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ABSTRACT

The three (LC, QC and QL) new time domain BEM methods are
compared with each other and with an analytical method, the Laplace
domain BEM method and another time domain boundary element
method by solving two example problems of a circular cylindrical cav-
ity subjected to a suddenly applied internal pressure, and a finite bar
subjected to a ramp-step loading. Numerical study reveals that the
three (LC, QC and QL) new methods are more accurate and stable than
the other numerical methods used for comparison. Demonstration of
the numerical computational time versus time steps of the three BEM
methods is also given for a simple two-dimensional elastodynamics
problem of a bar with 12-quadratic-element mesh due to an end trac-
tion. The difference in computational times by QC and LC methods is
small.

I. INTRODUCTION

Time domain BEM methods have attracted much
attention, since they have the advantage of treating
transient and nonlinear problems. However, the tem-
poral variation of field variables is assumed to be
either zeroth or first order (constant or linear) and
piece-wise continuous only in one time step for most
research. Therefore, the paper uses two examples to
present two quadratic temporal solution procedures
(the second order, piece-wise continuous in two time
steps) developed by Wang et al. [7, 8] in order to dem-
onstrate the advantage of the problems. Among these
two procedures, one is called QC method in which
quadratic temporal variation for displacement and

constant temporal variation for traction are adopted
and spatial fields variations are assumed to be qua-
dratic. The other is called QL method in which qua-
dratic temporal variation for displacement and linear
instead of constant temporal variation for traction are
chosen, and spatial fields variations are also quadratic.
As expected, the QC and QL methods give better re-
sult than the methods with constant or linear tempo-
ral variation do.

In these methods, the temporal integrations can
be obtained analytically and the spatial integration is
evaluated by using Gaussian quadrature at each
time step. One numerical example of cylindrical cav-
ity subjected to transient compressive wave is
used to demonstrate the efficiency, effectiveness and
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numerical stability of the presented two advanced
time domain boundary element methods and LC (lin-
ear approximation in displacement and constant ap-
proximation in traction) method. Some comparative
studies for the QL method with the QC and LC meth-
ods are first time made in the paper. As another il-
lustrative example, a 2D bar subjected to a ramp-step
end traction is solved by using several different time
intervals. Comparative study for the calculation cost
of the three (LC, QC and QL) advanced time BEM
methods is also focused in the paper.

II. GOVERNING EQUATION OF
ELASTODYNAMICS

Considering a domain V bounded by a surface
5, the displacement Uj(l; ,t) at a point !; and at time
t can be obtained by using the dynamic reciprocal
work theorem in an integral form as follows:

,0 =

+ pj Gij

-,0 * UjCx,r)}dS(lc)

tTjcfy * bj{-x,T)dV(x)

(1)

In the above equation, u((lc ,0) and w,(*\0) are
the initial displacement and velocity, respectively.
Cij(l;) is the well known discontinuity term which is
dependent on local geometry. The symbol * stands
for Reimann time convolution integral, i.e., for ex-
ample,

f(-x,t)*gCx,t)= I {-x,t- T)gOc,T)dT
Jo

= f f(x,T)g(x,t-T)dT (2)
JO

for t>0 and for two functions / and g. Or,

F^ ,v,Jc ,t) * ufx,T) = J Fy(f ,r,T,0 * uflc^dx.

(3)

The terms G^,r,lc,t) and F^,r,~x ,t) are the fun-
damental solutions and represent respectively the dis-
placement and traction at the field point ~x and time
t due to a unit point force applied at the source point

1; and a preceding time T. Eq. (1) is valid for both
bounded and unbounded regions.

For the numerical implementation of Eq. (1),
both time and space domains have to be discretized.
The time convoluted integrations can be performed
analytically in the sense of piece-wise continuity
while the spatial integrations are treated numerically.
In order to integrate the time convolution analytically,
the time span of interest, from zero to t, is divided
into N equal increments with duration At for each time
step. Therefore tn=nAt for n=l, 2, ..., N. As for spa-
tial discretization, one can choose suitable boundary
elements, for example using a quadratic element, to
model the geometry of the problems. It is of interest
to note that Eq. (1) is an implicit time-domain for-
mulation, since the displacements at time t are being
calculated by taking account of the histories of sur-
face tractions and displacements up to time t. As
mentioned before, the temporal variations of field
variables (displacements and tractions) can be con-
stant, linear or quadratic. Eq. (1) with zero initial
conditions and in the absence of the body force can
be rewritten by using the discretization of time and
surface boundary. For the time-marching process for
different temporal interpolation functions (quadratic,
linear and constant), one can refer to Reference [7].

III. NUMERICAL EXAMPLES

The following examples are presented to dem-
onstrate the capability of the developed time-convo-
luted BEM algorithm. The geometry for each solu-
tion procedure is modeled with the same continuous
isoparametric quadratic elements in order to main-
tain accuracy and apply boundary conditions easily.
For two elements attached to the same node at a cor-
ner, different traction components can be assigned in
the computing program.

In general, the spatial variation of the condensed
convoluted kernels is a Heaviside logarithmic or
square root decay function for two dimensional prob-
lems and hence uniform subsegmentation techniques
are used for obtaining accurate evaluation of the spa-
tial integrals. Twelve subsegments and 32 Gaussian
points per each subsegment are used for evaluating
the integrals of singular time steps, while 8
subsegments and 10 Gaussian points per each seg-
ment are used for evaluating the integrals of
nonsingular time steps.

The nondimensional time step (3 is defined as

(4)

where / is the quadratic element length (not length
between two nodes), At is the time step used and C\ is
the compressive wave velocity. Only 0.5</?<2.5 are
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a. 20 nodes with 10 quadratic elements, R0=2.0

(Pa)

-800.0 —i

-400.0 —

Applied Pressure Po

0.0 i i i i i i i i i i i r

"Tirret

b. loading curve f(t)

Fig. 1. Discretization of the circular cylindrical cavity, (a) 20
nodes and 10 quadratic elements, (b) loading curve.

selected in the numerical study. The boundary
stresses are calculated directly from the computed dis-
placements and tractions by simple differentiation of
the shape functions.

1. Transient Compressive Wave from a
Cylindrical Cavity

Consider a circular cylindrical cavity with ra-
dius /?o in a n infinite elastic medium subjected to a
suddenly applied internal uniform pressure of inten-
sity Po. AS shown in Fig. lb the applied Heaviside
loading can be approximated by a ramp-step loading.
This problem has been solved by many authors and it
is also frequently used as a reference to validate their
methods. It is found that it is appropriate to discretize
the circumference of the cavity into 20 segments of

-0.5 -

Legend

Chou & Koenig method of characteristics (Heaviside load)

Chou & Koenig method of characteristics K=0.4

Chou & Koenig method of characteristics K=204

Mansur p=0.2 (Heaviside load)

Mansur p=0.5 (Heaviside load)

Kontoni, Beskos & Manolis Laplace domain (Heaviside toad)

LCp=.647(N=O0) K=0.40

QCp=.647(N=30) K=0.40

QLp=.647(N=30)K=0.40

LCp=.971(N=20) K=O.60

QCp=.971(N=20) K=0.60

QL p=971 (N=20)K=0.60

LCp=1.94(N=10)K=1.20

QCp=1.94(N=10) K=1.20

QL p=1.94(N=10)K=1.20

-1.0 -

-1.5 -

-2.0

0.0 12.0

Nondimensional time (

Fig. 2. Circumferential stresses at cavity surface due to a ramp-
step transient compressive wave (/?o=2, v=l/4, plane strain)
for 20 nodes mesh.

equal length and 10 quadratic elements as shown in
Fig. la. The numerical data are Ro=2 m, £=62000
MPa, p=2670.0 kg/m3, v=l/4, A=A*=24800 MPa,
which correspond physically to granite (hard rock)
and P0=-690 Pa and time span 7=0.00454653 sec.
Three numbers of time steps (N=10, 20 and 30) were
selected for the example. This problem has been
solved by Chou and Koenig [1] using the method of
characteristics under plane stress condition, by Fu [2]
using the FEM under plane strain condition, by
Kontoni et al. [3] using the Laplace domain and by
Mansur and Brebbia [4] using the first generation time
domain BEM under plane stress condition. All the
above methods are numerical methods. The same
problem has also been solved analytically by Selberg
[5, 6] under plane strain condition. Within the accu-
racy of curve plotting, the results by Selberg [6] agree
exactly with those by Chou and Koenig [1].

Figure 2 depicts the time history of the circum-
ferential stress OQQ at Ro by the three (LC, QC and
QL) methods. In the figure, K is defined as the rise
time of the ramp-step loading. The results are in good
agreement with the analytical solution, except for the
first time step. This is due to the difference between
Heaviside loading and ramp-step loading. Moreover,
these results from the QC method are almost the same
as those from the LC and QL methods.

Within plotting accuracy, the results of the three
(QL, QC and LC) methods with £=0.971 (N=20 steps)
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Roller

•<>e O

->XAxis

L=10W

Fig. 3. Boundary element discretization of a rectangular bar,
L/W=IO, 24 nodes, 12 quadratic elements.

120

Fig. 4. Comparison of computing time for a bar with 12 quadratic
elements.

and /3=0.647 (N=30 steps) agree exactly with those
of Chou and Koenig [1] using ramp input, and espe-
cially match up to those curves between K=0
(Heaviside) and K=0A. Fig. 2 also reveals that the
results from QL, QC and LC are better than the re-
sults from the Laplace domain BEM [3] and the first
generation time domain BEM [4] methods.

2. A Bar Subjected to an Uniform Ramp-Step Load

A rectangular bar with length-to-width ratio
L/W=IO is fixed at its left end with traction free on
its top and bottom sides as shown in Fig. 3 and sub-
jected to a ramp-step load. This rectangular bar is
used in the investigation of efficiency of the afore-
mentioned three advanced (LC, QC and QL) meth-
ods. The material constants for the rectangular bar
are £=7.8 Pa, v=0 and c^lOO mlsec. The boundary
is discretized into twelve quadratic boundary elements
as shown in Fig. 3.

Under the ramp-step load, the magnitude of the
applied load starts linearly increasing from zero and
then is kept constant after time t=Tr=Llc\. This means
that when t=Tr, the P-wave front has just arrived at
the point of the fixed end.

Figure 4 shows comparison of the computing
time versus time steps. From the figure, the comput-
ing time (CPU time on IBM RISC 6000 model 7013)
increases almost linearly with the time steps for all

•3.0 -

Fig. 5. Traction at point A for /J=1.0 subjected to a ramp-step load-
ing.

Legend tor UW10 *0h 24 rcdos ber

Fig. 6. Displacement at point C for /3=1.0 due to a ramp-step load-
ing.

three advanced time domain BEM methods. Although
the condensed convoluted kernel of the QL method
is more complicated than those of the QC and LC
methods, the difference in computing time among the
QL, QC and LC methods is small, and the QL method
needs only a little more computing time than the oth-
ers.

The displacement at point C and the reaction at
point A (see Fig. 3) is investigated for y3=1.0 and
/3=2.5. The numerical solutions from the QL, QC and
LC methods are plotted together and compared to the
analytical solution as shown in Figs. 5-8. The time
history of traction at point A is depicted in Fig. 5 and
Fig. 7 for /3=1.0 and y3=2.5, respectively. The time
history of displacement at point C is depicted in Fig.
6 and Fig. 8 for /3=1.0 and (3=2.5, respectively. No-
tably, numerical damping is observed in the figures.
From these figures, the QL and QC methods are much
better and more accurate than the LC method as shown
in Figs. 5-6. From Figs. 5-8, it is also revealed that
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0.5 - i

— - 0 . 5 -

Fig. 7. Traction at point A for/J=2.5 subjected to a ramp-step
loading.

1.8 -

1.2 -

0.8 -

0.0-

Fig. 8.

Lagand lor UW10 with 24 nodes tar

— Analytic Displacement

I
18

Nondimensional Time ( c ' ' )

Displacement at point C for /$=2.5 due to a ramp-step load-
ing.

the QL method is better and more accurate than the
QC method when using a larger (3. A larger /J means
less computational time.

IV. CONCLUSION

After some extensive numerical study of the pre-
sented BEM scheme, the following conclusions can
be drawn:
(1) Comparing with the three advanced time domain

BEMs with each other for 0.5</3<2.0 in solving
the problem of the infinite domain of a cavity un-
der the same integration scheme, numerical study
revealed that all three methods are accurate and
stable for the infinite domain. But, for the finite
domain, for example a finite bar, the QC and QL
methods are more accurate and stable than the LC
method for )3>1.0. In addition, QL is more accu-
rate and stable than QC for a large (3 as revealed
in Figs. 7 and 8. This implicitly reveals that us-
ing BEM results for elastodynamic problems with
an infinite domain are more easily obtained than
that for elastodynamic problems a with finite do-
main.

(2) The relationship between computing time and the
number of time steps is almost linear as shown in
Fig. 4. The difference in computing time among
the three advanced time domain BEM methods is
small.
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NOMENCLATURES

C\

E
FfjCZ,

I
N
1 Q

5
t,T,x

V
~x
*

P
At

V

P

compressive wave velocity
Young's modulus

v,~x ,t) traction fundamental singular solution
,v,~x,t) displacement fundamental singular so-

lution
quadratic element length
No. of time steps
applied pressure of intensity
radius of a circular cylindrical cavity
surface of boundary
time

i traction vector
) displacement vector

domain of interest
field point
Reimann time convolution integral
nondimensional time step
time step
elastic constants
Poisson ratio
source point
density of material
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