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AGGREGATING FUZZY OPINIONS IN THE
GROUP DECISION-MAKING ENVIRONMENT

SHYI-MING CHEN

Department of Computer and Information Science,
National Chiao Tung University, Hsinchu, Taiwan,
Republic of China

This pape r pre se nts a new method for dealing with fuzzy opinion aggre ga-

tion in group decision-m aking proble ms. The propose d me thod has the

s .following advantage s: 1 The experts’ estimates do not ne cessarily have a

s x s .common inte rse ction at a -leve l cuts, where a g 0, 1 . 2 It can pe rform

s .fuzzy opinion aggre gation in a more efficient manne r. 3 It doe s not ne ed

to use the Delphi method to adjust trape zoidal fuzzy numbe rs given by

experts.

sSome researche rs Bardossy e t al., 1993; Chen & Lin, 1995; Chen et al.,

1989; Hsu & Chen, 1996; Ishikawa et al., 1993; Kacprzyk & Fedrizzi,

1988; Kacprzyk e t al., 1992; Le e, 1996; Nurmi, 1981; Spillman et al.,

.1980; Tanino, 1984, 1990; Xu & Z hai, 1992; Chen, 1997 have focused

on the fuzzy opinion aggregation problem in the multicrite ria group

s .decision-making MCDM environment based on fuzzy set theory

s .Z adeh, 1965 to combine the individual opinions of experts, where each

expe rt usually has its own opinion or e stimated rating under each

criterion for each alte rnative. Thus, to find a group consensus function
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S.-M. CHEN364

for aggregating these e stimates ratings to a common opinion is an

important issue in handling multicrite ria group decision-making prob-

lems. Because in multicriteria decision making with group decision-mak-

ing problems, the e stimates of experts of a criterion for an alternative

may involve subjectiveness, imprecision, and vagueness, fuzzy set theory

can provide us with a useful way to deal with the fuzziness of human

judgments.

s .Kacprzyk e t al. 1992 showe d how fuzzy logic with linguistic quanti-

s .fie rs can be used in group decision making. Tanino 1984 discussed

fuzzy prefe rence orderings in group decision making. Bardossy e t al.

s .1993 represented expert opinions or imprecise e stimates of a physical

variable by using fuzzy numbers and developed five technique s for

combining the se fuzzy numbers into a single fuzzy number e stimate.

The guide lines for the choice of combination technique are also pro-

s .vided in Bardossy et al. Ishikawa e t al. 1993 proposed the max-min

Delphi me thod and fuzzy De lphi me thod via fuzzy integration. Xu and

s .Z hai 1992 presented extensions of the analytic hierarchy process in a

fuzzy environment, where each expe rt represents it’s subjective judg-

ment by an inte rval value rating of each criterion for each alternative.

s .Lee 1996 presented a method for group decision making using fuzzy

se t theory for evaluating the rate of aggregative risk in software deve l-

s .opment. Nurmi 1981 presented some approaches to collective decision

s .making with fuzzy preference re lations. Hsu and Chen 1996 presented

s .a similarity aggregation method SAM for aggregating individual fuzzy

opinions into a group fuzzy consensus opinion, where the e stimates of

expe rts are represented by positive trapezoidal fuzzy numbers.

Howe ver, the re are some drawbacks of the method presented in

s .Hsu and Chen 1996 , shown as follows:

1. It requires that the experts’ estimates have a common intersection

s xat some a -level cut, where a g 0, 1 . If the initial e stimates of the

ith expert and the jth expert have no intersection, then it must use

s .the De lphi method Satty, 1980 or get more information to adjust

the trapezoidal fuzzy number given by each expert to obtain a

common intersection at the a -level cut. However, applying the

De lphi method to adjust the trapezoidal fuzzy numbers given by the

expe rts will take a large amount of time to pe rform the operations.

2. It requires a large amount of time to calculate the degree of

agreement between experts’ e stimates because it use s a complicated
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AGGREGATING FUZZY OPINIONS 365

similarity measure function S to calculate the degree of agreement

Äof the subjective e stimate R of expert E and subjective estimatei i

ÄR of expe rt E ,j j

s . s .H min f u , f u duw 5Ä Äu R Rt /i j

Ä ÄS R , R st /i j

s . s .H max f u , f u duw 5Ä Äu R Rt /i j

Ä Äwhere R and R are positive trapezoidal fuzzy numbers and thei j

Ä Ämembership functions of the trapezoidal fuzzy numbers R and Ri j

are f and f , re spective ly.Ä ÄR Ri j

Thus, it is necessary to develop a new method for dealing with the

fuzzy opinion aggregation problem in a more flexible and more efficient

manner.

In this pape r, we present a new method for dealing with the fuzzy

opinion aggregation problem. The proposed method can overcome the

s .drawbacks of the one presented in Hsu and Chen 1996 due to the fact

that

1. The expe rts’ e stimates do not necessarily have a common intersec-

s xtion at the a le vel, where a g 0, 1 . Thus, it is more flexible than

the one presented in Hsu and Chen.

2. It doe s not need to use the De lphi me thod to adjust trapezoidal

fuzzy numbers given by experts.

3. It can calculate the degree of similarity between the subjective

estimates of expe rts in a more e fficient manner. Thus, it can

perform fuzzy opinion aggregation in a more efficient manner.

BASIC CONCEPTS OF FUZZY SET THEORY

The theory of fuzzy sets was proposed by Z adeh in 1965. Le t U be the

Äv 4universe of discourse, U s u , u , . . . , u . A fuzzy se t A of U is a set1 2 n

v s s .. s s .. s s ..4of ordered pairs u , f u , u , f u , . . . , u , f u , where fÄ Ä Ä Ä1 A 1 2 A 2 n A n A

w xis the membership function of the fuzzy se t A , f : U ª 0, 1 , andÄA

Äs .f u indicates the degree of membership of u in the fuzzy se t A . AÄA i i
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S.-M. CHEN366

Äfuzzy se t A of the universe of discourse U is called a normal fuzzy set if

s .’ u g U , f u s 1. If for all u , u in U ,Äi A i 1 2

s s . . s s . s . . s .f l u q 1 y l u 0 Min f u , f u 1Ä Ä ÄA 1 2 A 1 A 2

Äthen the fuzzy set A is called a convex fuzzy se t. A fuzzy number is a

fuzzy subset in the universe of discourse U that is both normal and

Äconvex. For example , Figure 1 shows a fuzzy number A of the universe

of discourse U . A standardized fuzzy number is a fuzzy number defined

w xin the universe of discourse U , where U s 0, 1 .

ÄA trapezoidal fuzzy number M of the universe of discourse U can

s .be characterized by a quadruple a , b , c , d shown in Figure 2.

In the following, we brie fly review the de fuzzification technique of

s .trapezoidal fuzzy numbers from Chen 1994, 1996 and Kauffman and

Äs .Gupta 1988 . Conside r the trapezoidal fuzzy number M shown in

Figure 3, where e is the defuzzification value of the trapezoidal fuzzy

Änumber M. From Figure 3, we can see that

1 1s . s . s . s . s . s . s . s .b y a 1 q e y b 1 s d y c 1 q c y e 12 2

1 1s . s . s . s . s .« b y a 1 q e y b s d y c q c y e2 2

1 1s . s . s . s .« e y b y c y e s d y c y b y a2 2

1 1s . s .« 2 e s d y c y b y a q b q c2 2

Figu re 1. A fuzzy num ber.
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AGGREGATING FUZZY OPINIONS 367

Figu re 2. A trapezoidal fuzzy numbe r.

d y c y b q a q 2 b q 2 c
« 2 e s

2

a q b q c q d
s

2

a q b q c q d
s .« e s 2

4

SIMILARITY MEASURES

s .Z wich e t al. 1987 have made a comparative analysis of 19 similarity

s .measures among fuzzy se ts. In Chen and Lin 1995 we made a compari-

son of similarity of fuzzy se ts. In the following, we introduce a method

for measuring the degree of similarity between trapezoidal fuzzy num-

Figu re 3. Defuzzification of a trape zoidal fuzzy numbe r.
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S.-M. CHEN368

Ã Ãs .bers Chen & Lin, 1995 . Let A and B be two standardized trapezoidal

fuzzy numbers,

Ã s .A s a , b , c , d1 1 1 1

Ã s .B s a , b , c , d2 2 2 2

where 0 ( a ( b ( c ( d ( 1 and 0 ( a ( b ( c ( d ( 1. Then1 1 1 1 2 2 2 2

the degree of similarity between the standardized trapezoidal fuzzy

Ã Ãnumbers A and B can be measured by the similarity function S,

< < < < < < < <a y a q b y b q c y c q d y d1 2 1 2 1 2 1 2
Ã Ãs . s .S A , B s 1 y 3

4

Ã Ã Ã Ãs . w x s .where S A , B g 0, 1 . The larger the value of S A , B , the greate r the

Ãsimilarity between the standardized trapezoidal fuzzy numbers A and

ÃB .

Ã ÃLet A and B be two standardized trapezoidal fuzzy numbers,

Ã s .A s a , b , c , d1 1 1 1

Ã s .B s a , b , c , d2 2 2 2

where 0 ( a ( b ( c ( d ( 1 and 0 ( a ( b ( c ( d ( 1. Then1 1 1 1 2 2 2 2

Ã Ã Ã Ãs . s .it is obvious that S A , B s S B , A .

w x w xLet x and y be two real value s, where x g 0, 1 and y g 0, 1 . It is

obvious that the real value s x and y can be represented by standardized

s .trapezoidal fuzzy numbers x and y, re spectively, where x s x, x, x, x

s . s .and y s y, y, y, y . By applying formula 3 , the degree of similarity

between the real value s x and y can be evaluated as follows:

< < < < < < < <x y y q x y y q x y y q x y y
s .S x, y s 1 y

4

< < s .s 1 y x y y 4

It is obvious that this re sult coincide s with the one shown in Chen et al.

s .1989 .
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AGGREGATING FUZZY OPINIONS 369

ÄLet A be a positive trapezoidal fuzzy number in the universe of

discourse U , where

w xU s 0 , m

Ä s .A s a , b , c , d

and 0 ( a ( b ( c ( d ( m . Then, the positive trapezoidal fuzzy num-

Äber A can be translated into the standardized trapezoidal fuzzy number

ÃA shown as follows:

a b c d
ÃA s , , ,t /m m m m

where 0 ( a r m ( b r m ( c r m ( d r m ( 1 and the membership func-

Ãtion curve of the standardized trapezoidal fuzzy number A is as shown

Ãin Figure 4. In this case, the standardized trapezoidal fuzzy number A is

w xde fined in the universe of discourse U , where U s 0, 1 .

A NEW METHOD FOR HANDLING FUZZY OPINION
AGGREGATION PROBLEMS

In the following, we present a new method for handling fuzzy opinion

aggregation problems. The algorithm essentially is a modification of the

s .one presented in Hsu and Chen 1996 . Le t U be the universe of

w x s .discourse , U s 0, m . Assume that each expert E i s 1, 2, . . . , ni

Ä s .constructs a positive trapezoidal fuzzy number R s a , b , c , d toi i i i i

represent the subjective e stimate of the rating to a given criterion and

Figu re 4. A standardiz ed trapezoidal fuzzy numbe r A .
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S.-M. CHEN370

alternative , where 0 ( a ( b ( c ( d ( m . Furthermore , assume thati i i i

s .the degree of importance of export E i s 1, 2, . . . , n is w , wherei i

w x n
w g 0, 1 and p w s 1. The algorithm is presented as follows:i is 1 i

Ä s .Step 1: Translate each trapezoidal fuzzy number R s a , b , c , di i i i i

Ãgiven by expert E into standardized trapezoidal fuzzy number Ri i

s .i s 1, 2, . . . , n , where

a b c di i i i
ÃR s , , ,i t /m m m m

s U U U U .s a , b , c , di i i i

and 0 ( a
U

( b
U

( c
U

( d
U

( 1.i i i i

s .Step 2: Based on formula 3 , calculate the degree of agreement

Ã Ãs .S R , R of the opinions between each pair of expe rts E and E ,i j i j

Ã Ãs . w xwhere S R , R g 0, 1 , 1 ( i ( n , 1 ( j ( n , and i / j.i j

s .Step 3: Calculate the average degree of agreement A E of expert Ei i

s .i s 1, 2, . . . , n , where

n1
Ã Ãs . s .A E s S R , R 6p t /i i j

n y 1 js 1

j/ i

s .Step 4: Calculate the re lative degree of agreement RA E of expe rt Ei i

s .i s 1, 2, . . . , n , where

s .A E i
s . s .RA E s 7i n s .p A Eis 1 i

Step 5: Assume that the we ight of the degrees of importance of the

experts and the we ight of the relative degree of agreement of the

w x w xexperts are y and y , re spective ly, where y g 0, 1 and y g 0, 1 .1 2 1 2

s .Calculate the consensus degree coefficient C E of expert Ei i

s .i s 1, 2, . . . , n , where

y y1 2
s . s . s .C E s ) w q ) RA E . 8i i i

y q y y q y1 2 1 2
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AGGREGATING FUZZY OPINIONS 371

ÄStep 6: The aggregation result of the fuzzy opinions is R , where

Ä s . s . s . s .R s C E m R Å C E m R Å ? ? ? Å C E m R 91 1 2 2 n n

operators m and Å are the fuzzy multiplication operator and the

fuzzy addition operator, re spectively.

In the following, we use an example to illustrate the fuzzy opinion

aggregation process.

Example: Assume that experts E , E , and E construct positive trape -1 2 3

Ä Ä Äzoidal fuzzy numbers R , R , and R to represent the subjective1 2 3

e stimate of the rating to a given criterion and alte rnative, re spectively,

where

Ä s .R s 1 , 2 , 3 , 41

Ä s .R s 4 , 5 , 6 , 72

Ä s .R s 7 , 8 , 9 , 103

Ä Ä ÄAssume that the trapezoidal fuzzy numbers R , R , and R are defined1 2 3

w x s .on the universe of discourse U , where U s 0, 10 i.e ., m s 10 , and

assume that the we ights of the experts E , E , and E are 0.4, 0.4, and1 2 3

s .0.2, respectively i.e ., w s 0.4, w s 0.4, and w s 0.2 . Furthe rmore ,1 2 3

assume that the we ight of the degree s of importance of the expe rts and

the weight of the relative degree s of agreement of the experts are 0.9

s .and 0.6, re spectively i.e ., y s 0.9 and y s 0.6 . Based on the pro-1 2

posed algorithm, we can get the following result:

w xStep 1 Because m s 10, we can translate the trapezoidal fuzzy

Ä Ä Änumbers R , R , and R into the standardized trapezoidal fuzzy1 2 3

Ã Ã Ãnumbers R , R , and R , re spectively, where1 2 3

1 2 3 4
ÃR s , , ,1 t /10 10 10 10

s .s 0 .1 , 0 .2 , 0 .3 , 0 .4
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S.-M. CHEN372

4 5 6 7
ÃR s , , ,2 t /10 10 10 10

s .s 0 .4 , 0 .5 , 0 .6 , 0 .7

7 8 9 10
ÃR s , , ,3 t /10 10 10 10

s .s 0 .7 , 0 .8 , 0 .9 , 1 .0

w x s .Step 2 Based on formula 3 , we can get the following results:

< < < < < < < <0 .1 y 0 .4 q 0 .2y 0 .5 q 0 .3y 0 .6 q 0 .4 y 0 .7
Ã ÃS R , R s 1 yt /1 2

4

s 0 .7

Ã ÃS R , R s 0 .7t /2 1

< < < < < < < <0 .1 y 0 .7 q 0 .2y 0 .8 q 0 .3y 0 .9 q 0 .4 y 1 .0
Ã ÃS R , R s 1 yt /1 3

4

s 0 .4

Ã ÃS R , R s 0 .4t /3 1

< < < < < < < <0 .4 y 0 .7 q 0 .5y 0 .8 q 0 .6y 0 .9 q 0 .7 y 1 .0
Ã ÃS R , R s 1 yt /2 3

4

s 0 .7

Ã ÃS R , R s 0 .7t /3 2

w x s .Step 3 Based on formula 6 , the degree s of agreement of expe rts E ,1

s . s .E , and E can be evaluated and are equal to A E , A E , and2 3 1 2
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AGGREGATING FUZZY OPINIONS 373

s .A E , respectively, where3

0 .7 q 0 .4
s .A E s s 0 .351

2

0 .7 q 0 .7
s .A E s s 0 .72

2

0 .4 q 0 .7
s .A E s s 0 .353

2

w x s .Step 4 Based on formula 7 , the relative degree s of agreement of

s .experts E , E , and E can be evaluated and are equal to RA E ,1 2 3 1

s . s .RA E , and RA E , re spectively, where2 3

0 .35
s .RA E s s 0 .251

0 .35 q 0 .7 q 0 .35

0 .7
s .RA E s s 0 .52

0 .35 q 0 .7 q 0 .35

0 .35
s .RA E s s 0 .253

0 .35 q 0 .7 q 0 .35

w xStep 5 Because the weights of the experts E , E , and E are 0.4, 0.4,1 2 3

s .and 0.2, respectively i.e ., w s 0.4, w s 0.4, w s 0.2 , and be -1 2 3

cause the we ight of the degree s of importance of the experts and

the weight of the re lative degree s of agreement of the expe rts are

s .0.9 and 0.6, re spectively i.e ., y s 0.9 and y s 0.6 , then based on1 2

s .formula 8 we can get the following results:

0 .9 0 .6
s .C E s ) 0 .4 q ) 0 .251

0 .9 q 0 .6 0 .9 q 0 .6

s 0 .34

0 .9 0 .6
s .C E s ) 0 .4 q ) 0 .52

0 .9 q 0 .6 0 .9 q 0 .6

s 0 .44
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S.-M. CHEN374

0 .9 0 .6
s .C E s ) 0 .2 q ) 0 .253

0 .9 q 0 .6 0 .9 q 0 .6

s 0 .22

w x s .Step 6 Based on formula 9 , we can see that the aggregation result of

Äthe fuzzy opinions is the trapezoidal fuzzy number R , where

Ä Ä Ä Äs . s . s .R s C E m R Å C E m R Å C E m R1 1 2 2 3 3

s . s .s 0 .34 m 1 , 2 , 3 , 4 Å 0 .44 m 4 , 5 , 6 , 7

s .Å 0 .22 m 7 , 8 , 9 , 10

s . s .s 0 .34, 0 .68 , 1 .02, 1 .36 Å 1 .76 , 2 .2 , 2 .64, 3 .08

s .Å 1 .54 , 1 .76 , 1 .98, 2 .2

s .s 3 .64, 4 .64 , 5 .64, 6 .64

The membership function curves of the trapezoidal fuzzy numbers

Ä Ä Ä ÄR , R , R and the aggregation result R are shown in Figure 5.1 2 3

CONCLUSIONS

s .In this pape r, we have extended the work of Hsu and Chen 1996 to

propose a new method for dealing with fuzzy opinion aggregation with

group decision-making problems. From the illustrative example pre -

Figu re 5. Membership functions of R , R , R , and R .1 2 3
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AGGREGATING FUZZY OPINIONS 375

sented previously, we can see that the proposed method can overcome

s .the drawbacks of the one presented in Hsu and Chen 1996 because

1. The expe rts’ e stimates do not necessarily have a common intersec-

s xtion at a -leve l cuts, where a g 0, 1 . Thus, it is more flexible than

the one presented in Hsu and Chen.

2. It can calculate the degree of similarity between the subjective

estimates of expe rts in a more e fficient manner. Thus, it can

perform fuzzy opinion aggregation in a more efficient manner.

3. It doe s not need to use the De lphi me thod to adjust trapezoidal

fuzzy numbers given by experts.
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