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Fast Full-Wave Analysis of Planar Microstrip
Circuit Elements in Stratified Media
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Abstract—The fast Hankel transform (FHT) algorithm is imple-
mented in the mixed-potential integral-equation (MPIE) analysis
of planar microstrip circuits in stratified media. The spatial-
domain Green’s functions are accurately and quickly obtained
by applying the FHT algorithm to the exact spectral-domain
counterparts. Therefore, the entire analysis procedure has high
accuracy and efficiency. A nonuniform partition scheme is used
to effectively model the rapid change of current distributions
around discontinuities. A generalized supplementary equation
accounting for arbitrary termination conditions at both feeding
and load ends is also derived. The proposed method is used to
design a single-stub band-stop filter and a compensated dc block
circuit. Experimental measurements are performed to validate
the computation.

Index Terms—Fast Hankel transform, microstrip discontinu-
ities, mixed-potential integral-equation method.

I. INTRODUCTION

DISCONTINUITIES are inevitable in a microwave in-
tegrated circuit (MIC). Their electromagnetic property

is a core issue in the design procedure. The discontinuity
can be characterized by the spectral-domain approach (SDA)
[1], [2] or the spatial-domain technique [3]–[5]. When the
geometry of the circuit is complex, no matter which domain
is used, the active parts, i.e., conductors in a microstrip-type
problem or apertures in a slot-type problem, are divided into
subregions for accurately determining the circuit parameters
[1]–[5]. Theoretically, the reliability of characterization results
will increase if the divisions are made finer. Using the SDA,
one has to deal with two-dimensional infinite integrals for
setting up the final matrix [1], [2]. The contributions to the in-
tegrals from large spectral variables are important if the circuit
divisions are small. Therefore, numerical computation could be
expensive for circuits with fine geometries. On the other hand,
in the spatial-domain technique, only multiple integrals of
finite bounds corresponding to extents of each relevant division
are required for the computation of matrix entries. Hence, the
smaller the divisions, the easier the evaluation of matrix.

The incorporation of the spatial-domain moment method
(MM) in the mixed-potential integral-equation (MPIE) formu-
lation is a general and rigorous method for analyzing planar
MIC’s [3]–[6]. The core of the technique is the calculation
of the spatial-domain Green’s function, since one has to take
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care of the Sommerfeld integral (SI), which involves a highly
oscillatory and slowly decaying kernel, the zeroth-order Bessel
function of the first kind. Many contributions have been made
to this integral [7]–[13]. They fall into two categories. In the
first or direct integration approach, the integration path can be
the real axis [7] or a deformed path on the complex plane [8]. If
the integration is performed along the real axis, singularities of
the integrand should be found out and removed via the residue
calculus. As for the deformed path integration, the associated
Bessel function with complex arguments may cause difficulty
in obtaining accurate results.

The second category is an (asymptotic) approximation of
the SI. The modal expansion method [11] is a canonical one.
The main limitation of this method is that the result converges
very slowly in the near-field region. Recently, a new type of
approximation called the complex-image method (CIM) has
been developed [9]–[13]. Only a few closed-form complex
images (images with complex amplitudes and locations) are
needed to approximate the SI over a moderate distance range
[12]. The two-level approach proposed by Aksun [13] can
make the choice of the numbers of complex images and
sampling points and the endpoints of the sampling regions
robust, so that it provides accurate representation of the
Green’s function and is much faster compared to the original
one-level approximation.

In this paper, the fast Hankel transform (FHT) algorithm
[14], [15] is proposed to calculate the spatial-domain Green’s
function. To the best of authors’ knowledge, it is the first time
that the FHT algorithm has been employed to calculate the
Green’s function in a layered dielectric medium. It will be
shown that the SI with a smoothed integrand can be reduced
to a discrete convolution. The convoluted SI result can be
considered as the system response of a digital filter due to
the smoothed integrand. An efficient and accurate result can
always be achieved, since the filter coefficients associated with
the Bessel function have analytic forms and are fast decaying.

The FHT is incorporated in the MPIE technique to char-
acterize the planar microstrip discontinuities. An improved
supplementary equation is derived to account for arbitrary load
condition at the circuit terminals.

This paper is organized as follows. Section II describes
the FHT algorithm and its calculation of the spatial-domain
Green’s functions. Section III shows the characterization of
circuit discontinuities. It includes the partition scheme of the
circuit and the derivation of the supplementary equation. In
Section IV, the accuracy and efficiency of the FHT algorithm
are demonstrated. The proposed method is used to design a
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Fig. 1. A point source embedded in the PEC’s bounded multilayered planar
structure.

single-stub band-stop filter and a compensated dc block circuit.
Experimental measurements are also performed to validate the
calculations. Finally, the conclusion is drawn in Section V.

II. SPATIAL-DOMAIN GREEN’S FUNCTIONS

A. Representations of Spatial-Domain Green’s Functions

In Fig. 1, an infinitesimal electric dipole of unit strength is
embedded in theth layer of a planar dielectric waveguide. The
lossless dielectric layers are extended to infinity in both the-
and -directions. Two perfect electric conductors (PEC’s) are
placed at the top and bottom of this structure. The spectral-
domain Green’s functions for the vector and scalar
potentials can be readily obtained from the generalized re-
flection and transmission coefficients representations [3]. The
spatial-domain counterparts are the Hankel transforms
of

(1)

where is the Hankel function of the second kind of zeroth
order. in (1) have two important features [16]: they have
no branch-point singularity since the multilayered structure is
covered by two PEC’s, and their poles lie on the real and
imaginary axes, for the dielectric layers being lossless, and
appear as pairs since are even functions of .

Before the application of the FHT, the real poles of
must be found out and removed. Let

(2)

where

(3)

(4)

(5)

and represent the residues of at real
poles . In (2), are the potentials for propagating
surface waves or parallel-plate waveguide modes, which dom-
inate (2) in the far-field region. From the modal expansion
method, the potentials can be attributed to the contri-
butions from the -direction evanescent modes [11]. Since all
the -direction evanescent modes lie on the negative imaginary
axis, can be expressed as

(6)

The infinite series in (6) converge very slowly in the near-field
region [11], and become inefficient for circuit characteriza-
tion. However, the imaginary parts of will be zero,

since both and are purely
imaginary if their arguments have zero real parts. Hence, the
imaginary parts of are those of .

B. Calculation of Spatial-Domain Green’s
Functions by the FHT Algorithm

It is known that (3) can be rewritten as [16]

(7)

where is the zeroth-order Bessel function of the first kind.
According to [15], (7) can be transformed to a convolution
integral

(8)

where

(9)

with and . The convolution integral (8)
can be further reduced to the following discrete one:

(10)

where the filter coefficient function is defined as

(11)
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and is the approximation of . The sampling interval is
usually expressed in terms of , the number of sampling
points per decade, as follows:

(12)

The sampling shift is used to simultaneously shift the
sampling points of and in (10). If the interpolation
function is chosen to be [15]

(13)

where is a smoothness parameter, the function has
explicit series representations. This filter has two attractive
features for numerical calculation: for a given accuracy, an
“optimized” filter with minimized length and sampling density

can always be achieved by choosing a suitablevalue
according to the analytical properties of the input function

, and the length of the shifted filter is one-third of the
nonshifted one if an appropriate is introduced so as to
sample the filter function at its zeros as becomes
large. Therefore, only a limited number of sampling values

are needed to obtain accurately converged
at each sampling point . The spatial-

domain Green’s functions all over the interested distance range
can be obtained by interpolation.

C. The Green’s Functions with Extended Range

Now the Green’s functions are obtainable for
. The value of is the maximal dimension of

the analyzed circuit, while can only reach a small nonzero
value. If the source and observation points are located in
different dielectric layers, the Green’s functions will approach
constants as approaches zero. These constants are good
approximations of the Green’s functions in the region below

. On the other hand, as the source and observation points
are located in the same dielectric layer, can be treated as

(14)

The near-field asymptotic expressions for the point source in
Fig. 1 are

(15)

and

(16)

where

(17)

(18)

(19)

(20)

Both (15) and the first term in (16) are direct field potentials
from the point source, while the remaining terms in (16) rep-
resent the potentials of the images resulting from the adjacent
upper and lower dielectric interfaces. The expressions of
in (15) and (16) are simpler than the quasi-static potentials in
the CIM [9]. The reason these simpler expressions are adopted
is that the double integrals associated with can be
easily obtained [see (21)]. Note that both and
approach constant values asapproaches zero. In the region

, these constants are good approximations of
and useful for evaluating diagonal elements in the final MM
matrix. According to our experience, is
sufficient, with being the wavelength in free space.

III. CHARACTERIZATION OF CIRCUIT DISCONTINUITIES

A. The Nonuniform Partition Scheme and
Efficient Matrix Calculation

In resolving the surface-current distributions of a microstrip
discontinuity, the partition scheme is critical for accuracy
and efficiency. It is because the currents rapidly change
near conductor edges and discontinuities, and it needs fine
discretization for accurate determination of circuit parameters.
If uniform partition is used, the final MM matrix may be-
come unacceptably large. However, the cylindrical symmetry
property of can greatly reduce the computation effort
in evaluating the full MM matrix if the entire circuit is
uniformly partitioned [17]. A possible tradeoff is to adopt
the partition as follows. In Fig. 2, parallel to the conducting
edges, small partitions are first made near these edges and their
side dimensions are specified by , where is called
the partition parameter and is a small value. In this paper,

mm is adopted. The remaining portions of the circuit
are further uniformly discretized to have maximal size less
than one-tenth of guided wavelength. Rooftop functions are
used to expand the currents in these subregions. Symmetric

and asymmetric pairs of basis functions
are for adjacent elements with equal and unequal dimensions,
respectively. The half-rooftop functions and are
used to model the possibly nonzero currents at the circuit
terminals, and represents the impressed current. When the
Galerkin procedure is used, fourfold integrals associated with
the basis functions need computing. These integrals can be
reduced to two-dimensional ones [18]. For example,

(21)

where , , and

(22)
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Fig. 2. Nonuniform divisions of the microstrip discontinuity and the rooftop basis functions for expanding the current distribution on the circuit,
d = m�, m = 2 here.

According to (14), the reduced twofold integrals (21) can be
separated into two parts. The one corresponding to near-field
functions can be analytically derived [19], and the
other can be calculated by numerical quadratures [3]. Since
the Green’s functions have been processed by the FHT, all the
matrix elements can be obtained accurately and efficiently.

B. The Improved Supplementary Equation

Load of arbitrary impedance is often used to model the
termination scheme in a practical circuit. Therefore, accurate
load modeling is important for any characterization method. In
the spatial-domain MM, a supplementary equation is required
to deal with the extra load current coefficients for
and . Assume that there are only incident and reflected
dominant mode waves on the line away from discontinuities.
If load is placed at , the relation of currents at two
positions, e.g., and , can be derived as

(23)

where

(24)

and is the phase constant of the line. The supplementary
equation in [18] can be obtained by simplifying (23) with

being replaced by . Hence, (23) is
believed to be more general and suitable for accurate circuit
characterization.

IV. RESULTS

In the near-field region, the real parts of
are often several orders of magnitude greater

than the imaginary parts . However, the
accuracy of the whole function is important for use in MM.
Note that are (see Subsection II-A)

is automatically confirmed by the FHT algorithm since the
integration contour is the real axis and all sample values of

are real.
The choice of and is not critical to the accuracy

of the FHT algorithm if is sufficiently small [15]. The
size of is determined by . The appropriate value
of can be estimated from , , and the
number of poles in the Green’s function, since the oscillatory
behavior of the Green’s function is dominated by these poles
in the far-field region. For all the case studies in this paper,

is used. An HP 735 workstation is used to perform
the calculations.

The generalized pencil-of-function (GPOF) method [20]
is applied to extract the amplitudes and phase constants of
the incident and reflected dominant mode waves at circuit
terminals. The two-port -parameters of the entire circuit
can be calculated from the extracted amplitudes and phase
constants [5].

A. Spatial-Domain Green’s Functions from the FHT

Figs. 3 and 4 compare, respectively, and
obtained by the FHT algorithm with those by direct numerical
integration. The magnitudes of the full Green’s functions

and are also shown for comparison. Note that
are analytic [see (15) and (16)] and

not plotted here. Three poles have been found for this layered
structure at 20 GHz: two TM modes at and

and one TE mode at , where is
the wavenumber in free space. The FHT results (dot points)
coincide with the numerical integration results (the solid lines).
The total central processing unit (CPU) time used to compute

at 240 different locations for
both plots is less than 5 s. The complex constants used to
extend the Green’s functions to can be extracted
from the flat parts of and curves.
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Fig. 3. The real and imaginary parts ofG1

A(�) and the magnitude ofGA(�)
for a horizontal electric dipole in a stratified medium. Parameters:f = 20
GHz, h1 = 0:508 mm, h2 = 0:254 mm, h3 = 9:238 mm, "r1 = 10:2,
"r2 = 2:2, and "r3 = 1:0.

Fig. 4. The real and imaginary parts ofG1

q(�) and the magnitude ofGq(�)
for a horizontal electric dipole in a stratified medium. Parameters and dipole
placement are in Fig. 3.

As shown in Fig. 4, the Green’s function is quickly
oscillating in the region . It is obvious that the
number of FHT data points may not be enough to trace the
fast varying behavior for linear or simple interpolation. It can
be improved by: 1) increasing ; 2) using the far field
functions , which dominate the full Green’s functions
in this range; 3) enhancing the interpolation technique; or 4)
using two separate FHT’s with different values for
different ranges.

Table I compares the real and imaginary parts of
obtained by the FHT algorithm and direct numerical integra-
tion at five typical distances. In calculating the convolution

TABLE I
COMPARISON OF THEREAL AND IMAGINARY PARTS OF THE SCALAR POTENTIAL

GREEN’S FUNCTION (4�"2Gq) OBTAINED FROM THE FHT ALGORITHM AND

EXACT NUMERICAL INTEGRATION AT FIVE TYPICAL DISTANCES. STRUCTURE

PARAMETERS ARE IN FIG. 3. THE RELATIVE ACCURACY " = 10�5

Fig. 5. Calculated (with PEC top cover) and reconstructed current
distributions on the main line of a single-stub band-stop filter.
Parameters—f = 8:5 GHz, m = 2; w = 1:56 mm, L1 = 4:68 mm,
L = 49 mm, "r1 = 2:2, "r2 = 1:0, h1 = 0:508 mm, h2 = 7:492 mm.

(10), the number of summation terms depends on the relative
accuracy [15]. Based on , as shown in Table I,
the real-part results have relative deviation less than 10. If

is used, the FHT results agree with those obtained
by the direct integration to at least six decimal digits, and the
CPU time is increased by 15%. Note that the full complex
Green’s functions consist of the FHT results and the
residues (5). Although the poles in (5) are real,
are complex in general. It has been shown in Subsection II-A
that . The results of are
also listed in Table I for the sake of completeness.

B. Current Distribution of a Microstrip Discontinuity

In order to demonstrate the validity of the supplementary
equation (23), the current distribution on the main line of a
single-stub band-stop filter at 8.5 GHz is plotted in Fig. 5.
The partition parameter , the structure parameters

mm, mm, and mm. The
substrate relative dielectric constant and the thickness
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TABLE II
CALCULATED AND MEASUREDS-PARAMETERS OF THESINGLE-STUB BAND-STOP

FILTER AT 8.5 GHz. STRUCTURE PARAMETERS ARE IN FIG. 5

mm. The air layer thickness mm. The
-direction impressed source is placed at mm

and two termination loads are at and mm,
respectively. The dashed lines at mm and
mm represent the reference planes of the discontinuity circuit.
The rapid current change within these two planes indicates
that the major current changes its flow direction from the
main line to the stub . The real and imaginary parts
of the current distribution for mm have identical
magnitudes, but a phase difference of 90, as expected for a
traveling wave. The current distribution reconstructed by the
GPOF method (dotted line) is also shown in Fig. 5, and it is
indistinguishable from the MM result.

C. Choice of Partition Parameter

The performance of the nonuniform partition is examined
in Table II by comparing the measured-parameters of the
single-stub band-stop filter with the calculated results using

, , , and . The deviations of the magnitudes and phase
angles of the -parameters for these calculations are within
1%. This reflects the fact that only a small number of fine
partitions along the edges of the microstrip lines and around
the discontinuities are required for circuit characterization. For
the analysis herein, the partition parameter .

D. Measurements

In the theoretical characterizations of the microstrip discon-
tinuities in this paper, a PEC cover is always placed 7.492 mm
above the circuits. Fig. 6 plots the calculated and measured

-parameters of the single-stub band-stop filter in Fig. 5. From
the theoretical and measured (with PEC top cover) results,
it indicates that the center frequency is accurately predicted
and both frequency responses agree well. As the top cover
is removed from the circuit, the center frequency is lowered
about 90 MHz.

In Fig. 7, the response of a dc block circuit with a com-
pensation overlap coupled patch is investigated. The center
frequency is designed at GHz. The gap and
the length of the overlap patch are 0.5 and 8.5 mm,
respectively. The strip width mm and the circuit lon-
gitudinal size mm. The dielectric layers underneath
the gap have and mm. The
air layer thickness is 7.492 mm. As expected, the circuit
has good insertion loss at the center frequency. For
the frequencies away from , the predictions by the MPIE

Fig. 6. The theoretical (with PEC top cover) and experimentalS-parameters
of the single-stub band-stop filter in Fig. 5. (- - - -)—Measurement (A) with
PEC top cover. (� � � � � �)—Measurement (B) without PEC top cover.

Fig. 7. The theoretical and experimentalS-parameters of the compen-
sated dc block circuit. Inset—(a) side view,h1 = h2 = 0:254 mm,
h3 = 7:492 mm, "r1 = "r2 = 2:2, "r3 = 1:0. Inset—(b) top view,
G = 0:5 mm, L1 = 8:5 mm, L = 71:2 mm,w = 1:56 mm.

with FHT have good agreement with the measurements. In
the measurements, the top cover has negligible influences on
this circuit.

V. CONCLUSION

The FHT algorithm is proposed to deal with the highly
oscillatory and slowly decaying SI’s for calculating the spatial-
domain Green’s functions. Both the real and imaginary parts
of the Green’s functions can be accurately and efficiently
calculated over a broad distance range .
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A generalized supplementary equation to account for the
possibly nonzero currents at circuit terminals is derived.
In the nonuniform partition scheme, for the particular case
study in Subsection IV-C, the characterized circuit parameters
are found insensitive to the value of partition parameter.
From the good agreement of the theoretical and experimental

-parameters, the validity of the analysis procedure is readily
confirmed. It is obvious that the FHT algorithm is well
suitable, in conjunction with the MPIE formulation, for
efficient and accurate analysis of arbitrary planar-microstrip-
discontinuity geometries embedded in stratified media.
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