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Abstract—In this paper, we present an approximation formula
and the close-form expression for the sum rate of the transmit
and the receive zero-forcing (ZF) multiple-input multiple-output
(MIMO) broadcast systems with user selection, respectively.
Instead of assuming a large number of users to obtain a scaling
law as most current work, we derive the sum rate formulas of the
ZF MIMO broadcast systems with a small number of scheduled
users. By analysis and simulations, we find that when taking
the variations of feedback channel into account, the receive ZF
MIMO broadcast system is more robust to feedback errors and
can deliver equal or even higher sum rate than the transmit ZF
MIMO broadcast system. We discuss whether a feedback channel
is suitable to send channel state information (CSI) for calculating
transmit antenna beamforming weights, or suitable to send CSI
for selecting users in the receive ZF MIMO broadcast system.
Our results show that as the variation of feedback channel errors
increases from 0.5 to 1.5, the receive ZF 3× 3 MIMO broadcast
system can provide 36% to 116% higher sum rate than the
transmit ZF 3 × 3 MIMO broadcast system in the case of 20
users at signal to noise ratio (SNR) equal to 20 dB. Providing that
more feedback bandwidth and an error-free feedback channel are
available, the transmit ZF MIMO broadcast system can achieve
higher sum rate than the receive ZF MIMO broadcast system.

Index Terms—MIMO systems, zero-forcing beamforming,
zero-forcing receiver, scheduling, MIMO broadcast channels.

I. INTRODUCTION

MULTIPLE-input multiple-output (MIMO) broadcast
antenna techniques can transmit personalized data

streams to multiple users concurrently in the point-to-
multipoint scenario [1], [2]. Unlike a TV broadcast system,
the MIMO broadcast system transmits different personalized
data streams to a group of selected users. For 𝑀𝑇 transmit
antennas and 𝐾 users, the capacity of the MIMO broadcast
system is min{𝑀𝑇 ,𝐾} times higher than that of a time
division multiple access (TDMA) scheduling system which
selects one user at a time [3], [4]. When complete channel
state information (CSI) is available at the transmitter, the
dirty paper coding (DPC) scheme can maximize the sum rate
of the MIMO broadcast system [5]–[8]. Although it is the
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optimal rate-achieving scheme, the DPC MIMO broadcast
system faces the serious computation complexity issue, and
requires huge amount of feedback information.

Thus, two types of suboptimal MIMO broadcast systems
were proposed in the literature: (1) the orthogonal random
beamforming [9]–[12] and (2) zero-forcing (ZF) based beam-
forming1 [2].

∙ Firstly, recent research works regarding the orthogonal
random beamforming for MIMO broadcast systems are
briefly introduced as follows. In [9], it was proved that the
orthogonal random beamforming strategy can asymptoti-
cally achieve the same throughput slope of DPC when
the number of users increases. To solve the difficulty
of calculating the random beamformer’s weights for a
large number of users, some low-complexity random
beamformer approaches were proposed in [10]–[12].

∙ Secondly, we introduce the recent research results about
the ZF-based beamforming for MIMO broadcast systems.
In [2], a QR-based ZF-DPC MIMO broadcast system was
proposed to maximize the sum rate of the MIMO broad-
cast system. Furthermore, the channel-inverse-based ZF
beamforming was also proposed in [2], which is easier
in calculating the beamforming weights than the ZF-
DPC scheme. However, the effects of user selection
and user ordering were not considered in [2], and the
number of users is assumed to be smaller than that of
transmit antennas. Thus, many researches aimed to relax
this assumption and examine a more general MIMO
broadcast system when the number of users is larger
than the number of transmit antennas. The authors of
[13] proposed a greedy user-selection procedure for the
ZF-DPC MIMO broadcast systems. In [14], it was shown
that the slope of throughput against SNR in dB for the
greedy ZF-DPC MIMO broadcast system is the same as
that for the capacity-achieving DPC strategy. In [15],
it was proved that the channel-inverse-based transmit
ZF beamforming combined with multiuser scheduling
can asymptotically approach the capacity of the DPC-
type MIMO broadcast system when the number of users
approaches infinity. To overcome the prohibitively high
complexity of exhaustively searching users, [14]–[17]
proposed low-complexity and effective user selection
approaches for the MIMO broadcast systems.

Generally speaking, the objective of orthogonal random beam-
forming is to select a group of users to maximize their signal

1Here we use beamforming to represent the situation when antenna el-
ements are multiplied by certain weights. It is not implied that a physical
beam pattern is formed.
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to interference plus noise ratio (SINR) according to partial
CSI, whereas ZF-based beamforming is to nullify the mutual
interference among users according to complete CSI.

In this paper, we define the transmit ZF scheduler as
the channel-inverse-based transmit ZF beamforming combined
with multiuser scheduling, where the beamforming weights
are multiplied at the transmit antennas and scheduling is
an opportunistic transmission technique to exploit multiuser
diversity [18], [19]. Furthermore, we investigate another type
of ZF MIMO broadcast systems – the receive ZF scheduler,
where the ZF algorithm is implemented at the multiple receive
antennas of the user terminal to cancel the inter-stream inter-
ference. In the IEEE 802.11n wireless local area networks,
3GPP LTE (Long Term Evolution) and WiMAX (Worldwide
Interoperability for Microwave Access) broadband cellular
radio systems, a user terminal is equipped with multiple
antennas. Thus, [20]–[22] exploited the advantage of multiple
receive antennas and showed that receive ZF scheduler can be
also used in MIMO broadcast systems.

The objective of this paper is to quantitatively compare the
sum rate and the feedback requirements for the transmit and
the receive ZF MIMO broadcast systems with user selection,
where both base stations and user terminals are equipped
with multiple antennas. Our goal is not to claim that one
scheme outperforms the other, but try to suggest a feasible
MIMO broadcast system subject to the constraint of feedback
bandwidth. It is too costly to use frequency spectrum not for
transmitting user’s data, but only for sending CSI. Thus, we
put an emphasis on the right usage of feedback information
and its robustness to channel variations. Specifically, we dis-
cuss whether feedback CSI is suitable for selecting users or for
calculating antenna beamforming weights. The contributions
of this paper can be summarized as follows:

∙ Subject to feedback channel variations and the amount of
feedback information, we quantitatively compare the sum
rate of the receive ZF scheduler and the three considered
transmit MIMO broadcast systems (including QR-based
ZF-DPC, channel-inverse-based ZF beamforming, and
the block diagonalization approach [23]). We find that
utilizing feedback CSI for user selection in receive ZF
MIMO broadcast systems is more robust to feedback
channel variations compared with utilizing feedback CSI
for calculating antenna beamforming weights in trans-
mit MIMO broadcast systems. As a result, the receive
ZF MIMO broadcast system can deliver the same or
even higher sum rate than the transmit MIMO broadcast
systems, especially in the presence of channel variations.
If an error-free feedback channel is available, the transmit
ZF MIMO broadcast system can achieve higher sum rate
than the receive ZF MIMO broadcast system.

∙ Different from the sum rate scalability laws for a large
number of users in [3] [4] [15] [21], the derived analytical
expression for the sum rate of the transmit ZF scheduler
is applicable for a small number of scheduled users.
Furthermore, the newly derived sum rate analysis formula
of the receive ZF scheduler based on water-filling power
allocation is also more general in comparison with the
receive ZF scheduler based on equal power allocation
[22].

The rest of this paper is organized as follows. Section II
introduces the related work about MIMO broadcast systems.
In Section III, we describe the considered system model and
briefly review the basic principles of the transmit and receive
ZF beamforming. In Section IV, we evaluate the sum rate
of the transmit ZF scheduler when each user is equipped with
only one antenna. For user terminals having multiple antennas,
a modified antenna selection algorithm is provided. In Section
V we derive the analytical closed-form expression for the
sum rate of the receive ZF scheduler. Section VI provides
numerical results. In Section VII the performance issues
of feedback requirements, feedback errors, and scheduling
complexity are discussed. Finally, we offer our concluding
remarks in Section VIII.

II. RELATED WORK

In the literature, the sum rate analysis of the transmit
MIMO broadcast systems for a large number of users has
been studied extensively. It has been shown that the MIMO
broadcast system using ZF beamforming [15] (or called the
transmit ZF scheduler in this paper) as well as the MIMO
broadcast system using orthogonal random beamforming [9]
can achieve the same asymptotic sum rate as that of DPC. For
𝑀𝑇 transmit antennas and 𝐾 users equipped with 𝑀𝑅 receive
antennas, using transmit beamforming and DPC can achieve
the same 𝑀𝑇 log log(𝐾𝑀𝑅) scaling law for MIMO broadcast
systems [3], [4]. Furthermore, [17] proposed a vector feedback
mechanism using singular value decomposition (SVD) and
analyzed the sum rate of transmit ZF MIMO broadcast systems
based on SVD vector feedback. [24] provided asymptotical
sum rate analysis for transmit MIMO broadcast systems using
the feedback-based scheduling architecture according to the
quantized CSI, where a strong form of throughput optimality
of the proposed MIMO broadcast system was demonstrated.
Much of the above analysis has focused on the asymptotical
sum rate of MIMO broadcast systems with user selection by
the extreme value theorem, while [25] showed the asymptotic
sum rate for the finite large number of users. To our knowl-
edge, however, the sum rate analysis for the transmit MIMO
broadcast system for a small number of users has rarely seen.

Recently, the sum rate analysis of transmit MIMO broadcast
system with respect to different feedback assumptions has
become a hot research subject. [26] investigated the effect
of imperfect received CSI on a ZF-based MIMO broadcast
system with random user selection, and derive the capacity
bound with analog or digital feedback information. Under
the assumption of random user selection and equal power
allocation the effects of delayed and quantized CSI on the
sum rate of ZF-based MIMO broadcast systems were further
analyzed in [27]. For the ZF-based receive beamforming
implemented at the base station, [28] derived the asymptotic
rate scaling with the uplink limited feedback system.

Now let us discuss the receive beamforming MIMO broad-
cast systems. [21] demonstrated that the sum rate of the receive
ZF scheduler scales with the same slope as the optimal DPC
scheme when the number of users approaches infinity. For a
finite number of users, a close-form sum rate expression was
derived for the receive ZF scheduler based on equal power
allocation [22]. The receive ZF scheduler only requires vector
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feedback for user selection [21], [29], whereas the transmit
ZF scheduler requires channel matrix feedback or SVD-based
vector feedback [17].

Joint transmitter precoding and receiver processing is an-
other method to broadcast personalized data in a point-to-
multipoint scenario when multiple receive antennas are avail-
able. The block-diagonalization (BD) joint transmitter and
receiver beamforming approach consists of a precoding matrix
for cancelling the inter-user interference and an equalizer
matrix for cancelling the inter-antenna interference [30]–[34].
One key challenge for the BD-based precoder is its high
complexity. Both the precoding matrix and the equalizer
matrix are determined at the base station. Extra overhead is
required to send the information of the equalizer matrix to
serving users. The BD-based precoder also needs complete
channel matrix information as the transmit ZF beamforming.
In [31] an opportunistic user selection algorithm was proposed
to select a group of users with the highest sum rate. Based
on [31], two low-complexity user/antenna selection algorithms
were proposed to select the number of data streams for each
user adaptively and thus realize multi-mode transmissions
[32]. Based on the search tree concept, [33] suggested an
efficient search and scheduling algorithm. To reduce search
space, [34] proposed a simplified user selection and receive
antenna selection algorithm according to a spatial correlation
threshold.

III. BACKGROUND

We consider a multiuser MIMO broadcast system with
an 𝑀𝑇 - transmit-antenna base station and 𝐾 users each of
which has 𝑀𝑅 receive antennas as shown in Fig. 1. The base
station is designed to transmit different data streams up to 𝑀𝑇

users simultaneously. For handling the inter-user interference
in the multiuser MIMO broadcast systems, beamforming can
be implemented at either the transmitter side or the receiver
side.

A. Transmit ZF Beamforming of MIMO Systems

The transmit ZF beamforming multiples the beamforming
weights at the transmitter to decouple the MIMO chan-
nel matrix H into parallel subchannels. Based on the ZF
principle, the beamforming matrix is written as W =
H(𝒮)𝑇 (H(𝒮)H(𝒮)𝑇 )−1, where 𝒮 represents the subset of
the total receive antennas 𝒰 , and (⋅)𝑇 represents the conjugate
transpose operation. Note that ∣𝒰∣ = 𝐾𝑀𝑅 and ∣𝒮∣ = 𝑀𝑇 .
Then, the received signal vector becomes

y = H(𝒮)Wx+ n

= H(𝒮)H(𝒮)𝑇 (H(𝒮)H(𝒮)𝑇 )−1x+ n = x+ n , (1)

where x is the transmit vector, n ∈ ℂ𝑀𝑇×1 is the circularly
complex additive white Gaussian noise vector with covariance
matrix E[nn𝑇 ] = 𝜎2I. According to [2], the sum rate of the
transmit ZF-based MIMO broadcast system is given by

𝑅ZFB(𝒮) =
∑
𝑖∈𝒮

[log(𝜇𝑏𝑖)]+ , (2)

Fig. 1. System model of multiuser MIMO broadcast systems with 𝑀𝑇

transmit antennas and 𝑀𝑅 receive antennas per user.

where 𝜇 is the water-level satisfying the criterion∑
𝑖∈𝒮
[
𝜇− 1

𝑏𝑖

]
+

= 𝑃𝑇 , [𝑧]+ represents max{𝑧, 0}, and

the effective channel gain 𝑏𝑖 of the 𝑖-th subchannel is

𝑏𝑖 =
1[(

H(𝒮)H(𝒮)𝑇
)−1

]
𝑖𝑖

. (3)

Here [A]𝑖𝑗 denotes the (𝑖, 𝑗) entry of the matrix A. Note
that the transmit ZF beamforming weighting matrix W =
H(𝒮)𝑇 (H(𝒮)H(𝒮)𝑇 )−1 leads to higher transmission power
equivalent to the noise enhancement effect of the receive ZF
beamforming.

B. Receive ZF Beamforming of MIMO Systems

With ZF algorithm implemented at the receiver end, data
streams can be independently decoded to recover the spa-
tially multiplexed signals. For a certain user terminal 𝑘,
by multiplying received signal y𝑘 with the pseudo-inverse
H†

𝑘 = (H𝑇
𝑘H)−1

𝑘 H𝑇
𝑘 , the decoded received signal ŷ𝑘 becomes

ŷ𝑘 = H†
𝑘y𝑘 = x+H†

𝑘n𝑘 . (4)

The noise covariance matrix after the ZF receiver becomes
𝜎2[(H𝑇

𝑘H𝑘)
−1]

T
, which may have nonzero off-diagonal el-

ements and results in correlated noise across different data
streams. To lower complexity, the noise correlation is usually
ignored and each stream is decoded independently [20], [35].
With the noise power per subchannel 𝜎2[(H𝑇

𝑘H𝑘)
−1]𝑖𝑖, the

equal power principle results in the output (SNR) at the 𝑖-th
subchannel for user terminal 𝑘 as

𝛾𝑘𝑖 =
𝑃𝑇

𝑀𝑇𝜎2
[(
H𝑇

𝑘H𝑘

)−1
]
𝑖𝑖

, 𝑖 = 1, ⋅ ⋅ ⋅ ,𝑀𝑇 (5)

where 𝑑𝑖 = 1/
[(
H𝑇

𝑘H𝑘

)−1
]
𝑖𝑖

is defined as the effective

channel gain of the 𝑖-th subchannel [21]. Because {𝑑𝑖}𝑀𝑇

𝑖=1

are characterized as Chi-square distributed random variables
with 2(𝑀𝑅 −𝑀𝑇 + 1) degrees of freedom [22], [35], [36],
the probability distribution function (PDF) of 𝑑𝑖 is

𝑓𝑑𝑖(𝑑) =
𝑑𝑀𝑅−𝑀𝑇 𝑒−𝑑

(𝑀𝑅 −𝑀𝑇 )!
, for 𝑖 = 1, . . . ,𝑀𝑇 . (6)
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C. Sum Rate with Long-Term Power Constraint

Let 𝜇0 be the solution of the water-filling equation for the
long-term power constraint

𝐸

[
𝑀𝑇∑
𝑖=1

[𝜇− 1

𝑧𝑖
]+

]
=

𝑀𝑇∑
𝑖=1

𝐸

[
𝜇− 1

𝑧𝑖

]
+

= 𝑃𝑇 . (7)

Subject to this long-term power constraint with water-level
solution 𝜇0, the average sum rate with the water-filling power
allocation is

𝑅sum rate = 𝐸

[
𝑀𝑇∑
𝑖=1

[log(𝜇0𝑧𝑖)]+

]

=

𝑀𝑇∑
𝑖=1

𝐸 [log(𝜇0𝑧𝑖)]+

=

𝑀𝑇∑
𝑖=1

∫ ∞

1/𝜇0

log(𝜇0𝑧)𝑓𝑧𝑖(𝑧)𝑑𝑧 , (8)

where 𝑓𝑧𝑖(𝑧) represents the PDF of effective channel gain 𝑧𝑖
for the transmit ZF beamforming or receive ZF beamforming.

IV. SCHEDULING FOR TRANSMIT ZF BEAMFORMING

Because the number of users (𝐾) is usually larger than the
number of transmit antennas (𝑀𝑇 ), scheduling is necessary for
the transmit MIMO broadcast systems to select 𝑀𝑇 receive
antennas out of 𝐾𝑀𝑅 antennas. Scheduling can exploit the
multiuser diversity gain for the transmit ZF-based MIMO
broadcast system. For large 𝐾 , the sum rate of the transmit
ZF-based MIMO broadcast system can asymptotically achieve
the sum rate of DPC (denoted by 𝑅DPC) in slope [15], that is,

𝐸[𝑅ZFB] ∼ 𝑀𝑇 log

(
1 +

𝑃𝑇

𝑀𝑇
log

𝐾∑
𝑘=1

𝑀𝑘
𝑅

)
∼ 𝐸[𝑅DPC] , (9)

where 𝑀𝑘
𝑅 denotes the number of receive antennas of the 𝑘th

user. Note that we consider the case where all users have
the same number of receive antennas. A stronger convergence
result was shown in [37]

lim
𝐾→∞

(𝑅DPC −𝑅ZFB) = 0 . (10)

The maximal sum rate scheduling algorithm selects the user
set according to

𝑅max
ZFB = max

𝒮⊂𝒰 : ∣𝒮∣=𝑀𝑇

𝑅ZFB(𝒮) . (11)

For the case 𝑀𝑅 = 1, this combinatorial optimization problem
is to select the best one from

(
𝐾
𝑀𝑇

)
combinations. The closed-

form expression for the sum rate of transmit ZF-based MIMO
broadcast systems is not easy to obtain. One of the goals in
this paper is to develop an estimation approach to analyze the
sum rate of the downlink transmit ZF-based MIMO broadcast
systems.

ZFB

ZFR

ZFR

ZFR

Fig. 2. The modified problem model for the transmit ZF beamforming with
the exhaustive-search based scheduling.

A. Sum Rate Estimation with Exhaustively Searched Users

First we reformulate the transmit ZF-based MIMO broad-
cast system into the point-to-point MIMO scheduling system.
Specifically, a transmit ZF-based MIMO broadcast system
with 𝑀𝑇 transmit antennas at the base station and 𝐾 users
with single antenna is translated into a receive ZF MIMO
system with 𝑀𝑇 transmit antennas at the base station and
𝑀𝑇 receive antennas, as shown in Fig. 2. In (11), exhaustive
search in a transmit ZF-based MIMO broadcast system selects
the best 𝑀𝑇 antennas from 𝐾 users. Thus, each of the

(
𝐾
𝑀𝑇

)
combinations can be viewed as a virtual receive ZF MIMO
user with 𝑀𝑇 antennas. As a result, the sum rate of the
transmit ZF-based MIMO broadcast system with exhaustive
user search can be approximated by the receive ZF MIMO
system with one user at a time using TDMA scheduling. This
approximation will be considered in two scenarios, both of
which can lead to the closed-form sum rate performance and
will be verified by simulations later.

∙ In the low SNR region, because of the property of the
logarithm function log2(1 + 𝑥) ≈ 𝑥 log2 𝑒 for 𝑥 ≈ 0,
the ideal policy for achieving the maximal sum rate for
the point-to-point TDMA-based scheduling is to find a
user having the maximal strongest subchannel and to
allocate all the power only to the strongest subchannel.
This principle coincides with the max-max scheduling
scheme. That is, a user with the best effective channel
gain will be selected most likely.

∙ In the high SNR region, the property of the logarithm
function is log2(1 + 𝑥) ≈ log2 𝑥 for 𝑥 ≫ 1. Therefore,
improving all subchannels with suitable scheduling gains
and corresponding power will yield the maximal sum
rate. It is implied that no subchannel will be omitted in
each scheduling run. From [38] and [39], the max-min
scheduling scheme can uniformly provide the scheduling
gains to all subchannels and deliver the maximal sum
rate approximately. Thus, we use the max-min scheduling
to approximate the sum rate of the transmit ZF-based
MIMO broadcast system in the high SNR region.
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In [22], the order statistics analysis techniques were applied
to derive the closed-form expression for the sum-rate capacity
of the point-to-point MIMO system with ZF receiver based
on the max-max and max-min scheduling. From the above
discussions, we present the approximate sum-rate estimations
of the transmit ZF-based MIMO broadcast system as follows.

1) Low SNR Region (Max-Max Approach): The max-max
scheduling algorithm selects the target user with the maximal
strongest subchannel among virtual

(
𝐾
𝑀𝑇

)
users at each time

slot. Denote {𝑏𝑘𝑖 }𝑀𝑇

𝑖=1 as the set of all subchannel effective
channel gains for the 𝑘th virtual user (𝑘 = 1, . . . , 𝑍 =

(
𝐾
𝑀𝑇

)
)

and 𝑏𝑘1:𝑀𝑇
≤ . . . ≤ 𝑏𝑘𝑀𝑇 :𝑀𝑇

as the ordered effective channel
gains in ascending order of magnitude. With the information
of {𝑏𝑘𝑀𝑇 :𝑀𝑇

}𝑍𝑘=1 from all users, the transmitter chooses the
target user according to

𝑘∗ = argmax
𝑘

𝑏𝑘𝑀𝑇 :𝑀𝑇
. (12)

After determining the target user 𝑘∗, we have 𝑏̃max
𝑖:𝑀𝑇

= 𝑏𝑘
∗

𝑖:𝑀𝑇

for 𝑖 = 1, . . . ,𝑀𝑇 where the superscript max denotes the max-
max approach. Based on the order statistics analysis proposed
in [38], we can obtain the PDFs of {𝑏̃max

𝑖:𝑀𝑇
}𝑀𝑇

𝑖=1 as follows:

𝑓𝑏̃max
𝑀𝑇 :𝑀𝑇

(𝑏𝑀𝑇 ) = 𝑍𝑀𝑇 𝑒
−𝑏𝑀𝑇

(
1− 𝑒−𝑏𝑀𝑇

)𝑍𝑀𝑇−1
, (13)

and

𝑓𝑏̃max
𝑖:𝑀𝑇

(𝑏𝑖)

=
𝑍𝑀𝑇 (𝑀𝑇 − 1)!

(𝑖− 1)!(𝑀𝑇 − 𝑖− 1)!

𝑖−1∑
𝑎1=0

(
𝑖− 1

𝑎1

)
𝑀𝑇 (𝑍−1)∑

𝑎2=0

(
𝑀𝑇 (𝑍 − 1)

𝑎2

)

𝑒−(𝑎1+𝑎2+1+𝑀𝑇 −𝑖)𝑏𝑖

𝑀𝑇−𝑖−1∑
𝑎3=0

(
𝑀𝑇 − 𝑖− 1

𝑎3

)
(−1)𝑎1+𝑎2+𝑎3

𝑎2 + 𝑎3 + 1
.

(14)

From (13) and (14), we have all the PDFs of 𝑏̃max
𝑖:𝑀𝑇

for 𝑖 =
1, ⋅ ⋅ ⋅ ,𝑀𝑇 . Applying (13) and (14) to (8) and (7), we can
obtain the sum rate and long-term power constraint equation,
respectively.

2) High SNR Region (Max-Min Approach): Unlike the
max-max scheme, the max-min scheduling selects the target
user according to the maximal weakest subchannel among
virtual 𝑍 users. Based on the information of {𝑏𝑘1:𝑀𝑇

}𝑍𝑘=1, the
base station arranges the transmission during each time slot
according to

𝑘∗ = argmax
𝑘

𝑏𝑘1:𝑀𝑇
. (15)

Once the target user 𝑘∗ is selected, we have 𝑏̃min
𝑖:𝑀𝑇

= 𝑏𝑘
∗

𝑖:𝑀𝑇
for

𝑖 = 1, . . . ,𝑀𝑇 where the superscript min indicates the max-
min scheduling. Similarly, we can get the PDFs of {𝑏̃min

𝑖:𝑀𝑇
}𝑀𝑇

𝑖=1

based on the analysis in [38] as follows:

𝑓𝑏̃min
1:𝑀𝑇

(𝑏1) = 𝑍𝑀𝑇 𝑒
−𝑏1𝑀𝑇

(
1− 𝑒−𝑏1𝑀𝑇

)𝑍−1
, (16)

and

𝑓𝑏̃min
𝑖:𝑀𝑇

(𝑏𝑖)

=
𝑍𝑀𝑇

∏𝑖
𝑗=2(𝑀𝑇 − 𝑗 + 1)

(𝑖− 2)!

𝑍−1∑
𝑎1=0

𝑖∑
𝑎2=2

(−1)𝑖+𝑎1+𝑎2

(
𝑍 − 1

𝑎1

)
(
𝑖− 2

𝑎2 − 2

)[
𝑒−𝑏𝑖(𝑀𝑇−𝑎2+1) − 𝑒−𝑏𝑖(𝑀𝑇+𝑎1𝑀𝑇 )

]
(𝑀𝑇𝑎1 + 𝑎2 − 1)

. (17)

With all the PDFs of {𝑏̃min
𝑖:𝑀𝑇

}𝑀𝑇

𝑖=1, we can obtain the sum rate
by substituting (16) and (17) into (8) and the long-term power
constraint (7).

B. Sum Rate Analysis with Randomly Searched Users

To compare with the transmit ZF scheduler with exhaus-
tively searched users, the sum rate of the transmit ZF-based
MIMO broadcast system with randomly searched user is also
provided. The random user selection is also called the round
robin (RR) scheduling policy, which selects users in turn and
does not exploit the multiuser diversity gain. The average sum
rate of the transmit ZF-based MIMO broadcast system with
randomly selected user is given by

𝑅ZFB =

𝑀𝑇∑
𝑖=1

𝐸 [log(𝜇0𝑏𝑖)]+

= 𝑀𝑇

∫ ∞

1/𝜇0

log(𝜇0𝑧)𝑒
−𝑧𝑑𝑧 = 𝑀𝑇Γ

(
0,

1

𝜇0

)
, (18)

where Γ(𝑎, 𝑥) =
∫∞
𝑥 𝑡𝑎−1𝑒−𝑡𝑑𝑡 is the incomplete gamma

function [40] and 𝜇0 is the water-level solution satisfying the
following long-term water-filling equation:

𝑀𝑇∑
𝑖=1

𝐸

[
𝜇− 1

𝑏𝑖

]
+

= 𝑀𝑇

∫ ∞

1/𝜇

(
𝜇− 1

𝑧

)
𝑒−𝑧𝑑𝑧

= 𝑀𝑇

(
𝜇𝑒−1/𝜇 − Γ

(
0,

1

𝜇

))
= 𝑃𝑇 .

(19)

With 𝜇0 the average sum rate in (18) becomes 𝑀𝑇𝜇0𝑒
−1/𝜇0−

𝑃𝑇 .

C. Scheduling for Transmit ZF Beamforming with Multiple
Receive Antennas

In Section IV-A and Section IV-B, the sum rate formulas
of the transmit ZF-based MIMO broadcast system with ex-
haustive and random user selection are derived for the case
when a user has one single receive antenna. For 𝑀𝑅 > 1,
the analysis in Section IV-A and Section IV-B can also be
extended by treating each antenna as a virtual user. That is,
there are total 𝐾𝑀𝑅 virtual users, each of which has one
single receive antenna.

Although the sum rate analysis for the transmit ZF-based
MIMO broadcast system with exhaustive user selection has
been discussed in Section IV-A, the exhaustive search al-
gorithm with large 𝐾 may not be practical because of the
huge search space

(
𝐾𝑀𝑅

𝑀𝑇

)
. Low-complexity suboptimal user

selection algorithms were proposed for the transmit ZF-based
MIMO broadcast system [14]–[16]. In our paper we extend
the algorithm of [16] to the case with user terminals having
multiple receive antennas. Figure 3 shows the sum rates of
the transmit ZF-based MIMO broadcast system using various
user selection algorithms, including the exhaustive search and
the suboptimal algorithms proposed in [14], [16]. One can see
that both suboptimal algorithms approach the same sum rate
as the exhaustive user search.

The user scheduling algorithm extended from [16] is briefly
explained as follows. First, the scheduler selects a user with
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Fig. 3. Sum rate of the transmit ZF beamforming with the exhaustive-search
based scheduling and the suboptimal scheduling algorithms when 𝐾 = 10, 20
users, 𝑀𝑇 = 3 and 𝑀𝑅 = 1.

Fig. 4. Diagram of the transmit ZF beamforming with scheduling (or the
transmit ZF scheduler) when multiple receive antennas are available.

the best channel quality. Next, the second user is selected so
that the signal vectors of the two user are nearly orthogonal.
Repeat this procedure until all the 𝑀𝑇 selected signal vectors
are nearly orthogonal. We consider the following two scenarios
for selecting receive antenna.

1) Scenario 1 (users have multiple data streams): In this
case, we have 𝐾𝑀𝑅 virtual users each of which is
equipped with one single receive antenna as shown in
Fig. 4.

2) Scenario 2 (users have at most one data stream): Re-
ferring to Fig. 4, this scenario is to prevent unfairness
when some users have good channel quality in the short
term.

The scheduling algorithm for the first scenario is described as:

∙ Step 0: Denote the individual channel vector as h𝑖, where
𝑖 ∈ 𝒰 = {1, 2, . . . ,𝐾𝑀𝑅}.

∙ Step 1: Initialize 𝒰 = {1, 2, . . . ,𝐾𝑀𝑅}, 𝒮 = 𝜙.
∙ Step 2: Find link 𝑗 such that

𝑗 = argmax
𝑖∈𝒰

∣∣h𝑖∣∣ , H(𝒮) = [h𝑗 ] . (20)

Set 𝒮 = {𝑗} and 𝒰 = 𝒰 − 𝒮 .

Fig. 5. An example of the receive ZF beamforming with scheduling (or the
receive ZF scheduler) for 𝑀𝑇 = 𝑀𝑅 = 3 and 𝐾 = 3.

∙ Step 3: Find 𝑁𝑢𝑙𝑙(H(𝒮)) = V2 by the SVD of H(𝒮) =
UΣV𝑇 , where V2 = [v𝑟+1 v𝑟+2 . . . v𝑀𝑇 ] and 𝑟 =
∣𝒮∣.

∙ Step 4: Find link 𝑗 such that

𝑗 = argmax
𝑖∈𝒰

∣∣h𝑖⋅𝑁𝑢𝑙𝑙(H(𝒮))∣∣ , H(𝒮) =
[

H(𝒮)
h𝑗

]
.

(21)
Set 𝒮 = 𝒮∪{𝑗} and 𝒰 = 𝒰 − {𝑗}.

∙ Step 5: Iterate Steps 3 and 4 until ∣𝒮∣ = 𝑀𝑇 .
∙ Power Loading Principle: Water-filling.

In scenario 2, the way of updating 𝒰 is different. If any link
is selected for a user, its other antennas will not be considered.

V. SCHEDULING FOR RECEIVE ZF BEAMFORMING

A. Scheduling Algorithm

Now we consider the receive ZF scheduler. Each user
feedbacks the channel vector {𝛾𝑘𝑖 }𝑀𝑇

𝑖=1 to the transmitter for
scheduling the target group of users, where 𝛾𝑘𝑖 is the output
SNR at the 𝑖th receive antenna of user 𝑘 defined in (5) under
equal power allocation. Since the ZF receiver can change an
𝑀𝑅 × 𝑀𝑇 channel matrix into 𝑀𝑇 parallel channels, the
scheduler at the transmitter assigns a transmit antenna to serve
one of the selected target users. It is unnecessary to assign
all the subchannels to a single user [20]–[22]. The scheduler
transmits data packets to the target user 𝑘∗ via the 𝑖-th transmit
antenna according to the criterion:

𝑘∗ = argmax
𝑘

𝛾𝑘𝑖 . (22)

Since there are 𝐾 spatially-independent choices for an arbi-
trary transmit antenna, such broadcast scheduling algorithm is
called spatially-independent scheduling in [22] and termed the
receive ZF scheduler in this paper. Figure 5 is an example of
the receive ZF scheduler for 𝑀𝑇 = 𝑀𝑅 = 𝑁 = 3 and 𝐾 = 3.
The output SNRs of users 1, 2, and 3 are [1.25, 0.49, 0.50],
[0.81, 0.70, 2.25], and [0.49, 1.69, 1.21], respectively. The
receive ZF scheduler allows each transmit antenna to select its
target user according to (22) independently. Among the first
antennas, user 1 has the highest SNR (i.e., 1.25). Similarly,
the highest SNR of the second antennas among three users
is 1.69 belonging to user 3. Also, the third antenna’s SNR
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Fig. 6. Comparison of the sum rate of the transmit ZF beamforming with
various multiuser scheduling policies for 𝐾 = 10 and 𝑀𝑇 = 3 in the high
SNR region.

of user 2 is the largest (i.e., 2.25). Thus, the data streams of
the first, the second, and the third antennas at the base station
correspond to the first, the second, and the third antennas of
users 1, 3, and 2, respectively.

B. Sum Rate Analysis

Now the order statistics technique is applied to derive the
closed-form expression for the sum-rate capacity of the receive
ZF scheduler 𝑅ZFR for 𝑀𝑇 = 𝑀𝑅 = 𝑁 under the condition of
equal power allocation. Denote 𝛾𝑖 as the output SNR of the
𝑖-th selected subchannel, the PDF of 𝛾𝑖 is

𝑓𝛾𝑖(𝛾𝑖) =
𝐾𝑁

𝜌

(
1− 𝑒

−𝑁𝛾𝑖
𝜌

)𝐾−1

𝑒
−𝑁𝛾𝑖

𝜌 , for 𝑖 = 1, . . . , 𝑁 ,

(23)
where 𝜌 = 𝑃𝑇 /𝜎

2. After independently scheduling across all
transmit antennas in the space domain, {𝛾𝑖}𝑁𝑖=1 are i.i.d. with
respect to 𝑖. The resulting sum rate is

𝑅ZFR =
𝐾𝑁2

𝜌

𝐾−1∑
𝑖=0

(
𝐾 − 1

𝑖

)
(−1)𝑖ℎ

(
(𝑖+ 1)𝑁

𝜌

)
, (24)

where

ℎ(𝑥)
△
=

∫ ∞

0

𝑒−𝑥𝑡 log(1 + 𝑡)𝑑𝑡 =
𝑒𝑥𝐸1(𝑥)

𝑥
, (25)

and 𝐸1(𝑥) =
∫∞
1

𝑒−𝑥𝑡𝑡−1𝑑𝑡 is the exponential integer func-
tion of the first order [40].

Since {𝛾𝑖}𝑁𝑖=1 are known at the base station through the
feedback channel vector, all effective channel gains {𝑑𝑖}𝑁𝑖=1

(as defined in Section III-B) of selected subchannels are
available in the base station. Thus, the sum rate of the
receive ZF scheduler can be further improved by using water-
filling power allocation. From (5) and (23), the PDF of 𝑑𝑖
is 𝑓𝑑𝑖

(𝑑𝑖) = 𝐾
(
1− 𝑒−𝑑𝑖

)𝐾−1
𝑒−𝑑𝑖 and the long-term power

constraint in (7) becomes

𝑁∑
𝑖=1

𝐸

[
𝜇− 1

𝑑𝑖

]
+

= 𝐾𝑁

∫ ∞

1/𝜇

(
𝜇− 1

𝑧

)(
1− 𝑒−𝑧

)𝐾−1
𝑒−𝑧𝑑𝑧

(𝑎)
= 𝐾𝑁

𝐾−1∑
𝑖=0

(
𝐾 − 1

𝑖

)
(−1)𝑖

∫ ∞

1/𝜇

(
𝜇− 1

𝑧

)
𝑒−𝑧(𝑖+1)𝑑𝑧

= 𝐾𝑁

𝐾−1∑
𝑖=0

(
𝐾 − 1

𝑖

)
(−1)𝑖

(
𝜇

1 + 𝑖
𝑒−(1+𝑖)/𝜇 −𝐸1

(
1 + 𝑖

𝜇

))

= 𝑃𝑇 , (26)

where (a) comes from the binomial expansion (1 − 𝑥)𝑛 =∑𝑛
𝑖=0

(
𝑛
𝑖

)
(−1)𝑖𝑥𝑖. The resulting average sum rate of the

receive ZF scheduler with water-filling power allocation is
given by

𝑅water
ZFR =

𝑁∑
𝑖=1

𝐸
[
log(𝜇̃0𝑑𝑖)

]
+

= 𝐾𝑁

∫ ∞

1/𝜇̃0

log(𝜇̃0𝑧)
(
1− 𝑒−𝑧

)𝐾−1
𝑒−𝑧𝑑𝑧

= 𝐾𝑁

𝐾−1∑
𝑖=0

(
𝐾 − 1

𝑖

)
(−1)𝑖

∫ ∞

1/𝜇̃0

log(𝜇̃0𝑧)𝑒
−𝑧(1+𝑖)𝑑𝑧

= 𝐾𝑁

𝐾−1∑
𝑖=0

(
𝐾 − 1

𝑖

)
(−1)𝑖

Γ (0, 1 + 𝑖/𝜇̃0)

1 + 𝑖
, (27)

where 𝜇̃0 is the water-level solution which satisfies (26).

VI. NUMERICAL RESULTS

A. Sum Rate Approximation for Transmit ZF Scheduler with
Exhaustive Searched Users

We first show the sum-rate capacity of the transmit ZF
beamforming with random user selection and exhaustive
search scheduling for various received SNRs when each user
has only single antenna. For SNRs = 0 ∼ 20 dB and
𝐾 = 10 users, Fig. 6 compares the sum rate of the transmit
ZF scheduler based on the exhaustive user selection with that
based on the max-min analytical approach. As shown, the sum
rate of the max-min analytical approach matches that of the
exhaustive user selection quite well. At SNR = 5 dB, the sum
rates of the exhaustive search and random user selection are
4 nats/s/Hz and 2 nats/s/Hz, respectively.

Figure 7 shows the sum rate of the transmit ZF scheduler
in the low SNRs region from −20 to 0 dB and 𝐾 = 10 users
based on the exhaustive search and the max-max analytical
approaches. As shown in the figure, the sum rate of the
max-max can match that of the exhaustive search in the low
SNR region. For comparison, the sum rate with random user
selection is also shown in the figure. At SNR = −5 dB,
the exhaustive user search can provide the sum rate of 1
nats/s/Hz, while the random user selection can provide only
0.4 nats/s/Hz. Basically, Figs. 6 and 7 show that even for
𝐾 = 10 the impact of multiuser diversity is quite significant.
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Fig. 7. Comparison of the sum rate of the transmit ZF beamforming with
various multiuser scheduling policies for 𝐾 = 10 and 𝑀𝑇 = 3 in the low
SNR region.

B. Sum Rate Comparison of Transmit and Receive ZF Sched-
ulers

Next, we compare the sum-rate capacity of the receive ZF
scheduler with that of the transmit ZF scheduler for various
SNRs. We consider two conditions: (1) under the similar
available feedback but different antenna architectures; and (2)
under the same antenna architecture but different feedback
requirements. For comparison, we also provide the sum rate
performance of ZF-DPC transmit beamforming [14] combined
with the greedy multiuser scheduling algorithm [13].

In Fig. 8 the sum rate performance of the receive ZF
scheduler is compared with both the transmit beamforming
approaches (ZF-DPC and ZF) for different values of 𝑀𝑇

and 𝑀𝑅 as 𝐾 = 10. We mainly focus on the transmit
beamformings with 𝑀𝑅 = 1 which has similar feedback
overheads (𝑀𝑇 complex values) compared to the receive ZF
scheduler (𝑀𝑇 scalar values). From the figure, we have the
following observations:

∙ For the receive ZF scheduler, the provided sum rate
analysis (27) (with the legends of square) matches the
simulated results (with the legends of cross) quite well.

∙ With similar amount of feedback, transmit ZF-DPC has
the highest sum rate and the transmit and receive ZF
schedulers result in almost the same sum rate. However,
as the number of transmit antennas decreases, the sum
rate of transmit and receive beamformings are very close
to each other.

∙ With similar available feedback, the transmit and receive
ZF schedulers result in almost the same sum rate. The
selecting degrees of freedom per link is 𝐾 for the receive
ZF scheduler, and is 𝐾−𝑖+1 for determining the 𝑖th link
of the transmit ZF scheduler. Two schedulers have almost
the same selecting degrees of freedom when 𝐾 ≫ 𝑀𝑇 .
With similar feedback overheads and selecting degrees
of freedom, one can expect that two schedulers yield the
similar sum rate.
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Fig. 9. Effects of the number of receive antennas on the sum rate of the
transmit ZF scheduler for 𝐾 = 10 and 𝑀𝑇 = 3.

Figure 9 compares the sum rate of the transmit ZF scheduler
when user terminals are equipped with single and multiple
receive antennas for 𝐾 = 10 and 𝑀𝑇 = 3. For multiple
receive antennas 𝑀𝑅 = 3, antenna selection scenarios 1
and 2 yield similar sum rates by the transmit ZF scheduler.
For comparison, the sum rates of the transmit ZF-DPC, the
transmit ZF beamforming based on the exhaustive user search
and the receive ZF scheduler are plotted. From the figure,
some observations can be made as follows:

∙ The suboptimal user selection methods can approach
the performance of the complicated exhaustive search
method for the transmit ZF scheduler.

∙ The transmit ZF scheduler with multiple receive antennas
improves the sum rate by 20% over the transmit ZF
scheduler with single antenna for SNR = 0 ∼ 5 dB.
The performance gain results from a higher multiuser



WANG and YEH: SCHEDULING FOR MULTIUSER MIMO BROADCAST SYSTEMS: TRANSMIT OR RECEIVE BEAMFORMING? 2787

diversity gain because more receive antennas imply more
virtual users. From (9), the extra channel gain induced by
larger diversity is log𝑀𝑅.

VII. PERFORMANCE ISSUES

A. Feedback Requirement

The amount of required feedback information is an impor-
tant parameter for designing the transmit and receive multiuser
MIMO broadcast systems. The receive ZF scheduler requires
𝑀𝑇 real scalar values, {𝛾𝑘𝑖 }𝑀𝑇

𝑖=1, in the feedback channel
for each user 𝑘 ∈ {1, . . . ,𝐾}. For example user 1 in
Fig. 5 feedbacks a channel state vector [1.25, 0.49, 0.50]. In
general, complete channel matrix information is required for
the transmit ZF scheduler to calculate antenna beamforming
weights. For 𝑀𝑅 receive antennas, user 𝑘 needs to feedback
𝑀𝑇𝑀𝑅 complex-valued entries of H𝑘. Even if 𝑀𝑅 = 1, the
transmit ZF scheduler still needs to feedback 𝑀𝑇 complex-
valued entries. Codebook-based feedback is another efficient
channel quality feedback apparatus, where feedback infor-
mation includes the channel direction information (CDI) and
channel quality information (CQI) [24], [25], [41], [42]. The
transmit ZF scheduler needs both CQI and CDI, but the receive
ZF scheduler requires CQI only. Nevertheless, certain indices
are required to informing each antenna of its corresponding
CQI in the receive ZF scheduler. Providing that each user is
equipped with multiple antennas, the transmit ZF scheduler
also have the same overhead for sending the indices of each
antenna’s corresponding CQI as the receive ZF scheduler.

B. Effects of Feedback CSI Variations

Now we evaluate the impacts of feedback CSI variations
on the performance of the transmit and receive beamforming
in MIMO broadcast systems. Feedback CSI variations are
introduced to characterize the difference of the exact CSI
and the measured CSI at a feedback channel. Feedback CSI
variations may result from the noisy estimated information, the
outdated information due to feedback delay, and quantization
errors, etc. In this paper, we quantify feedback CSI variations
by the coefficient of variations (CV), which is defined as the
ratio of the standard deviation 𝜎𝑋 of a random variable 𝑋
to its mean 𝐸[𝑋 ], i.e., CV = 𝜎𝑋/𝐸[𝑋 ]. The case with CV
= 0 is equivalent to perfect feedback CSI. The larger the CV
value, the more the perturbation on the feedback information.
In this paper, we model the combined effects of feedback CSI
variations as a normal random variable Δ ∼ 𝒩 (0, 𝜎2). For the
perfect CSI (𝑥), the perturbed CSI (𝑥′) received at the base
station is written as 𝑥′ = 𝑥+Δ, in which CV = 𝜎/𝑥.

Figure 10 compares the sum rate performance of three
transmit beamforming techniques (denoted by ZF-DPC, BD,
TZFS) and the ZF-based receive beamforming (denoted by
RZFS), in which for CV = 0.5, 𝑀𝑇 = 𝑀𝑅 = 3 and
𝐾 = 20. The three considered transmit beamforming tech-
niques ZF-DPC, the BD-based precoder, and the transmit ZF
scheduler respectively adopt the greedy scheduling algorithm
[13], the norm-based user/antenna selection algorithm [32],
and the scheduling algorithm in Section IV-C. In [43], we only
considered the ZF-based receive and transmit beamforming
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Fig. 10. Sensitivity to feedback channel variations on the sum rate of the
transmit-type MIMO broadcast schedulers and receive ZF scheduler for 𝐾 =
20, 𝑀𝑇 = 3, and low variation (CV = 0.5).

multiuser MIMO broadcast systems. In this figure, we have
the following observations:

∙ For CV = 0, the ZF-DPC, BD, and ZF based transmit
beamformings result in a similar sum rate, and their sum
rates are about 10 % (i.e., 1 ∼ 1.5 nats/s/Hz) higher
than that of the receive ZF scheduler. For SNR = 20
dB, the sum rates for the ZF-DPC, BD, TZFS and RZFS
are 15.73, 15.43, 15.28, and 14.21 nats/s/Hz, respec-
tively. Among the three considered transmit beamforming
techniques, ZF-DPC has the highest sum rate, and the
BD-based transmit beamforming is only slightly better
than the transmit ZF scheduler. The superiority of the
BD-based transmit beamforming over the transmit ZF
scheduler results from the joint processing of transmit
precoding and receive equalizer.

∙ As the feedback CSI variation increases, the performance
advantages of the transmit beamforming over the receive
beamforming disappear. When CV increases from 0 to
0.5 at SNR = 20 dB, the sum rates of ZF-DPC, BD,
transmit ZF scheduler decrease 19.7% to 12.63 nats/s/Hz,
30.4% to 10.73 nats/s/Hz, and 33.8% to 10.11 nats/s/Hz,
respectively. By contrast, the sum rate of the receive ZF
scheduler is only reduced 3.5% to 13.71 nats/s/Hz.

Figure 11 shows that the increase of the feedback CSI
variation up to CV = 1.5 will degrade the sum rates of the
three considered transmit beamforming techniques seriously,
i.e. 38.8%, 56.9%, 61.1% for ZF-DPC, BD, and TZFS, respec-
tively. However, the sum rate of the receive ZF beamforming
only decreases 7%. From Figs. 10 and 11, one can observe
that transmit beamforming is more sensitive to feedback CSI
variations than the receive ZF beamforming.

C. Usage of Feedback Channel State Information

Noteworthily, the feedback information in transmit beam-
forming is applied to calculate the beamforming weight for
interference cancellation, whereas the feedback information
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Fig. 11. Sensitivity to feedback channel variations on the sum rate of the
transmit-type MIMO broadcast schedulers and receive ZF scheduler for 𝐾 =
20, 𝑀𝑇 = 3, and high variation (CV = 1.5).

in receive beamforming is to select the appropriate users. In
this part, we further discuss why different usage of feedback
CSI affects the sensitivity of MIMO broadcast systems with
respect to feedback channel variations. Consider the ZF-
DPC and ZF-based transmit beamforming techniques. The 𝑖-th
received signal in (1) can be written as

𝑦𝑖 = h(𝒮)𝑖w𝑖𝑥𝑖 + h(𝒮)𝑖
𝑀𝑇∑

𝑗=1,𝑗 ∕=𝑖

w𝑗𝑥𝑗

︸ ︷︷ ︸
Interference

+𝑛𝑖 , (28)

where h(𝒮)𝑖 is the channel vector of the 𝑖-th receiver and w𝑖

is the 𝑖-th column of the beamforming matrix W, respec-
tively. To cancel the inter-stream interference, i.e., making
h(𝒮)𝑖w𝑗 = 0 (∀𝑗 ∕= 𝑖) in (28), the complete channel state
matrix is required. More importantly, it is implied that large
feedback channel variations make it difficult to cancel inter-
stream interference and thus significantly affect the perfor-
mance of the ZF-DPC and ZF-based transmit beamforming
techniques.

For the BD-based transmit beamforming, the received signal
of user 𝑘 with the BD precoder is represented as

y𝑘 = R𝑇
𝑘H𝑘T𝑘x𝑘 +R𝑇

𝑘H𝑘

𝐾∑
𝑗=1,𝑗 ∕=𝑘

T𝑗x𝑗

︸ ︷︷ ︸
Interference

+R𝑇
𝑘n𝑘 ,

(29)

where T𝑘 ∈ 𝒞𝑀𝑇×𝐿𝑘 and R𝑘 ∈ 𝒞𝑀𝑅×𝐿𝑘 are the precoding
matrix and the equalizer matrix, respectively, and x𝑘 is the
𝐿𝑘 × 1 transmit vector for user 𝑘. The principle of the BD-
based transmit beamforming is to design T𝑘 ∈ U𝑀𝑇×𝐿𝑘 and
R𝑘 ∈ U𝑀𝑅×𝐿𝑘 so that

R𝑇
𝑘H𝑘T𝑗 = 0 ∀1 ≤ 𝑘 ∕= 𝑗 ≤ 𝐾 , (30)

where U represents an unitary matrix. With perfect feedback
information, the interference term in (29) can be cancelled as

long as the conditions (30) are satisfied. Similar to the ZF-DPC
and the ZF-based transmit beamforming techniques, the sum
rate of the BD-based transmit beamforming is quite sensitive
to the feedback channel errors due to the requirement of
an accurate channel state matrix for inter-stream interference
cancelation.

Now we consider the ZF-based receive beamforming. As-
sume that the received feedback information from 𝐾 users at
the 𝑖-th transmit antenna be {𝛾𝑘𝑖 }𝐾𝑘=1 in which 𝛾𝑘𝑖 = 𝛾𝑘𝑖 + 𝜀𝑘𝑖 ,
where 𝛾𝑘𝑖 is the exact SNR value and 𝜀𝑘𝑖 is the distortion term.
The scheduler at the base station selects the target user for the
𝑖-th transmit antenna according to

𝑘∗ = argmax
𝑘

𝛾𝑘𝑖 . (31)

Compared to the correct decision in (22), the effect of feed-
back CSI variations may lead to 𝑘∗ ∕= 𝑘∗, i.e., the best
user may not be chosen. Unlike the transmit beamforming
is affected by inter-stream interference, the ZF-based receive
beamforming will not suffer from inter-stream interference.
Although the best user is not chosen due to feedback CSI
errors, the selected user (e.g., the second best user) can still
receive reasonably good sum rate. Therefore, the sum rate
scaling of the receive ZF scheduler can be maintained much
better than the transmit beamforming techniques for MIMO
broadcast system under the impact of feedback CSI variations.

D. Complexity

Here the complexity of the link selection procedures and the
search space for the transmit ZF scheduler is compared with
those of the receive ZF scheduler. For the suboptimal selection
algorithm of the transmit ZF beamforming, one 2-norm vector
calculation ∣∣h𝑖∣∣ per 𝑖 ∈ 𝒰 in Step 2 is required. Next, we
search the link with the maximum norm in 𝒰 of which the
complexity is proportional to ∣𝒰∣. This link selection procedure
will be finished only in the first run and determine the first link.
Note that 𝒰 will be updated when finishing one link search and
the following Steps 3 and 4 will be iterated 𝑀𝑇 − 1 times to
determine the remaining 𝑀𝑇 −1 links. In Step 3, the orthonor-
mal basis 𝑁𝑢𝑙𝑙(H(𝒮)) is calculated, which requires SVD
computation. In Step 4, we need to perform a vector-matrix
multiplication for a 1 ×𝑀𝑇 vector and an 𝑀𝑇 × (𝑀𝑇 − 𝑛)
matrix and a 2-norm calculation per 𝑖 ∈ 𝒰 to search for the
link with the maximum norm ∣∣h𝑖 ⋅ 𝑁𝑢𝑙𝑙(H(𝒮))∣∣, where 𝑛
represents the number of iterations for 𝑛 = 1, . . . ,𝑀𝑇 − 1.
Therefore, the computational complexity per 𝑖 ∈ 𝒰 in Step
4 is a constant 𝑐1 which is related to one vector-matrix
multiplication and 2-norm calculation. Further, the size of
search space for scenario 1 is equal to

∑𝑀𝑇−1
𝑛=0

(
𝑀𝑅𝐾−𝑛

1

)
.

That is, the first link is chosen from
(
𝑀𝑅𝐾

1

)
, the second from(

𝑀𝑅𝐾−1
1

)
, and so on. Similarly, the size of search space for

scenario 2 is equal to
∑𝑀𝑇−1

𝑛=0

(
𝑀𝑅𝐾−𝑛𝑀𝑅

1

)
. To sum up, the

complexity of the link selection procedures for scenario 1 is
approximately 𝑐1

∑𝑀𝑇−1
𝑛=1

(
𝑀𝑅𝐾−𝑛

1

)
+ 𝑐2(𝑀𝑇 − 1), where 𝑐2

is a proportional constant related to SVD procedures in the
𝑛-th iteration and the computation of searching the maximum
norm is omitted.

The computing complexity for the receive ZF scheduler
lies in selecting a certain link with a highest SNR from 𝐾
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TABLE I
PERFORMANCE COMPARISON AND TRADEOFF BETWEEN THE TRANSMIT AND RECEIVE ZF SCHEDULERS.

Transmit ZF scheduler (TZFS) Receive ZF scheduler (RZFS)

Sum Rate Achieve the same scaling law with DPC [15]. Achieve the same scaling law with DPC [21].

Better sum rate performance than RZFS. Slight poorer sum rate performance than TZFS.

Feedback 𝑀𝑅 × 𝑀𝑇 complex-valued entries. 𝑀𝑇 real-valued scalar values.

Requirement Use for interference cancellation. Use for user selection.

(matrix feedback; need CQI and CDI feedback) (vector feedback; CQI feedback)

Effect of Sensitive to feedback channel variation. Robust to feedback channel variation.

Feedback Error Degradation largely especially in high SNR region. Degradation slightly compared to TZFS.

on sum rate Interference domination. Maintain sum rate scaling.

Search Space
∑𝑀𝑇 −1

𝑛=0

(𝑀𝑅𝐾−𝑛
1

) ∑𝑀𝑇 −1

𝑛=0

(𝐾−𝑛
1

)

More computational complexity at base station. Extra ZF implementation at each user side.

Note Suitable for huge feedback to support higher sum rate. As a candidate for scarce feedback environment.

users. Specifically, the size of search space for the receive
ZF scheduler is

∑𝑀𝑇

𝑛=1

(
𝐾
1

)
, which is close to search size

of the transmit ZF scheduler with 𝑀𝑅 = 1 for large 𝐾 .
However, the receive ZF scheduler induces the extra cost of
implementing ZF algorithm at the user terminals. To sum
up, since

∑𝑀𝑇

𝑛=1

(
𝐾
1

)
<
∑𝑀𝑇−1

𝑛=0

(
𝑀𝑅𝐾−𝑛

1

)
for scenario 1

and
∑𝑀𝑇

𝑛=1

(
𝐾
1

)
<
∑𝑀𝑇−1

𝑛=0

(
𝑀𝑅𝐾−𝑛𝑀𝑅

1

)
for scenario 2, one

can conclude that the size of search space of the receive
ZF scheduler is much smaller than that of the transmit ZF
scheduler.

E. Fairness Issue

To achieve the fairness among users, one should maintain
the same probability of obtaining services at each time slot.
Consider the transmit ZF scheduler in scenario 2 as an exam-
ple. To assign 𝑀𝑇 data streams, there are (𝑀𝑅𝐾)(𝑀𝑅𝐾 −
𝑀𝑅) ⋅ ⋅ ⋅ (𝑀𝑅𝐾 − 𝑀𝑅(𝑀𝑇 − 1)) possible outcomes. When
all 𝑀𝑇 transmit antennas are assigned to other (𝐾−1) users,
user 𝑘 is not served. Therefore, the probability 𝑝𝑘 of user 𝑘
to obtain services at each time slot is

𝑝𝑘

= 1− Pr{user 𝑘 is not selected}
= 1− (𝑀𝑅𝐾 −𝑀𝑅)(𝑀𝑅𝐾 − 2𝑀𝑅) ⋅ ⋅ ⋅ (𝑀𝑅𝐾 −𝑀𝑅𝑀𝑇 )

(𝑀𝑅𝐾)(𝑀𝑅𝐾 −𝑀𝑅) ⋅ ⋅ ⋅ (𝑀𝑅𝐾 −𝑀𝑅(𝑀𝑇 − 1))

=
𝑀𝑇

𝐾
. (32)

As for the receive ZF scheduler, total 𝐾𝑀𝑇 possible outcomes
for the 𝑀𝑇 transmit antennas assigning to 𝐾 users. The
probability of user 𝑘 to obtain services at each time slot is[
1− (1− 1

𝐾 )𝑀𝑇
]

≈
𝑀𝑇

𝐾 for 𝐾 ≫ 𝑀𝑇 . Therefore, both
the transmit and receive ZF scheduler can achieve the same
fairness performance in terms of the probability of users to
obtain services during a scheduling time slot.

In summary, simultaneously “broadcast” data to multiple
users can be implemented by the transmit beamforming and
receive beamforming. While there are enough feedback band-
width and the accuracy of the feedback channel state can be
ensured, transmit beamforming is a good multi-user MIMO
broadcast strategy and have better sum rate performance
than the ZF-based receive beamforming. However, because

imperfect feedback may cause significant inter-stream interfer-
ence, the ZF-DPC, BD, and ZF-based transmit beamformings
may not be feasible in the presence of large feedback CSI
variations, which will cause the loss of opportunity to exploit
the potential of having multiple receive antennas at the user
terminal. By contrast, in the case that feedback channel band-
width is constrained and feedback channel states have certain
uncertainty, then the ZF-based receive beamforming can be a
good candidate for multi-user MIMO broadcast strategy at the
cost of ZF implementation at the user side.

VIII. CONCLUSION

In this paper, we compared the sum rate performance and
feedback requirements when implementing the ZF technique
at the transmitter end and receiver end for multiuser MIMO
broadcast systems. Our contributions can be summarized as
follows:

1) Analyze the sum-rate performance of the transmit ZF
MIMO broadcast system for the finite users case, instead
of the scaling law of the sum rate of MIMO broadcast
systems for very large number of users.

2) Derive the closed-form expressions for the sum rate
of the receive ZF scheduler with water-filling power
allocation among transmit antennas.

3) Provide the performance tradeoff analysis between the
transmit and receive ZF schedulers. As shown in Table I,
both the transmit and receiver ZF schedulers can have
the same scaling law as DPC for an extremely large
number of users. However, the transmit ZF scheduler
needs perfect CSI and is sensitive to imperfect CSI feed-
back. The receive ZF scheduler can relax the feedback
requirement and is robust to feedback channel variations.

Implementing more antennas at user handsets become more
feasible thanks to the advanced antenna technologies. For
designing MIMO broadcast systems, the main superiority of
transmit ZF scheduler is the better sum-rate performance with
simpler implementation at user terminals, but transmit ZF
scheduler is more sensitive to feedback channel variations.
By contrast, the receive ZF scheduler is more robust to
feedback channel variations with the cost of implementing ZF
algorithm at user terminals. Hence, when feedback bandwidth
is limited, it is more reasonable to adopt the receive ZF
scheduler. When feedback bandwidth is sufficient, the transmit
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ZF scheduler can be used. Recently, some codebook-based
multi-user MIMO systems are also widely discussed, which
allow simultaneous multiuser transmission based on a limited
feedback mechanism. Thus, one of interesting future research
topics extended from this work is to compare performance
tradeoff of various codebook-based multiuser MIMO broad-
cast systems subject to feedback channel variations.
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