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Abstract. This work presents a novel structural design of force/torque fingertip
sensors for sensing planar forces. The resolution can be increased by reducing the
condition number of the calibration matrix and the sensitivity can be enhanced by
placing strain gauges at specified positions. Moreover, the interaction from off-axis
loads is intrinsically negligible in our design. A relatively simple and accurate
calibration method for performance evaluation is introduced. Some experimental
results are presented to demonstrate the capability of the proposed design.
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1. Introduction

Fingertip sensors can provide relevant information, e.g.
contact forces and contact locations, to enable robots
to perform dextrous manipulation and haptic perception.
Robotics research has classified fingertip sensors as either
tactile array ‘extrinsic’ sensing, or ‘intrinsic’ contact
sensing [1–6]. In this work, we are concerned with
intrinsic or force/torque fingertip sensors. These sensors are
composed of a mechanical structure (a ‘body’) and several
sensing elements placed at specified locations of the body to
measure stress. According to the hard finger model [3], the
relationship between the measured stress vector and actual
forces (as well as torques) can be expressed as a linear
system as indicated by equation (1)

F = C · V (1)

whereF denotes the measured force vector,V represents
the measured stress vector andC is the calibration matrix.
F is therefore calculated fromV and other contact
information can then be derived fromF and the geometrical
description. Interference in eitherC or V owing to the
measurement uncertainty can cause significant errors inF
[7].

By checking the degree of the relative errors mentioned
above, three approaches can be adopted to increase the
accuracy. The first approach attempts to search for a more
accurate calibration matrix [8–10]. Many errors related to
the intrinsic sensing method can be traced to inaccurate
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calibration [11]. The second approach aims to reduce the
error while measuring stress. To do so, extremely precise
and expensive electronic instruments are necessary. The
third approach aims to increase the resolution of the sensors
by reducing the condition number of calibration matrix.
For a six-axial fingertip sensor, its condition number of its
calibration matrix can be reduced to 4.2 [5]. The condition
number of the calibration matrix for a three-axial fingertip
force sensor can be as large as 20.05 [11].

In this work we present a novel structure for
force/torque fingertip sensors used for sensing planar forces.
The proposed design is optimized to increase its resolution
and sensitivity. The resolution is enhanced by reducing
the condition number of its calibration matrix. This
can be reduced, theoretically and experimentally, to 2.55
and 3.34 respectively, i.e. markedly less than the 20.05
found previously [11]. In addition, the sensitivity can
be maximized since the transducers are designed to be
placed at the most stress-sensitive points. The rest of
this paper is organized as follows. Section 2 presents
the sensor structure and its theoretical analysis. Section 3
introduces an optimization procedure to determine the
sensor’s dimensions and adequate locations for the strain
gauges. Section 4 presents some experimental results to
demonstrate our design. Concluding remarks are finally
made in section 5.

2. Structure and analysis

As figure 1 depicts, our proposed design comprises a
hemispherical fingertip, two beams with the vertical one
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Figure 1. The proposed fingertip sensor in isotropic view.

Figure 2. Fingertip sensor cross section view.

propping up the horizontal one, and a fixture. The fingertip
guides the applied force to bend the beams. Most of
the bending occurs on the beams because they are much
thinner than either the fixture or the fingertip. The fixture
is attached to the other end of the vertical beam and
this provides a structure for the reactive force and torque
to balance the applied force. In addition, the beams
are sensitively bent by planar forces. The thickness
and length of the two beams can be designed to satisfy
the requirements for size, sensitivity and dynamic range.
The sensor operates in a plane, accounting for why the
cylindrical fingertip is oriented to form a hemispherical
cross section in this plane and the applied force is reduced
to an average force in the plane, as indicated in figure 2.
The contact information, i.e. the magnitude of the applied
forceP , the direction of the applied forceφ and the contact
angleθ can be derived by measuring the beam stresses. The
points L, R, T, U, K and S at the fixed ends and joints of
both beams are stress-sensitive. Therefore, the stresses at

these points (when a force load is applied to the structure)
are useful for optimization. Moreover, the analysis of two-
dimensional rectangular beams [12] can also be used.

The fingertip and the fixture are simplified in the
analysis because their bending is markedly less than that
of the beams. For simplicity, the relations between the
x-direction component of the applied force and the stresses
at the points L, R, T, U, K and S are also considered
here. As figure 3 indicates, the structure is reduced to
two equivalent structures for analysing the surface stresses
of the horizontal and vertical beams while considering only
thex-direction force acting on the fingertip. The equivalent
force Px equals P cosφ. In addition, the equivalent
momentMx , as shown in equation (2), is generated by the
x-direction component of the applied force with the pivot
at the horizontal beam’s centre.

Mx = Pxr sinθ. (2)

Figure 3(a) displays the equivalent structure for deriving
the stress along the horizontal beam. Therefore, the stress at
the pointL along the horizontal beam due to thex-direction
component of the applied force is found by

σLx,H = −3

2

Mx

h2
1

− Px
2

1

h1
(3)

where the other parameters are defined in figure 2.
The stress at point K due to thex-direction component

of the applied force along the horizontal beam can be found
from

σKx,H = 3
Mx

h2
1

− Px
2

1

h1
. (4)

The structure in figure 3(b) is used to analyse the stress
along the vertical beam. The bending moments at the TU
and KS cross sections are expressed, respectively, as

MTUx,V = −Px(d + r sinθ + h1/2) (5)

MKSx,V = −Px(r sinθ + h1/2). (6)

In addition, the stresses at point T and K along the vertical
beam due to the bending of the vertical beam by the
x-direction force are derived from

σT x,V = 6

h2
2

MTUx,V (7)

σKx,V = 6

h2
2

MKSx,V . (8)

Owing to geometrical symmetry with respect to they-axis,
the stresses at point U, S and R from thex-direction
component of the applied force are negative to their
symmetrical points T, K and L. Restated, the stressesσRx,H ,
σSx,H , σUx,V andσSx,V are negative toσLx,H , σKx,H , σT x,V
andσKx,V respectively.

On the other hand, while considering only the
y-direction component of the applied force acting on
the fingertip, figure 4 displays equivalent structures for
analysing the surface stresses of both beams. The
equivalent forcePy equalsP sinφ, which is they-direction
component of the applied force. The equivalent moment
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Figure 3. The equivalent structures when considering only the x-direction component of the applied force for analysing the
surface stress along (a) the horizontal beam and (b) the vertical beam.

Figure 4. The equivalent structures while considering only the y-direction component of the applied force for analysing the
surface stress along (a) the horizontal beam and (b) the vertical beam.

My , as shown in equation (9), is induced by they-direction
component of the applied force with the pivot on the
symmetrical axis:

My = −Pyr cosθ. (9)

Figure 4(a) presents the equivalent structure for analysing
the stress along the horizontal beam. The stress at point L
along the horizontal beam due to they-direction component
of the applied force is

σLy,H = −3

2

Pya

h2
1

− 3

2

My

h2
1

(10)

and the stress at point K along the horizontal beam due to
the y-direction component of the applied force is

σKy,H = 3

2

Pya

h2
1

+ 3
My

h2
1

. (11)

The structure in figure 4(b) is used to derive the stress along
the vertical beam. The stresses at points T and K along the
vertical beam due to they-direction force are

σTy,V = − 6

h2
2

My − Py
h2
= σKy,V . (12)

According to our results, the equivalent force exerted
the same effect on both sides around the structure’s
symmetrical axis. In addition, the equivalent moment has
contradictory effects on both sides around the symmetrical
axis. Therefore, the stresses at points R, S and U from the
y-direction component of the applied force can be derived
by modifying the stresses at their symmetrical points L, K
and T as shown by equations (13)–(15):

σRy,H = −3

2

Pya

h2
1

+ 3

2

My

h2
1

(13)

σSy,H = 3

2

Pya

h2
1

− 3
My

h2
1

(14)

σUy,V = 6

h2
2

My − Py
h2
= σSy,V . (15)

The stress at each end of the beam can be found by
taking the superposition of the individual stress component
obtained previously. Table 1 summarizes the stresses at
points L, R, T, U, K and S by the applied force on the
finger tip. By applying the results in table 1 and according
to the hard finger model of equation (1), the force vector
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Table 1. Summary of the stresses at points L, R, T, U, K and S of the proposed structure in the form:
σ = P(g1 sinφ + g2 sin(φ − θ) + g3 cosφ).

Name of stress Components g1 g2 g3

σL,H σLx ,H σLy,H − 3
2

a
h2

1

3
2

r
h2

1
− 1

2h1

σR,H σRx ,H σRy,H − 3
2

a
h2

1
− 3

2
r

h2
1

1
2h1

σT ,V σTx ,V σTy,V − 1
h2

6r
h2

2
− 6

h2
2
(d + h1

2 )

σU ,V σUx ,V σUy,V − 1
h2

− 6r
h2

2

6
h2

2
(d + h1

2 )

σK ,H σKx ,H σKy,H
3
2

a
h2

1
− 3r

h2
1

− 1
2h1

σS ,H σSx ,H σSy,H
3
2

a
h2

1

3r
h2

1

1
2h1

σK ,V σKx ,V σKy,V − 1
h2

6r
h2

2
− 3h1

h2
2

σS ,V σSx ,V σSy,V − 1
h2

− 6r
h2

2

3h1
h2

2

Table 2. Summary of the stresses at points L, R, T, U, K and S of the proposed structure with a = d = r.

Maximum stress
Name of stress θ φ Maximum stress for h2 = 1.633h1

σL,H 180◦ 90◦ 3 a
h2

1
P 3 a

h2
1

P

σR,H 180◦ −90◦ 3 a
h2

1
P 3 a

h2
1

P

σT ,V 0◦ 90◦ 12 a
h2

1
P 4.5 a

h2
1

P

σU ,V 0◦ −90◦ 12 a
h2

1
P 4.5 a

h2
1

P

σK ,H 180◦ 90◦ 4.5 a
h2

1
P 4.5 a

h2
1

P

σS ,H 0◦ 90◦ 4.5 a
h2

1
P 4.5 a

h2
1

P

σK ,V 0◦ 90◦ 6 a
h2

1
P 2.25 a

h2
1

P

σS ,V 0◦ −90◦ 6 a
h2

1
P 2.25 a

h2
1

P

Table 3. Condition number list for the smallest three cases with h2 = 1.633h1 from theoretical analysis, simulation and
measurement.

Case Stress to measure Theory Simulation Measurement

I σK ,H σS ,H σU ,V 2.55 2.53 3.50
II σL,H σS ,H σU ,V 2.62 3.36 3.50
III σL,H σR,H σU ,V 2.69 3.94 3.34

and the stress vector to be measured for the sensors are

F = [P sinφ P sin(φ − θ) P cosφ]T (16)

V = [σ1 σ2 σ3]T (17)

where σ1, σ2 and σ3 are different stresses chosen from
table 1. Then the theoretical calibration matrix can be
formed from the corresponding coefficients listed in table 1.

3. Design optimization

The following steps describe how to optimize the proposed
structure with respect to the sensitivity and resolution.

3.1. Equalizing the maximum stress on each beam

Reducing the variation of the stresses measured for
the two thin beams facilitates an increase in the

sensitivity and a decrease in the condition number of the
calibration matrix. This reduction can be achieved by
dimensioning the structure such that the maximum stresses
on the two beams are equal. The constraints on the
structure’s dimensions come primarily from the limitation
of fabrication procedures, particularly from the glueing of
strain gauges. Hence, the length of the horizontal beam
a and the length of the vertical beamd are set equal and
adjusted together to satisfy the space requirements while
glueing strain gauges. Table 2 summarizes the maximum
stresses at points L, R, T, U, K and S witha = d = r.
As figure 2 depicts,r should be slightly larger thana;
however, this does not significantly affect the optimized
results. As observed herein, the maximum stress for the
horizontal beam isσK,H for θ = 180◦ and φ = 90◦, and
σS,H for θ = 0◦ and φ = 90◦. The maximum stress for
the vertical beam isσT,V for θ = 0◦ and φ = 90◦, and

1199



Ying-Hwi Chang et al

Figure 5. The three cases for the placement of strain
gauges: (a) case I; (b) case II; (c) case III.

σU,V for θ = 0◦ and φ = −90◦. According to table 2,
the maximum stresses on both beams can be equalized by
settingh2 = 1.633h1. In summary, points K and S are the
most stress-sensitive for the horizontal beam and the most
stress-sensitive points for the vertical beam are points T
and U.

3.2. Minimizing the condition number of the
calibration matrix

The term condition number denotes an important index to
characterize the ability of a linear system to resist external
interferences [7]. The accuracy of the solved vector space
is nearly inversely proportional to the condition number.

Figure 6. Condition number variation due to position variation of strain transducers for (a) case I (b) case II and (c) case III.

With reference to equation (1), the noise in the measured
stress vectorV and the calibration matrixC results in
magnified noise in the measured force vectorF which is
about equal to the noises inC and inV multiplied by the
condition number of calibration matrixC [7]. Reducing the
condition number of the calibration matrix can thus increase
the performance of force/torque fingertip sensors.

Placing strain gauges near stress-sensitive points L,
R, T, U, K and S is an attempt to gain an increase
in sensitivity. Simultaneously, our results indicate the
minimal condition number of the calibration matrix among
the different configurations for the placement of the strain
gauges at these points. Figure 5 shows that only three
cases have the three minimal condition numbers of the
calibration matrix. For the other cases, the condition
numbers of the calibration matrix are several times larger
than those of the three cases. Therefore, they are not
evaluated further here. Table 3 summarizes the results of
theoretical derivations against the results of finite-element
simulations by ANSYS. As figure 5(a) reveals, case I has
strain gauges SG1, SG2 and SG3, respectively, placed
at K, and S on the horizontal beam and at U on the
vertical beam—all are the most stress-sensitive positions
in the structure. Therefore, the sensitivity of our proposed
structure is intrinsically maximized for this case. Although
all the strain gauges for cases II and III are not placed at
the most stress-sensitive points, their condition numbers are
still very close to those obtained for case I. Hence, cases II
and III are viable alternatives to case I. Figure 6 depicts a
simulation of the influences on the condition number from
the position deviation of the strain gauges along each beam.
Nevertheless the three cases are chosen under specific
conditions; their condition numbers are very close to the
local minimum, as indicated in figure 6. In addition, the
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Figure 7. (a) Hanging weight and (b) applying the weight
for calibration.

position deviation of SG3 influences the condition number
of the calibration matrix more than the position deviations
of SG1 and SG2.

3.3. Reducing the interaction from off-axis loads

Off-axis loads generally affect the structure in two aspects.
First, although off-axis loads induce thez-direction bend-
ing, the large aspect ratio of the thin beams makes this bend-
ing insignificant. Second, along each thin beam’s direction,
off-axis loads produce twisting moments, subsequently in-
voking a torsion on each beam. Although the shear stresses
due to the torsions affect the sensing of strain gauges, this
effect is insignificant for the three cases mentioned above
because the points L, R, T, U, K and S are on fixed ends
for torsions by off-axis loads. Meanwhile, shear stresses
by torsion at these points are equal to zero [12].

4. Experimental results

4.1. Calibration method

Using a similar concept to emulate a force load by weight
[13], we tied a weight on a rope to the structure, as shown
in figure 7(a). A groove on the surface of the fingertip
allowed the rope to remain fixed, as shown in figure 7(b).
Applying a specific directional force on the sensor can be
achieved by (i) adding a groove starting at the contact
point and extending toward the force direction, (ii) aligning
the groove direction with the direction of gravity and
(iii) hanging the weight in the groove.

At least three kinds of forces are necessary to obtain
the calibration matrix. Therefore, for calibration and
performance evaluation, we fabricated a structure with
x-directional grooves forx-direction forces atθ = 5◦,
15◦, 30◦, 45◦, 60◦, 120◦, 135◦, 150◦, 165◦, 175◦ and
y-directional grooves fory-direction forces atθ = 30◦,
45◦, 60◦, 75◦, 90◦, 105◦, 120◦, 135◦, 150◦ (figure 8).

4.2. Sensor fabrication

A force/torque fingertip sensor was designed and fabricated
according to the optimization results. We used alloy steel

Figure 8. Applied weight at (a) θ = 45◦, φ = 90◦;
(b) θ = 45◦, φ = 0◦.

AISI 4340 of 10 mm thickness as a base material and
enlarged its plastic range by a thermal process. The
structure of the sensor was cut by EDM to dimensions
a = 15 mm, b = 15 mm, r = 15 mm, h1 = 0.4 mm
and h2 = 0.653 mm. The width of the cutting line was
0.25 mm. Finally, alloy foil strain gauges of gauge length
1 mm were glued onto the structure.

4.3. Measurement results

The resistivity change of the strain gauges was measured
by an HP 34401A 6 1/2 digit multimeter. The forces
were measured for applying a 4.4 N weight on the grooves
betweenθ = 0◦ and θ = 90◦. The calibration matrices
without scaling for the respective configurations of cases
I–III were found by the least-squares method [8], as
expressed by the following: 0.673 0.594 −0.019

−0.280 0.238 0.002

−0.379 0.317 0.997


−0.909 0.373 −0.021

0.377 0.349 0.003

0.513 0.471 1.102


−0.658 −0.813 −0.023

0.608 −0.755 −0.011

0.825 −1.016 1.093

 .
Their condition numbers were computed at 3.50, 3.50 and
3.34 respectively. According to the simulation results in
figure 6, variation of these values from theoretical values
could be attributed to the misplacement of the strain gauges
from the theoretical positions. The off-axis deviation of the
strain gauges profoundly influenced the variation. Figure 9
plots errors in the measurements for diverse loads for case I.
Similar error results were also obtained for the other two
cases. This degree of error is acceptable for many practical
applications.
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Figure 9. Error plots of force measurements for case I: (a) error in force magnitude; (b) error in force angle; (c) error in
contact angle.

5. Conclusions

The sufficient correlation between simulation and experi-
mental results in this work demonstrates the effectiveness
of our proposed structure. Sections 2 and 3 provide valu-
able information for the structural design. Using this infor-
mation, the condition number of the calibration matrix can
be reduced.

It was found that the strain gauges should be placed
very close to the most stress-sensitive points for optimal
results. Consequently, the resolution and sensitivity of
our proposed structure was enhanced. The strain gauge
SG3 should be carefully mounted—misplacement of SG3
influences the condition number much more than ill-
positioning of SG1 or SG2. The off-axis load, although
influencing the torsion effect on thin beams, does not
significantly affect the sensing of strain gauges since the
strain gauges are mounted at insensitive places for the
torsion. Moreover, the structure’s dimensions should
be considered in advance when glueing strain gauges,
thereby reducing the difficulty of mounting. Moreover, the
calibration method proposed herein is simple and accurate.

Finally, the proposed structure could be further
improved in two respects. First, sizing the sensors down
to human fingertip size would require different processes
to fabricate miniature structures. Second, reducing the
residual bending on the thin beams while glueing and curing
the strain gauges could increase the dynamic range of the
sensor.
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