, T2k - - - ,xzn’k]T be the eigenvector corresponding to Ag;

ie, (H— Mgz = 0. Writing H — AgI in the form of (13) and using the last
component —1 in [_qe] as a pivotal element to eliminate the other elements of [_qe],
we get
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(18)
[ dix O 0 0 0 @16k ] ]
. X1,k
0
0
Jn:k’ 0 _qngn,k Tn,k
I e || e | =0
0
. 0 .
0 0 _(Sn—Lk 6n7k ;Z—:k
L1 1 Q1 n—1 —Onk + Gn | '
Here, Ji7k =d; — M\ and Si,k = 6; + A Letting o, , = 1, we see, via (18), that
19 Tip = —=—— = and Ty = =— =
(1) * d; k di — Ak ok o; 0; + Ak
for i =1,...,n. The eigenvectors corresponding to —uy can be obtained in a similar
way. O

PROPOSITION 2.4. Forc=1 and a = 0,\; = u1 = 0 is a zero eigenvalue of H
that has an algebraic multiplicity of two and a geometric multiplicity of one.

Proof. From Lemma 2.1 we see that the eigenvalues \; = p; = 0 of H has
algebraic multiplicity of two. To see the geometric multiplicity of Ay = u; = 0, by
noting the leading principal (2n —1) x (2n — 1) minor of the coefficient matrix in (18)
with (Zi,k = d; and 51,7]6 = ¢; is nonzero, we conclude that the geometric multiplicity
of A\ = 1 =0 is one. O

Let

(20) = [dii&-r

i,j=1

= [w 5],

where {d;};_; and {\;}’_, are given in Lemma 2.3. Then W is a Cauchy matrix.

We next state a result of [9] which is very useful in proving our main results.
LEMMA 2.5. (i) (See Theorem 3.1 of [9].) The matriz W defined in (20) is
nonsingular, and its inverse is given by

(21) W=t = DyWTD,,
where Dy = diag(aq,...,an) and Dy = diag(fy,. .., Bn) with
— 11 (A —dy) 11 (d; — Xy)
(22) ;= 5121 and f3; = ]zl ,
ot ol = %)
fori=1,..., n. Moreover, a;, B; >0 for 1 <i <n. Forn =1 the denominators in

(24) is interpreted as 1.
(i) Let a = [, ...
Here e is given in (8b).

canlt, B = [B1,-..,8.)F. Then Wa = e and WT3 = e.
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Proof. We need only to prove the second part of the lemma. To this end, let
WTB = f = [flaf??' . 'afn]T' By (20) and (22)7

n ﬁ (d}c - )\j ) n

o
fi= jnﬁél— =: Zrk~
k=1 I (dp —d;) k=1

Let ¢s(A) = 117}['7!()\ — A;), which is an n — 1 order monic polynomial. Set
j=1,j#i

n

N =Y [ A—dy).
k=1

= J=1,3#k

Then ¥(A) is the Lagrangian interplating polynomial of ¢;(A) at the points d1, . .., d,.
That is, ¢;(d;) = ¥(d;), j = 1,...,n. Because the order of ¢)(\) is also n — 1, we
have ¢;(A) = ¢¥(\). By comparing the first coefficient, we get f; = 1. So we have
WTB = e. Finally, W™le = DyWTDye = DiWT3 = Die = a. We thus complete
the proof of the lemma. ]

Remark 2.1. Let a; and 3; be as given in (22) except with A\; on the respective
products replaced by —py. Denote such new «; and 3; by o i and 3; i, respectively.
Then the assertions in the second part of Lemma 2.5 still hold for the corresponding
W since the interlace property remains true.

We next show the matrices X; and ka), given in (23), are invertible. Such
assertions will be used in constructing the solution of the algebraic Riccati equation
(6) in section 3.

THEOREM 2.6. Let

11 T12 0 Tin 21,k T12 0 Tin

T21 X222 -0 X2n (k) 22k T22 -0 T2n
(23) Xi=| . . 4= . S

Tn,l Tn,2 " Tnn Znk Tp2 " Tnn

where ;. and zk, 1 <i,k <mn, are defined in (16) and (17), respectively. Then X
and Zik), k=1,2,...,n, are invertible.
Proof. From (16), decompose X into

(24) X = DqWDﬁa

where

(253“) Dq = diag[Qlana"'aQn]a

(25Db) Ds = diag[by, + A1,6n + A2, ..., 00 + Anl,

and W is defined as in (20). Thus, the nonsingularity of W, and therefore of X,
follows immediately from Lemma 2.5. The assertion for Z§k),k =1,...,n, can be
similarly obtained. 1]

COROLLARY 2.7. Let Xi " = [Z;;]7,_y. Then it holds that
(26) Zi; >0 for i<j and Z;; <0 for i>j.

Similarly, let (ka))_1 = [%f];)]f] The corresponding elements E’fﬁ-), ,j=1,2,...,n,
then satisfy the relationship shown in (26).

Proof. The statement (26) follows immediately from (21), (22), and (24). 0
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3. Existence and multiplicity of nonnegative solutions. Our object in this
section is to study the existence and multiplicity of the nonnegative solutions of (6).
To derive the main results, we first write (6) in the form

o[BI e

It is easily seen that the Span {U(]} forms an invariant subspace of H corre-
sponding to the matrix D — CX. We first recall the following well-known theorem
(see, e.g., [17]).

THEOREM 3.1. If the Span {g;]} forms an invariant subspace of H associated
with the matrix A € R™*™ and if X1 is invertible, then X = X2X1_1 s a solution of
(6).

PROPOSITION 3.2. If X is a nonnegative solution of (6), then {A2,As,..., An}
must be the eigenvalues of D — CX. Consequently, (6) has at most n+ 1 nonnegative
solutions and at most n nonnegative solutions when ¢ =1 and a = 0.

Proof. Let X be a nonnegative solution of (6). Then,

D—CX =D, —q(e" +¢"X) := Dy — q¢"

with §; > 0 for all 5. The secular equation of Dy — ¢¢”* is

n ~

4i4qi
s =1-> -

i=1

Since s(—o0) > 0,s(dy) < 0, and s(d; )s(d;; ;) < 0 for i =1,2,...,n — 1, we may
conclude that D —C'X has n distinct real eigenvalues A, A2, - .. s An. Moreover, there
are at least n — 1 positive eigenvalues, say, A\; > 0,i = 2,...,n. Since o(D — CX), the

spectrum of D — CX, is contained in O’([g :i]), it then follows from Lemma 2.1

that \; = \; for i = 2,3,...,n. The assertions in the proposition then follow from
Theorem 3.1 and Proposition 2.4. 0

Remark 3.1. From Lemma 2.1, Theorem 3.1, and Proposition 2.4, we conclude
that (6) has at most (*") — (*"77) solutions for ¢ = 1 and a = 0 and at most (*")
solutions otherwise.

We next prove the following main result.

(1)
THEOREM 3.3. Let [g] and [?1)} be the eigenvector matrices of H correspond-

2
ing to A = diag[A1, A2, ..., Ap] and T1 = diag[—pu1, A2, ..., An], respectively. Then
X = XoX7 ! and Z = Zél)(Zfl))_l are positive solutions of Riccati equation (6).
Moreover, Z > X > 0.

Proof. We first prove that Xngl is positive. Let Wy = [ﬁ], Dgs, and Dy be

given in (25). Using (16), we see that Xo = WDs and X, = D,W Ds. Hence,
X =WoW ™D, = WoDyWT D, D, Y,

where D; and D5 are given in (21). Let X = [x; ;]. We see that

o {5 () () ()
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Using the identity

1 _ 1 < 1 n 1 >
(61' + )\[)(dj — )\g) o 6; + dj 6; + \o dj — ¢

and recognizing

"L«
(28) > o =(Wa); =1,
=1
we see that
ﬂ n
29 i = —————
( ) Xi,j (5 + d
The last equality in (28) is justiﬁed by Lemma 2.5 (ii). To complete the proof of the
theorem, let Z = Zél)(Z(1 )"t =[¢i,;]- Here Z{l) is given in (23) and
Zn+1,1 xn+1,2 xn+1,3 et anrl,n
(1) Zn+271 xn+2,2 xn+2,3 Tt -rn+2,n
Zy ' = . ,
Zn+n,1 xn+n,2 xn+n,3 et anrn,n

where z,4;1 and x,,1; 1 are defined in (16) and (17), respectively.
To complete the proof of the theorem, it remains to show that Z — X > 0. To
this end, we see that

Z-X = (23" - x200)(2{")
= (28 = Xo) + X (X1 — 2z} (2t)

1)y —
—: F(zM)~!
Using (16), (17) and doing some direct calculations, we see that F' must be of the
form F = gel'| where g is a nonnegative vector and el = (1,0,...,0)T. Note, via
Corollary 2.7, that eff(Zfl))_l >0. Thus Z - X = F(Z%l))_1 = gef(Zfl))_l > 0.
The proof of the theorem is thus complete. 0

Remark 3.2. Using Remark 2.1 and a procedure similar to that above, we have
that ¢; ; are defined as in (29) except with A; in the respective products and summa-
tion taken as —puyq; i.e.,

5;‘ 1 aq1 ”
30 Gij = :
( ) 2,7 q_](61+dj) (‘5 — EZ
THEOREM 3.4. Equation (6) has a unique nonnegative solution when ¢ =1 and
a = 0; otherwise, when 0 < ¢ <1 and 0 < a < 1, it has two nonnegative solutions.
Proof. From Proposition 3.2, it suffices to show, at this stage, that for

. z®) . . .
k=2,...,n, letting [Z}k.)] be the eigenvector matrices of H corresponding to
2

{—pi, A2, - - -, An}, respectively, results in Z(F) = Zék)(Zl(k))_1 being other than non-
negative. However, these assertions follow directly from Corollary 2.7 and (17). a
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4. Error analysis and numerical experiments. In this section, we first pro-
vide a perturbation analysis of Riccati equation (6). For the case that 0 < ¢ < 1 and
0 < a < 1, one can apply the standard theory as discussed in Byers [4] and Kenney
and Laub [16]. Let X = X X; ! be the positive solution of (6). Let || - || denote the
Frobenius norm and Py (§) be the set of perturbations with respect to X:

[AX]|  [[AA] |AD| [AC]]
PX(é){:gé, <, <65b.
sIx Al 1Dl reli

Here A = A+ AA, D=D+ AD, and C=C+ AC are some perturbed matrices in a
6-neighborhood of A, D, and C, respectively, and X = X + AX is the corresponding
perturbed solution. Note that B = ee’ has no perturbation error. Following Rice
[20], we define the (asymptotic) condition number of (6) as follows:

(31) Vx (A’ CvD) = (}IL%Sup{Px((S)}

The magnitude of v, (A4, C, D) is used to measure the sensitivity of the solution
of (6) to perturbations in the data. If v, (A, C, D) is “large,” then small changes in
the data make large changes in the solution. Consequently, the Riccati equation (6)
is ill conditioned. If v, (A,C, D) is of “modest magnitude,” then the small changes
in the data make small changes in the solution. Hence, the corresponding Riccati
equation (6) is well conditioned. Define

_ [[©x [ max{[|A[], [ D[} + [[TIx [[[C]

where O x and IIx are linear operators on R™*", respectively, given by
Ox(V) =0 (VIX + XV) and Tx(V) = Q(XVX)
with
Qx (V)= (-XC+ AV +V(D-CX).

By a similar argument in [4], one can also show that
1
(33) §KX(A, C,D)<v,(A,C D) <4Kx(A,C,D).

From (27), we have that the eigenvalues of Qx are of the form A\ + p, where
{Ae}p_, and {pe}}_,, defined in Lemma 2.1, are eigenvalues of (D — C'X) and
(A — X (), respectively. Expressions (32) and (33) show that Riccati equation (6) is
ill conditioned when [[Q%'| is large. The quantity [|Q%"[~" is usually measured by
sep((D — CX),—(A— X)) [21]. From the definition of “sep” it follows that

(34) . B 195" = [sep((D — CX), —(A - XC))| .

min |Ap +
1§k,é§n| kT e

We next apply the above perturbation analysis to the case that ¢ ~ 1 and a = 0.
From Lemma 2.1, we see that A\; — 0" and —p; — 0~ asc — 1~ and o — 0T. In this
case, I/\Tlm\; hence, v, (A, C, D) become very large. Therefore, the Riccati equation
(6) for ¢ ~ 1 and « = 0 is very ill conditioned. This shows that the convergence rates
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of some iterative methods of [14] for solving Riccati equation (6) are very slow and
unsatisfactory.
We now turn our attention to the formulae derived in (29) and (30). The

nonnegative solutions X = X,X; ' and Z = Zy (I)Z (D=1 are as in Theorem 3.4 and
thus can be computed directly by (29), (30), and (22). In the following we give an
error analysis on the method of (29) and (30). For simplicity, we suppose the given
data {d;,6;}, have no error propagation in computation and let €, be the relative
error of \; caused by computation. By a standard technique of error analysis (see,

g., [22, Chap. 1]), one can derive the relative errors for the computation of {a;}? ;
and {6}, of (22) as follows:

B ~ )\Z - A Aj
(35a)  rel(ay) = Z N Z <>\i -\ TN = A\ 6%‘)

Jj=1 Jj=1,j#i

and

(35D) rel(3;) = ¢ %, —d

Here rel(z) denotes the relative error for the computation of z. Let

(36a) € = max{le, [, i=1,...,n},
|Adl |Adl :
36b 0 = =1,... do = —
( ) max maX{|)\i — dz|7 ‘A'L — di—1|’ ? ) , T, Ao o,
5 Ai + A )
(36¢) 0. ::max{—’_Jrl ,2:17...,71}7
Aig1 — A

(36d) d_. :=min{|d; —d;;1], i=1,...,n}.

mi

From (35), (36), and (11) we can estimate |e, | and |e, | as follows:

i—2 n
|Adl |Adl |Adl
< B A
Coul = i — d i — i1 , = i —dj
. xRl e el DOSID DN Eywers
j=1 j=1+1 E
i—2

|)\i+1 + >\1| + |)\1 + >\7L—1|
Nigr = Al A = i

+

n
i+
n Z |Ai + Al -
j=1  j=it1 i = Al

< [2 (0 0,) + 255D (i 2000 - ) .

min

I (O 0] O

min

and
[ 1—2 n
|Ail |Aiv1] [Aj]
E i S + + + EITIELX
i INi —di|l  [Niy1 — di Z Z |\ — di|
j=1 Jj=i+1
n i
<120, + d—L (Un(4(G—1)(n —i+ 1)))} €
r 2,
(39) < |2t 0020
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TABLE 4.1
(c =0.999999, o = 10~8).

n = 32 n = 64 n = 128 n = 256
Ty 2.1807e-13 4.3211e-12 3.1650e-11 1.0723e-10
T, 2.1926e-13 4.4682e-12 3.1528e-11 1.2455e-10
A1 1.73206684765¢e-3 1.73206684059¢-3 1.73206683757¢e-3 1.73206678707e-3
—p1 | —1.73203684762e-3 | —1.73203684057e-3 | —1.73203683731e-3 | —1.73203678614e-3

TABLE 4.2
(c=1.0, a =10"1).

n = 32 n = 64 n = 128 n = 256
Ty 6.9022e-13 4.3476e-12 4.8312e-11 2.0916e-10
A1 1.72951930554e-15 | 4.14078493715e-15 | 2.15344021678e-15 | 2.61125671244e-15

Here ¢n denotes the natural logarithm.
Consequently, from (37) and (38) the relative error for the computation of x; ; is
bounded by

~ 8d,
(39) [rel(zi )] < |1+ 40, + 20, + 5—n(20)) €.,
for i, j =1,...,n. From (4) and (8) we see that the distances between d; and d;1;

are well separated. Moreover, using the fact that A\; € (d;,d;+1) and the secular
equation f()\) in (14), we see that \; is well separated from the end points d; and
di+1. Therefore, the quantities 6, and 6, and - defined in (36) cannot become

too large. Thus, the relative error of z; ; dependsménrl the quantity of € . . Indeed,
a bisection method combined with Newton’s acceleration scheme can be applied to
f(A) in (14) for computing the desired eigenvalues {\;}?" ; accurately. Numerical
stability for the computation {z; ;}}';_; and {zflj) Ij=1 1s guaranteed, even when the
problem for solving Riccati equation (6) is ill posed for ¢ &~ 1 and « ~ 0.

In the following, we give the numerical results of our test examples. We compute
the nonnegative solutions X and Z by using the formulae (29) and (30) with differ-
ent matrix sizes, n = 32, 64, 128, and 256. In Table 4.1 we compute nonnegative
solutions X and Z for ¢ = 0.999999 and o = 10~8. In Table 4.2 we compute the
unique nonnegative solution X for ¢ = 1.0 and a = 10714, Here r,, and 7, denote,
respectively, the 2-norm residuals of Riccati equation (6) for the computed solutions
X and Z.

As mentioned in section 1 for the case in which ¢ ~ 1 and « =~ 0, iterative
procedures [14] can cause numerical problems during the convergence process. Our
numerical result shows that the residual r, of the computed nonnegative solution is
very satisfactory, even when the condition number v, (4, C, D) estimated by (32),
(33), and (34) is very “large” for ¢ = 1 and a = 10714

5. Comparison theorems for nonnegative solutions. Noting that only
minimal solution is physically meaningful (see, e.g., [2]), we show in this section
that the minimal nonnegative solution X of (6) is increasing in ¢ and decreasing in a.
The dependency of X on the parameter ¢ is well known. However, the effect of the
parameter o on X is less understood. Our assertions here provide a better picture as
to how the roles of a are played.

To begin, we consider the following iteration:

(40) AXPHY L x e+ (p — 0x®)) = B = ee”

3
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with X(© =0. Let X = XoX; ' be as given in Theorem 3.3, and set
(41) D—-CX® =7,

Let X(P+1) = [acg?_l)]. Equation (40) can be equivalently written as a linear system
of the form

(42) (A T+IT@A)ET, . 2t et ) =11, 1)7.

i nn

Here ® denotes the Kronecker product (see, e.g., [1]). To save notation, we shall
write (42) as

(43) (AT +T®A)XPHY = B.

We then prove the following lemmas.

LEMMA 5.1. (i) Ag = D is an M-matriz. (i) A = X;AX;' =D — CX is an
M-matriz.

Proof. To see the first assertion of the lemma, we note, via Lemma 2.2, that the
eigenvalues of D are real and nonnegative. Using the fact that off-diagonal elements
of D are nonpositive, we conclude that Ag is an M-matrix. The second assertion
also follows from the fact that off-diagonal elements of A are nonpositive and its
eigenvalues are {\;}, which are nonnegative. 0

LEMMA 5.2. (i) A®I+I® A is an M-matriz. (ii) Let p € N U {0}. For
matric A, = D — C’X(p), with 0 < X®) < X, A®I+1®A, is an M-malriz, and
(AQT+T@A) ' > (AQI+T® A,

Proof. We first note, via Lemma 2.2, that the eigenvalues of A are positive. It
is then clear that the off-diagonal elements of A ® I + I ® A are nonpositive and
its eigenvalues are nonnegative. Hence, A ® I + I ® A is an M-matrix. The second
part of the lemma follows by applying Theorem 1.3 on A® I + I ® A(= A;) and
ART+ TR A, (= A2). O

We are now ready to prove the following theorem.

LEMMA 5.3. Let X = X2X1_1 be as given in Theorem 3.4. Then X @), as defined
in (40), converge upward to X.

Proof. We first prove that

0<XPD<x® <X  forallpeN.
To see this, we note that
0=xXx" < x®,

Moreover, using Lemma 5.2 (ii), we get

X=(A@I+I@AN) B> (AT +I1@A) 'B=XW,
and so

0=x0<x®<x.
Suppose (42) holds for p = k. Then we see, as in Lemma 5.2 (ii), that
(ART+T@ A, 1) ' <(AQT+T®A) ' < (AT +T@AN)~L

Using (41), we obtain that

0< x (k) < x (k+1) < X.
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Therefore, we conclude, via an induction, that (42) holds as claimed. Let the limit
of the sequence {X (P} be denoted by X(>). Since X(*) is a nonnegative solution of
(6) and X () < X it must be that X () = X. |

To emphasize the dependence of X on the parameters ¢ and «, we write X as
X (e, a). Likewise, all quantities are similarly written if necessary. We are now ready
to state our comparison result.

THEOREM 5.4. The solution X = Xngl of (6) is increasing in ¢ and decreasing
in «. In particular, X(1,0) > X(c,a) for all ¢, a.

Proof. For fixed a and ¢; < co, suppose XP)(cy,a) < XP)(cy, ), where
X®)(¢;,a),i = 1,2, are as defined in (40). Then by applying Theorem 1.3 on

Ay = Aeg,a) @ T +1® Ap(ea, @) and Ay =Ac1,0) @ T+ 1@ Ap(ar, @),
we get
(Alcr,a) @ T+T® Apler, )™t < (Acz, @) @ T+ T @ Ay(ca, )™t
Here A,(ci, ) := D(c;,a) — CX®)(¢;, ), i = 1,2. Tt then follows from (41) that
X(”H)(cl,a) < X(p+1)(627a)_
Clearly,
0= X(O)(cl,a) < X(O)(CQ,OL) =0.
Hence, an induction yields that X ®)(¢;,a) < X®)(¢y, a) for all p € N. We conclude,

via Lemma 5.3, that X (c1,a) < X(co, ).
To see X (c, @) is decreasing in «, we first note that

bi+d; = ! + ! = 2
N a4 @) cwi(1—a)  cwi(l — a?)

are increasing in a. Therefore, for fixed ¢ and oy < ag, suppose X®)(c,aq) >
X @) (¢, az). Then by applying Theorem 1.3 on A; = A(c, 1) @I +1® Ap(c,a1) and
Ay = Alc,0) @ I + 1 ® Ap(c, ), we get

[A(c, 1) @ T+ I @ Ap(c,on)] ™ > [Alc,a0) @ T+ 1 ® Ap(c, an)] .
Noting that
0=XO% a1)> X% a) =0,
we conclude, via an induction and Lemma 5.3, that
X(c,a1) > X(c, an).

The proof of the theorem is thus complete. ]

6. Concluding remarks. We conclude with a few suggestions for further re-
lated work.

First, the method of invariant embedding has been applied to transport problems
(see, e.g., [10]) involving neutrons and gamma rays with realistic energy and angle-
dependent cross-sections. It is therefore of interest to study a more general form of
algebraic matrix Riccati equations encompassing those cases.
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Next, we note that the simple transport model [8, 10] in an isotropically scattering
plane-parallel layer of finite thickness would induce a differential Riccati equation of

the form
(44a) X' =B-AX - XD+ XCX,
(44b) X(0)=0.

Here A, B,C, and D are as defined in (7). It would be worthwhile to pursue the
asymptotic characteristics and stability of the nonnegative solutions of (6) with re-
spect to this differential Riccati equation (44).

Finally, it would be desirable to generalize our techniques for solving the corre-
sponding algebraic Riccati equation to infinitely dimensional cases [15].

Acknowledgments. We thank Professor Volker Mehrmann and referees for sug-
gesting numerous improvements to the original draft. In particular, the inversion
formula of a Cauchy matrix was brought to our attention, which leads to a much
shorter proof of Theorem 3.4 and Lemma 2.5 (ii).
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