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A geometric model of scroll profiles, constructed from an involute of circle with variable radii,
has been developed by using the theorem of planar orbiting mechanisms. Parametric studies
have also been investigated in this study. When compared to the conventional scroll profile
with the same suction volume, volume ratio and housing size, this new model demonstrates
better reliability and efficiency because of a lower wrap height. Alternatively, a scroll type
compressor with a more compact housing size can be achieved by using this new profile but
keeping its wrap height the same as the conventional one. Furthermore, arc and line
modifications have been built to provide wider design varieties. These are used to avoid
interference at the center of the scroll pair and to boost the volume ratio of this new scroll
profile.
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1. Introduction

The scroll type compressor (STC) is an efficient, quiet, simple, and reliable rotarymachine that has been under development since
the 1970s. It's a kind of positive displacement compressor. The basic principle of the STC, which is a combination of a compression
process with an orbiting motion, is made up of two key components—fixed scroll and orbiting scroll. At first, the orbiting scroll is
rotated 180° (π rad) relative to the stationary fixed scroll, and is then coupled with a crank mechanism to orbit the fixed scroll at a
constant radius. In addition, an anti-rotation coupling is joined to the orbiting scroll to prevent it from rotating as it orbits. From this
motion, several volumes in the enclosed chambers in between the two scroll parts can begradually decreased andmoved inward from
the periphery to the center portion. As such, the working media in these chambers can be compressed smoothly and finally be
discharged from a discharge port at the center of the fixed scroll to complete one compression and discharge process.

With regard to the scroll pair (which are the fixed and orbiting scrolls), numerous technical papers and patents have been
written and proposed, to improve STC performance. From a geometric viewpoint, many curve profiles that have been used to
create the scroll pair (such as the involute of circle, archimedes spirals and segmental arcs) have been investigated continuously in
literature [1–4]. In addition, Lee et al. [5] proved that several theorems related to planar orbitingmechanisms can be used to design
a scroll pair. Some methods and modifications have also been presented for reaching the perfectly meshing engagement at the
center of the scroll pair, thus avoiding the mutual interference and improving its efficiency [6–8]. Also, Li et al. [9] compared the
advantages and defects of different curves that can be used to form the scroll wrap profiles in STC. In the mathematic field of the
theoretic study, a planar curve expressed by the intrinsic equation has also been developed to derive a closed analytical expression
regarding several scroll profiles [10–12].

Furthermore, several studies using eco-friendly refrigerant (ex. CO2) in STC have garnered much attention in recent years. But
this means that the STC must confront with higher pressure conditions resulted from the specific operating temperatures. Due to
this, developing a scroll pair with better rigidity and strength to endure these high pressure conditions has become an issue.
Among the literature about the involute scroll profiles, a new type constructed from an involute of circle with variable radii was
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Nomenclature

a radius of base circle (mm)
a0 initial radius of base circle (mm)
C0, C1 contact points
Cin, Cou joint points
Dm minimum endplate diameter of the orbiting scroll (mm)
d,d′ distance used in arc and line modification (mm)
h wrap height of the scroll pair (mm)
k polytropic index
rob orbiting radius (mm)
R, R′ radius of the modified arcs (mm)
V volume (mm3)
VSUC suction volume (mm3)
VDIS discharge volume (mm3)
Volr volume ratio
x, y coordinate
∏f,∏m coordinate planes
ψ independent angle parameter (rad)
α starting involute angle (rad)
β modified angle between the outer and inner involute curve (°, rad)
δ0 corrected increment (mm)
γ derivative angle (rad)
σ derivative angle (rad)
ρ radius of curvature (mm)
Δr modified distance (mm)
ϕ involute angle of scroll (rad)
ϕE,ϕD ended involute angle (rad); corresponding involute angle at discharge (rad)
θ,θD orbiting angle of scroll (rad); orbiting angle at discharge (rad)

Subscripts
c center position
in inner curve
ou outer curve
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proposed for higher efficiency, reliability and wider design freedom [13,14]. However, the illustration of this new type of scroll
profile lacks specifics. Its advantages and defects have not yet been explained clearly. Therefore, in this study, a complete
geometric model of the scroll profiles constructed from an involute of circle with variable radii will be formulated and proved by
utilizing the theorem of planar orbiting mechanisms [5]. After that, several case studies will be implemented and important values
regarding this geometric model will be discussed. Furthermore, two types of perfectly meshing modifications—arc and line shapes
to the center portion of this new scroll profile—as well as their formulations, uses and restrictions, will also be presented.

2. Geometric model of the scroll profile constructed from an involute of circle with variable radii

The complete mathematic expressions will be delineated in the following paragraphs. However, the theorem of planar orbiting
mechanisms [5] must first be reviewed and understood clearly.

2.1. Theorem of planar orbiting mechanisms

Theorem 1 [5]: Whenever two curves, one in plane∏f and the other in plane ∏m, make contact, the contact point must be on
the concave side of the curve. This is called the inner curve and the convex side of the other curve is called the outer curve. The
difference between the radius of curvature (ρ) of the two curves must be equal to the orbiting radius (rob) at all points of contact.

This theorem can be explained, as shown in Fig. 1, by considering the origins of the two planes,∏f and∏m, as they orbit around
each other, and one smooth curve in plane ∏m, which can be expressed as
xm = xcðψmÞ + ρðψmÞcosψm
ym = ycðψmÞ + ρðψmÞsinψm:

(
ð1Þ



Fig. 1. Illustration: theorem of planar orbiting mechanisms.
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Then a pair of outer and inner conjugate curves can be expressed in plane ∏f as follows
xf ;ou = −xcðψmÞ− ρðψmÞ + rob½ �cosψm
yf ;ou = −ycðψmÞ − ρðψmÞ + rob½ �sinψm

(
ð2Þ

(
xf ;in = −xcðψmÞ− ρðψmÞ−rob½ �cosψm
yf ;in = −ycðψmÞ− ρðψmÞ−rob½ �sinψm

ρðϕmÞ−rob≥0:

ð3Þ

also been found that the outer and inner curves expressed by Eqs. (2) and (3) in plane ∏f respond to the inner and outer
ate curves that were expressed by the Eq. (1) in plane∏ . Due to the two planes being rotated 180° (ψ =ψ ±π) toward
when

It's
conjug m f m

each other, Eqs. (2) and (3) can also be expressed in plane ∏f as follows
xf ;ou = −xcðψf−πÞ− ρðψf−πÞ + rob½ �cosðψf−πÞ
yf ;ou = −ycðψf−πÞ− ρðψf−πÞ + rob½ �sinðψf−πÞ

(
ð4Þ

xf ;in = −xcðψf + πÞ− ρðψf + πÞ−rob½ �cosðψf + πÞ
yf ;in = −ycðψf + πÞ− ρðψf + πÞ−rob½ �sinðψf + πÞ:

(
ð5Þ
This theorem distinctly shows that the coordinates of the conjugate curves are related to center position (xc,yc), the radius of
the curvature (ρ), the orbiting radius (rob) and the independent variable (ψ).
2.2. Conceptual illustration and formulations

2.2.1. Conceptual illustration
The basic illustration is shown in Fig. 2. The conventional scroll curve is constructed from an involute of circle with a fixed

radius (a). This adds to the radius of the curvature (ρ) at each point of the curve. However, the biggest difference between the
conventional scroll curve and the one addressed in this study is that the two parameters (a and ρ) have both been changed by the



where

Fig. 2. Sketch map and parametric definitions of an involute of circle with variable radii.
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involute angle (ϕ). By replacing independent variable ψwith the coordinate relation ψ=ϕ−π/2 (as shown in Fig. 2), and applying
the method of vector projection and trigonometric geometry, the planar coordinates to this involute can be expressed in Cartesian
coordinates as:
x = ρðϕÞ⋅cosðψÞ−aðϕÞ⋅sinðψÞ = ρðϕÞ⋅cos ϕ−π
2

� �
−aðϕÞ⋅sin ϕ−π

2

� �

= aðϕÞ⋅cosðϕÞ + ρðϕÞ⋅sinðϕÞ

y = ρðϕÞ⋅sinðψÞ + aðϕÞ⋅cosðψÞ = ρðϕÞ⋅sin ϕ−π
2

� �
+ aðϕÞ⋅cos ϕ−π

2

� �
= aðϕÞ⋅sinðϕÞ−ρðϕÞ⋅cosðϕÞ:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð6Þ
If a is a constant value, Eq. (6) represents the conventional involutewhich is used inmost of scroll machinery. If both a and ρ are
varied with the involute angle ϕ (a = aðϕÞ, ρ = ρðϕÞ), various forms can be further exploited. One of these, the polytropic
expression as it relates to the involute angle ϕ, can be devised and expressed as follows:
a = aðϕÞ = a0 + δ0ϕ
k

ρ = ρðϕÞ = ∫
ϕ

0

ða0 + δ0ϕ
kÞdϕ = a0ϕ +

δ0
k + 1

ϕk + 1
ð7Þ

e polytropic index. a0 and δ0 represent the initial radius of the base circle and the corrected increment. One conventional
k is th
involute can be obtained when δ0=0. If δ0N0 or δ0b0, the distance between the two curves, which correspond to the thickness of
the scroll pair, will be increased or decreased toward the peripheral of the scroll wrap.

2.2.2. Formulation
By utilizing Eqs. (6) and (7) and transforming the parametric relations as shown in Fig. 3, the outer involute with the involute

angle ϕ at the contact point C0 in plane ∏f can be expressed as
xf ;ou = aoucosϕ + ρousinϕ
yf ;ou = aousinϕ−ρoucosϕ

�
ð8Þ

aou = aouðϕÞ = a0 + δ0ϕ
k

ρou = ρouðϕÞ = a0ϕ +
δ0

k + 1
ϕk + 1

:
ð9Þ

image of Fig.�2


Fig. 3. Parametric relations of the scroll profiles constructed from an involute of circle with variable radii.
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By assuming the starting involute angles αin, αou for the inner and outer curves respectively, and referring to Fig. 3, the contact
relation canbederivedonce the inner curve inplane∏f expandsϕ′=ϕ+π−(αin+αou) angles. Due to thenecessary condition that “a
pair of conjugate curveshave a commonradius of abase circle”mustbe satisfied, aandρ for the inner curves at contact pointC1must be
expressed as follows:
ain = aouðϕÞ = ainðϕ′Þ
= a0 + δ0½ϕ′−ðπ−αin−αouÞ�kjϕ0¼ϕ + π−ðαinþαouÞ

= a0 + δ0ϕ
k

ρin = ρinðϕ′Þ = ∫
ϕ′

0

fa0 + δ0½ϕ′−ðπ−αin−αouÞ�kgdϕ′

= ða0ϕ′Þjϕ + π−ðαinþαouÞ
0 + f δ0

k + 1
½ϕ′−ðπ−αin−αouÞ�kþ 1gjϕ + π−ðαinþαouÞ

= a0½ϕ + ðπ−αin−αouÞ� +
δ0

k + 1
½ϕk + 1 + ð−1Þk + 2ðπ−αin−αouÞk + 1�:

0

ð10Þ
Then the inner curve in plane ∏f can be expressed as:
xf ;in = aincosðϕ + πÞ + ρinsinðϕ + πÞ

yf ;in = ainsinðϕ + πÞ−ρincosðϕ + πÞ

8<
: ð11Þ
From Theorem 1 in Section 2.1 and Fig. 3, the conjugate outer curve in plane∏m can be derived easily from Eqs. (3) to (6) and
stated as follows:
xf ;ou = xm;in = −xf ;in + robcosθ

yf ;ou = ym;in = −yf ;in + robsinθ:

8<
: ð12Þ

image of Fig.�3
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The orbiting angle θ, which defines the orbiting relation for planes ∏f and ∏m and depends on independent variable ψ or
involute angle ϕ, can be derived by letting the Jacobian of Eq. (12) equal zero, which is shown as follows:
Jacobian =
∂ðxm;in; ym;inÞ

∂ðϕ; θÞ =

∂xm;in

∂ϕ
∂ym;in

∂ϕ

∂xm;in

∂θ
∂ym;in

∂θ

����������

����������
= −ðκδ0ϕk−1 + ρinÞðcosϕ⋅cosθ + sinϕ⋅sinθÞ = 0:

ð13Þ
Therefore
− cosϕ
sin

=
sinðϕ + ðm + 1= 2ÞπÞ
cosðϕ + ðm + 1 = 2ÞπÞ =

sinθ
cosθ

; where m = 0;1;2::::ϕ ð14Þ
The orbiting angle θ can then be derived from Eq. (14) or by referring to Fig. 3. It is expressed below:
θ = ψ + π = ϕ + π= 2: ð15Þ
The corresponding outer curve can be expressed as:
xf ;ou = xm;in = −xf ;in + robcosðϕ + π=2Þ
yf ;ou = ym;in = −yf ;in + robsinðϕ + π=2Þ:

(
ð16Þ
Eqs. (8) and (16), which represent the conjugate curves, can be rearranged to compare the coefficients, and then the orbiting
radius rob can be expressed as follows:
rob = a0ðπ−αin−αouÞ +
δ0

k + 1
ð−1Þk + 2ðπ−αin−αouÞk + 1

: ð17Þ
2.3. Application for different k values

From the previous description, various curves for different k values can be investigated. By setting the same starting angles to
the outer and inner curves, i.e. αou=αin=α, four feasible types of involutes have been constructed in the following statement.

1. k=0

Let k=0 and use Eqs. (9) and (10), Eqs. (8) and (11) (the outer and inner curves in plane∏f) can be then expressed as:
xf ;ou = ða0þδ0Þ⋅cosϕ + ða0þδ0Þ⋅ϕ⋅sinϕ
yf ;ou = ða0þδ0Þ⋅sinϕ−ða0þδ0Þ⋅ϕ⋅cosϕ

�
ð18Þ

xf ;in = ða0 + δ0Þ⋅cosðϕ + πÞ + ða0þδ0Þ⋅ðϕ + π−2αÞ⋅sinðϕ + πÞ
yf ;in = ða0 + δ0Þ⋅sinðϕ + πÞ−ða0þδ0Þ⋅ðϕ + π−2αÞ⋅cosðϕ + πÞ :

�
ð19Þ
It is easy to find that Eqs. (18) and (19) are the involutes of circle with a fixed radius (a=a0+δ0), and the orbiting radius is
rob = a0ðπ−2αÞ + δ0ðπ−2αÞ = ða0 + δ0Þðπ−2αÞ: ð20Þ
2. k=1

Let k=1 and follow the same procedure, and the outer and inner curves become
xf ;ou = ða0 + δ0ϕÞ⋅cosϕ + ða0ϕ +
δ0
2
ϕ2Þ⋅sinϕ

yf ;ou = ða0 + δ0ϕÞ⋅sinϕ−ða0ϕ +
δ0
2
ϕ2Þ⋅cosϕ

8>><
>>: ð21Þ



Fig. 4. Sketch map of the scroll profiles for different k values.
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xf ;in = ða0 + δ0ϕÞ⋅cosðϕ + πÞ

+ ½a0ðϕ + π−2αÞ + δ0
2
ðϕ2−ðπ−2αÞ2Þ�⋅sinðϕ + πÞ

yf ;in = ða0 + δ0ϕÞ⋅sinðϕ + πÞ

−½a0ðϕ + π−2αÞ + δ0
2
ðϕ2−ðπ−2αÞ2Þ�⋅cosðϕ + πÞ:

8>>>>>>>><
>>>>>>>>:

ð22Þ
Then the orbiting radius can be expressed as
rob = a0ðπ−2αÞ− δ0
2
ðπ−2αÞ2: ð23Þ

image of Fig.�4


and th

Fig. 5. Structure of orbiting scroll (k=1, α=50° and δ0=−0.05 mm).
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3. k=2

Let k=2 and follow the same procedure, and the outer and inner curves are
xf ;ou = ða0þδ0ϕ
2Þ⋅cosϕ + ða0ϕþ

δ0
3
ϕ3Þ⋅sinϕ

yf ;ou = ða0þδ0ϕ
2Þ⋅sinϕ−ða0ϕþ

δ0
3
ϕ3Þ⋅cosϕ

8>><
>>: ð24Þ

xf ;in = ða0 + δ0ϕ
2Þ⋅cosðϕ + πÞ

+ ½a0ðϕ + π−2αÞ + δ0
3
ðϕ3 + ðπ−2αÞ3Þ�⋅sinðϕ + πÞ

yf ;in = ða0 + δ0ϕ
2Þ⋅sinðϕ + πÞ

−½a0ðϕ + π−2αÞ + δ0
3
ðϕ3 + ðπ−2αÞ3Þ�⋅cosðϕ + πÞ

8>>>>>>>>><
>>>>>>>>>:

ð25Þ

e orbiting radius is

rob = a0ðπ−2αÞ + δ0
3
ðπ−2αÞ3: ð26Þ
4. k≠ integer

If k≠ integer, the planar coordinates of the conjugate curves and the orbiting radius include complex numbers (because of the
term (−1)k+2 in Eq. (10)). However, if the real valuewas adopted only, the conjugate pair can still be created. Let k=1.6, then the
outer and inner curves, and the orbiting radius will be as follows:
xf ;ou = ða0 + δ0ϕ
1:6Þ⋅cosϕ + ða0ϕ +

δ0
2:6

ϕ2:6Þ⋅sinϕ

yf ;ou = ða0 + δ0ϕ
1:6Þ⋅sinϕ−ða0ϕ +

δ0
2:6

ϕ2:6Þ⋅cosϕ

8>><
>>: ð27Þ

xf ;in = ða0 + δ0ϕ
2Þ⋅cosðϕ + πÞ

+ a0ðϕ + π−2αÞ + δ0
2:6

ðϕ2:6 + Re½ð−1Þ3:6�ðπ−2αÞ2:6Þ⋅sinðϕ + πÞ

yf ;in = ða0 + δ0ϕ
2Þ⋅sinðϕ + πÞ

−a0ðϕ + π−2αÞ + δ0
2:6

ðϕ2:6 + Re½ð−1Þ3:6�ðπ−2αÞ2:6Þ⋅cosðϕ + πÞ

8>>>>>>>>><
>>>>>>>>>:

ð28Þ

rob = a0ðπ−2αÞ + δ0
2:6

Re½ð−1Þ3:6�ðπ−2αÞ2:6: ð29Þ
The involutes for the four cases discussed above are shown in Fig. 4. Fig. 5 exhibits the structure of the orbiting scroll where
k=1, α=50°(5π/18) and δ0=−0.05(mm).

image of Fig.�5


Table 1
Combinations of design parameters and related results.

Unit A0 A1 A2 A3 A4

Design parameters
ϕE rad 16.755 16.755 16.755 16.755 16.755
α rad 0.785 0.733 0.785 0.820 0.855
a0 mm 1.9099 2 2.1 2.2 2.3
a0/δ0 – – −167 −89 −62 −49
h mm 5.19 4.56 4.525 4.428 4.357

Results
Vsuc mm3 4500 4500 4500 4500 4500
Vdis mm3 1960 1960 1960 1960 1960
Volr – 2.3 2.3 2.3 2.3 2.3
rob mm 3 3.3 3.3 3.3 3.3
Dm mm 73.00 73.02 73.09 73.05 73.02
Wrap volume mm3 4160 3123 3140 3027 2951
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2.4. Volume calculations

The analytic expression to volume calculation of the case k=1 with the same starting angles (αou=αin=α) has been
derived. By considering the coordinate expressions of Eqs. (11) and (13), the enclosed chamber areas formed from the scroll
pair can be calculated as follows:
ϕE is t

ϕD rep
the vo
above
A =
1
2
∫ϕ
ϕ−2π xm;in:

dðym;inÞ
dϕ

−ym;in:
dðym;inÞ

dϕ

����
����dϕ

−1
2
∫ϕ
ϕ−2π xf ;ou:

dðyf ;ouÞ
dϕ

−yf ;ou:
dðyf ;ouÞ
dϕ

����
����dϕ

= − 1
12

πðπ−2αÞ½−2a0 + ðπ−2αÞδ0�⋅

f−6a0ðπ + 2α−2ϕÞ + δ0½5π2 + 12πðα−ϕÞ + 6ðϕ2−2α2Þ�g

ð30Þ

esents the involute angle that responds to the contact point of the inner curve. By assuming the symmetrical chambers in a
ϕ repr
scroll pair, the chamber volume, the variation of it with ϕ and the suction volume VSUC can be expressed as follows:
VðϕÞ = −ðh=6Þπðπ−2αÞ½−2a0 + ðπ−2αÞδ0�⋅
f−6a0ðπ + 2α−2ϕÞ + δ0½5π2 + 12πðα−ϕÞ + 6ðϕ2−2α2Þg ð31Þ

dVðϕÞ
dϕ

= −ðh=6Þπðπ−2αÞ½−2a0 + ðπ−2αÞδ0�⋅

½12a0 + δ0ð−12π + 12ϕÞ�
ð32Þ

VSUC = VðϕEÞ ð33Þ

he ended involute angle of the scroll pair. It follows that the volume ratio is

Volr = VðϕEÞ= VðϕDÞ ð34Þ

resents the corresponding involute angle at where the discharge step has been designed to arrive. The analytic expression to
lume calculation for the other k values or a different starting angle αou≠αin can also be constructed in accordance with the
-mentioned procedure.
3. Parametric study and discussion

Several cases of scroll profiles constructed from the involutes of circle with both constant and variable radii are compared.
These cases are regarding the condition that the polytropic index k=1, and for simplicity, the same starting angles αou=αin=α
are used for the inner and outer involutes.

3.1. Comparison based on fixed suction volume, volume ratio and housing size

The scroll pair with symmetrical chambers has been used with respect to the two different scroll profiles. Important design
specifications in STC, such as the suction volume VSUC and volume ratio Volr are fixed as 4500 mm3 and 2.3 in this case. These



Fig. 6. Scroll profiles from A0 to A4.
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fixed values must be maintained to satisfy the design specifications. Also, the endplate of the orbiting scroll with a suitable
diameter Dm must be designed to match up with the limitation of the housing size for STC. This minimum Dm can be calculated
approximately as
Dm = 2½ρouðϕE + αÞ + rob� = 2½a0⋅ðϕE + αÞ + 1=2⋅δ0⋅ðϕE + αÞ2 + rob�: ð35Þ
Therefore, the new type of scroll pair must hold the same Dm as the conventional one.
According to the model of this new type, four design combinations with different a0, δ0 and α values (shown in Table 1) have

been calculated. The VSUC, Volr and Dm were kept the same as the conventional type.
The key design parameters and important results for the conventional scroll profile (A0) and these four combinations (A1 to

A4) are all shown in Table 1. Fig. 6 displays the derived scroll profiles from A0 to A4. Fig. 7(a) shows that these four combinations
can also lower the wrap height at a ratio from 12.1% to 16.1%. In addition, the wrap volume can also be reduced by −24.9% to

image of Fig.�6


Fig. 7. Reduction ratio in A1 to A4 and A1′ to A4′, A0 as standard. (a) Scroll wrap height and wrap volume (A1 to A4). (b) Diameter of the end-plate and wrap
volume (A1′ to A4′).
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−29.1%. Even though the orbiting radius rob of the four combinations is bigger than that of the conventional one, the minimum
endplate radius Dm can still be approximately the same. Therefore, the limitation of housing size will not be an issue.

Though having the same VSUC and Volr, a smaller wrap height h in STC is a significant improvement. When the orbiting scroll
rotates to compress the refrigerant, the gas forces that are created by the pressure differences between adjacent chambers and
exerted on the scroll wrap, will be proportional to the wrap height and give rise to the bending moment on the scroll wrap.
Obviously, a bigger bending moment not only generates higher stress on the root part but also causes bigger deformation on the
top part of the scroll wrap. Since the higher stress will result in the possibility of fracture and durability issues, and a bigger
deformation will lead to severe leakage between adjacent chambers, it will eventually degrade the compressor's efficiency. By
changing the wrap height to as low as possible, and using the same design specifications for STC, these two drawbacks can both be
reduced.

Increasing attention has been paid to harmless and eco-friendly refrigerants all over theworld in recent years due to the threats
of ozone depletion and global warming problems. Therefore, some working fluids (as shown in Table 2) like HFC compounds (ex.
R407C and R410A)with zero ODP values and some natural refrigerants with lower GWP values (ex. CO2) have gradually been used
to replace the conventional CFC and HCFC refrigerants. However, the needed pressure conditions that correspond to the specified
Table 2
ODP/GWP values to several refrigerants.

Name R12 R22 R407C R410A CO2

Compositions CFC HCFC HFC HFC Natural gas
ODP (ozone depletion potential) 1 0.055 0 0 0
GWP (global warming potential) 8100 1810 1700 1975 1

image of Fig.�7
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operating temperatures used in the refrigeration and air-conditioning field for these substitutes, such as R410A and CO2, are 1.5 and
5 times higher compared to the conventional refrigerants (ex. R22). Hence the scroll pairmust confront higher pressure differences
with these substitutes. In the light of this, the design of the scroll pair to suit these refrigerants must be reconsidered further.

If the conventional design of the scroll profile remains unchanged, higher stress and deformation levels on the scroll wraps
could be generated and the durability and efficiency of the scroll pair in STC could be degraded more by adopting these eco-
friendly refrigerants. By applying these new types of the scroll profile (for example, k=1 and αou=αin=α), once the thickness in
the inward portion of the scroll wrap, which bears the higher fluid pressure, can be increased and that in the outward portion,
which bears the lower pressure, can be decreased, the rigidity and strength of the new type of the scroll wrap can be improved.
Then the advantages induced by this new scroll profile can be observed more distinctly.

3.2. Comparison based on fixed suction volume, volume ratio and wrap height

If thematerial used in the scroll pair is suitably selected with greater strength and rigidity, then the wrap height h can still hold to
the same value as the conventional one. Even so, in order to satisfy the fixed VSUC and Volr values, other design parameters such as ϕE,
a0, δ0 and α, need to be adjusted once more. Similarly, four other design combinations (A1′ to A4′) are also listed in Table 3. Fig. 7(b)
shows that these four combinations can reduce Dm from 4.8% to 7.5%. The wrap volume can be reduced by −12.5% to −27.2%. The
orbiting radius rob to the four combinations is also a little different when compared to the conventional one.

The smaller Dm with the same VSUC and Volr becomes an important factor, even though the rate of the decreasing Dm in this
case is smaller than the rate of the decreasing wrap height h in the previous case. The smaller Dm implies that the smaller
housing size, which is compared to conventional STC, can accomplish the same VSUC and Volr. Therefore, a more compact size of
STC with the same capacity and volume ratio can provide wider freedom in design consideration by using the involute of circle
with variable radii.

4. Perfectly meshing modification at the center of the scroll profile

Similar to the conventional scroll profiles, the perfectlymeshingmodifications for avoiding interference at the center portion of
the scroll profile, still needs to be addressed. Based on the references [6,7] and [15–17], it is found that the arc and line
modifications are both easy to understand and convenient to be translated into CAM (computer-aided-manufacturing)
procedures. These two modifications will be formulated in detail later.

4.1. Arc modification of involutes of circle with variable radii

Two respective arc curves can be used to join the inner and outer involutes when modifying them. In order to guarantee the
meshing engagement (with the same tangential slope or holding first-order continuous at the joint of two curves), the following
three necessary conditions must be satisfied [16,17]:

1. The joining of one arc curve with the outer involute must be first-order continuous.
2. The joining of the other arc curve with the inner involute must be first-order continuous.
3. The joining of these two arc curves must be first-order continuous.

4.1.1. Formulation
For the involute of circle with variable radii, the contact relation between the two arc curves and the involutes must be

illustrated in order to formulate their mathematic relations. As shown in Fig. 8, let β be a modified angle that corresponds to the
center curve between the outer and inner involutes and Cou represent the joint point of the arc and the outer involute. Similarly, let
Table 3
Combinations of design parameters and related results.

Unit A0 A1′ A2′ A3′ A4′

Design parameters
ϕE rad 16.755 16.319 16.319 16.232 16.232
α rad 0.785 0.794 0.845 0.895 0.935
a0 mm 1.9099 2 2.1 2.2 2.3
a0/δ0 – – −82 −58 −51 −44
h mm 5.19 5.19 5.19 5.19 5.19

Results
Vsuc mm3 4500 4500 4500 4500 4500
Vdis mm3 1960 1960 1960 1960 1960
Volr – 2.3 2.3 2.3 2.3 2.3
rob mm 3 3.1 3.1 3 2.9
Dm mm 73 67.5 67.5 68.9 69.5
Wrap volume mm3 4160 3029 3081 3392 3642



Fig. 8. Parametric definitions of the arc modification.
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angle β+π be another corresponding angle and let Cin represent the joint point of the arc and the inner involute. By leading those
two arc curves to the center portion and applying the theorem of planar orbiting mechanisms [5] and trigonometry [16], the
relations can be expressed as follows:
ðRin + RouÞ2−ð2aouÞ2 = ð2dÞ2 ð36Þ

d = ρou−Rou ð37Þ

Rin−Rou = rob: ð38Þ
Rou and Rin represent the radius of the two arc curves that connect to the outer and inner involute curves. aou and ρou represent
the radius of the base circle and the radius of curvature at contact point Cou. The formulation can be expressed as:
aou = ½a0 + δ0ðβ + αÞk�

ρou = ½a0ðβ + αÞ + ð−1Þk + 2 δ0
k + 1

ðβ + αÞk + 1�:
ð39Þ
Using Eq. (39) and solving Eqs. (36) to (38), important relations can be obtained as follows:
Rou = ½a0ðβ + αÞ + ð−1Þk + 2 δ0
k + 1

ðβ + αÞk + 1�−d ð40Þ

Rin = Rou + rob ð41Þ

d =
½a0ðβ + αÞ + ð−1Þkþ 2 δ0

kþ 1 ðβ + αÞkþ 1 + rob
2 �2−½a0 + δ0ðβ + αÞk�2

2½a0ðβ + αÞ + ð−1Þkþ 2 δ0
kþ 1 ðβ + αÞkþ 1 + rob

2 �
: ð42Þ
The corresponding parameters, the derivative angle γ and the orbiting angle at the discharge moment θD (as shown in Fig. 8)
can then be expressed as
γ = β−tan �1 d
aou

� �
:

θD = 2π−γ

ð43Þ

image of Fig.�8
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Finally, the parametric expressions of the two arc curves (Rou and Rin) are
xRou
= Rou⋅cosθ +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ou + d2

q
⋅cosγ

Rou = Rou⋅sinθ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ou + d2

q
⋅sinγ

; θ∈ γ−π;β−π
2

h i8><
>: ð44Þ

xRin
¼Rin⋅cosθ +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ouþd2

q
⋅cosðγ + πÞ

Rin¼Rin⋅sinθ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ouþd2

q
⋅sinðγ + πÞ

; θ∈ γ;β +
π
2

h i
:

8><
>: ð45Þ
4.1.2. Discussion
Several related constraint conditions from these parameters must be considered once the arc modification has been applied.

These include:

1. RouN0: the outer arc curve exists if RouN0, otherwise the tip point could happen (if Rou≤0) at the joint of the outer involute and
the inner arc curve, so the stress concentration could arise in the tip of the scroll wraps.

2. βN−α guarantees the existence of an intersection between the outer arc and the outer involute curve.
3. Larger β value means larger Rou and Rin values, which represents a thicker wrap profile at the center portion.

Several arc curves with corresponding Rou and Rin can be derived to assist this modification by choosing a different modified
angle β. Fig. 9 shows the modifications when β is set as 65°(13π/36), 85°(17π/36), 105°(21π/36), 125°(25π/36), 145°(29π/36) and
165°(33π/36). From Eq. (43) and Fig. 9, it is found that when a lower β angle is used, a bigger orbiting angle at the discharge
moment (θD) can be obtainedwhile still keeping the same values of the other parameters, whichmeans the planar orbitingmotion
can reach the discharge stepmuch later. Hence the volume ratio (VSUC/VDIS) can be raised substantially and if possible, surpass the
needed design requirements for the designated operating conditions (pressure ratio or compression ratio) of STC. Owing to this,
some defects (e.g. over-compression) may occur during the compression step and consume unnecessary work. Furthermore, the
volume ratio for different β angle with both modifications of involutes of circle with variable radii is similar to that with a fixed
radius [15–17].
4.2. Line modification of involutes of circle with variable radii

This modification uses two conjugate straight lines to collocate with two arc curves to achieve a perfect mesh. By doing this, the
increased level of the volume ratio (VSUC/VDIS) can be lowered when compared with the arc modification.
Fig. 9. Comparison of different β values to the scroll profile with arc modification.

image of Fig.�9


Fig. 10. Parametric definitions of the line modification.
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4.2.1. Formulation
In addition to the modified angle β, another parameter Δr (as shown in Fig. 10), called themodified distance, must be introduced

into this modification. From Eq. (38), it is known that the difference between the radii of the inner and outer arcsmust be equal to the
orbiting radius (Rin−Rou=rob). This equation can also be rewritten as follows [16]
ðRin−ΔrÞ−ðRou−ΔrÞ = R′
in−R′

ou = rob: ð46Þ
The planar orbiting motion and perfect conjugate mesh are still maintained because of the unchanged rob value. As shown in
Fig. 10, the modified parameters are expressed below
R′
in = Rin−Δr

R′
ou = Rou−Δr

d′ = d + Δr:
ð47Þ
Therefore, the derivative angle γ is
γ = β−tan−1 d′

aou

 !
: ð48Þ
Another derivative angle Δθ, defined by the included angle between the modified line and the connecting line between the
center of the two arc curves, can be expressed as
Δθ = sin−1 R′
in + R′

ou

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ou + d′2

q
0
B@

1
CA: ð49Þ
In addition, another derivative angle σ, defined by the included angle between the modified line and the coordinate xf axis
(shown in Fig. 10) is
σ = γ−Δθ: ð50Þ
Then the orbiting angle at the moment of discharge can be expressed as
θD = 2π− σ +
π
2

� �
: ð51Þ

image of Fig.�10
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Finally, the parametric expressions of the two arc curves (R′ou and R′in) are
xR′
ou
¼R′

ou⋅cosθ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ou + d′2

q
⋅cosγ

yR′
ou
¼R′

ou⋅sinθ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ou + d′2

q
⋅sinγ

; θ∈ σ−π;β−π
2

h i8><
>: ð52Þ

xR′
in
¼R′

in⋅cosθ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ouþd′2

q
⋅cosðγ + πÞ

R′
in¼R′

in⋅sinθ +
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ouþd′2

q
⋅sinðγ + πÞ

; θ∈ σ;β +
π
2

h i
:

8><
>: ð53Þ
4.2.2. Discussion
The parameter Δr will affect the modified scroll profile in addition to the modified angle β. When changing Δr values, three

results are shown below.

1. Δr=0: the same effect as the arc curves modification is achieved.
2. 0≤Δr≤Rou: one straight line joins the two arc curves as the modified profile. WhenΔr=Rou, only one straight line can connect

the inner arc curve, the outer curve does not exist.
3. ΔrNRou: line modification cannot be accomplished because of interference.

By keeping the other parameter values the same and setting β=105°(21π/36) and varying Δr from 0 to 1.5 mm (as an
example), the changes of the modified scroll profile are shown in Fig. 11(a).

It is found that once ΔrN0, then θD is smaller than that by using arc modification. Moreover, the bigger Δr used, the earlier the
discharge step will be reached (because of smaller θD). Therefore the corresponding volume ratio can be designed according to
specified requirements. On the other hand, the result of constant Δr(0.5 mm) and variable β values (65°~165°(13π/36~33π/36))
Fig. 11. (a) Comparison of different Δr values (β=105°(21π/36rad)). (b) Comparison of different β values (Δr=0.5mm).

image of Fig.�11
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is shown in Fig. 11(b). Hence various parameter combinations and design varieties can be put in use to reform and improve the
center portion of the scroll profile with these two modifications.

5. Conclusions

This study has developed one geometric model of scroll profiles which is constructed from an involute of circle with variable
radii. Several case studies have been carried out to reveal important advantages thatwill result in higher efficiency, reliability and a
more compact size of the STC. In addition, the arc and line modifications have also been studied in order to achieve perfectly
meshing engagement at the center portion of the scroll profiles. Conclusions are summarized below:

1. A geometric model of the scroll profiles constructed from an involute of circle with variable radii has been built and the
analytical expressions to the volume and its variation have been derived by designating the polytropic index k=1.

2. Smaller stress induced from the bending moment on the root of the scroll wrap and smaller deformation on the top of the scroll
wrap will result if the scroll wrap height is lowered while keeping the suction volume, volume ratio and housing size the same
as the conventional one. Therefore, the reliability and efficiency of STC can be improved.

3. One kind of these profileswith greaterwrap thickness at the center and decreasing thickness from the inside outwards can provide
better strength and rigidity. This profile suits STCs with operating pressures several times higher than the conventional ones.
4. More compact housing sizes of the STC can be achieved by this new type of profile when holding the suction volume, volume

ratio and wrap height the same as the conventional profile. This provides wider design varieties in STC product development.
5. The arc and line modifications used in the conventional scroll profile can still be applied to this new scroll profile. Mathematic

derivations and discussions regarding those modifications have been delivered in this study. The two most important purposes—
avoiding interference at the center of the scroll pair and boosting the volume ratio tomatch the specified operating conditions—are
both achieved by suitably choosing one of these two modifications, depending on design requirements.
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