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Abstract

The arrangement graph was proposed as a generalization of the star graph topology. In this paper we investigate the
topological properties of the (n, k)-arrangement graph A, ;. It has been shown that the (n, n — 2)-arrangement graph A, ,_»
is isomorphic to the n-alternating group graph AG,. In addition, the exact value of average distance of A, ; has been derived.
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1. Introduction

Recently, a widely studied interconnection network
topology called the star graph was proposed by Akers
et al. [2]. It has been known as an attractive alternative
to the hypercube [1]. The star graph is node and edge
symmetric, and strongly hierarchical as is the case
of the hypercube. The n-star graph S, is regular of
degree n — 1, the number of nodes n!, and diameter
|3(n — 1)/2]. For a similar number of nodes, the star
graph has a lower node degree, a shorter diameter,
and a smaller average distance than the comparable
hypercube.

In addition, Jow et al. presented another intercon-
nection scheme based on the Cayley graph of the al-
ternating group, called the alternating group graph [8].
The n-alternating group graph AG,, is regular of de-
gree 2(n — 2), the number of nodes n!/2, and diameter
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|3(n —2)/2]. The alternating group graph is also node
and edge symmetric.

A common drawback of S, and AG, is the restric-
tion on the number of nodes: n! for S, and n!/2 for
AG,,. The set of values of n! (or n!/2) is spread widely
over the set of integers; so, one may be faced with the
choice of either too few or too many available nodes.

Even before [8] was published, Day and Tripathi [5]
proposed a generalized star graph, called the arrange-
ment graph, as an attractive interconnection scheme
for massively parallel systems. An arrangement graph
is specified by two parameters n and k, satisfying
1 <k < n—1.The (n, k)-arrangement graph A, x
is regular of degree k(n — k), the number of nodes
n!/(n — k)!, and diameter [3k/2]. The (n,n — 1)-
arrangement graph A, ,_ is isomorphic to the n-star
graph S, [6]. The arrangement graph provides more
flexibility than the star graph in terms of choosing the
major design parameters: degree, diameter, and num-
ber of nodes. The arrangement graph has been shown
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to be node and edge symmetric, strongly hierarchical,
maximally fault tolerant, and strongly resilient [5].

In this paper we further look into the topological
properties of the arrangement graph. We first show that
the (n, n —2)-arrangement graph A, ,_» is isomorphic
to the n-alternating group graph AG;,. Then, we derive
the exact value for the average distance of A, ;. Due
to the isomorphism between A, ,-2> and AG,, the
average distance derived here for the arrangement
graph as well as those discussed in the literature [4-7]
can be applied directly to the alternating group graph.
Therefore, we solve two of four open problems for the
alternating group graph listed in [8]:

(1) enumeration of the node disjoint paths; and
(2) exact value of the average distance.

2. Graph definitions and basic properties

In this section we introduce the definitions and no-
tations of the arrangement graph and the alternating
group graph, and address their basic topological prop-
erties.

2.1. Graph definitions

For simplicity, let {(n) = {1,2,...,n} and (k) =
{1,2,...,k}.

Definition 1 [5]. The (», k)-arrangement graph

A=W, ED, 1<kg<n—1,

is defined as follows:

Vi={pip2...px| pi € {n) and p; # pj for i # j},

and

Ey={(p.q) | p and g in V; and for some i in (k),
pi#giand pj =gq; for j #i}.

That is, the nodes of A, ; are the arrangements of &
elements out of the » symbols (n), and the edges of
Ap « connect arrangements which differ in exactly one
of their & positions. An edge of A, connecting two
arrangements which differ only in position i is called
an i-edge. Anexample of A, forn =4 andk =2 is
given in Fig. 1.

Fig. 1. A (4, 2)-arrangement graph.

To define the alternating group graph, we describe
some terminologies and notations for ease of exposi-
tion. In a permutation p = p1p2...p;i...pj...pa, the
pair (i, j), i < j, is said to constitute an inversion if
pi > pj. A permutation p is called even or odd de-
pending on the number of inversions in p being even
or odd. The alternating group A, is defined as the set
of all even permutations of n elements [3].

Let

g =(120), g =(1i2),
R2={g713<i<n}U(g 13<i<n},

where £2 is known to be a generator set for A, [8]. Let
T;; denote the transposition that swaps the elements
at positions i and j, then gi+ =Tp Tp and g =
Thi - Tipfor3<i <.

Definition 2 [8]. The r-alternating group graph
AG, = (V,, E») is defined as follows:

Vo, =A,, and

Ex={(p,q)|p,q € V2, and
g = pog forsome g € 22},

where “o0” is the composition operator. The nodes of
AG, are even permutations of the n symbols (r). An
edge of AG, connecting two even permutations p and
q is called an i-edge if g = po g and a = + or —.
Note that ¢ = p o g;" if and only if p=g og; . An
example of AG,, for n =4 is given in Fig. 2.
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Fig. 2. A 4-alternating group graph AGy4.

2.2. Basic properties

There are (n — 1)!/(n — k)! nodes in A, which
have element { in position j, for any fixed { and j (1 <
i €n,1< j<k). These nodes are interconnected in
a manner identical to an A, _j x—1 graph. For a fixed
position j, an A, ; can be partitioned into n node-
disjoint copies of A,_j k1. This partitioning of A,
into n copies of A,_1 4—1 can be done in & different
ways corresponding to the & possible values of j (I <
J < k) and can be carried out recursively. Fig. 1 shows
that A4 2 can be viewed as an interconnection of four
A3z 1’s by fixing the symbol in position 2.

Due to the node symmetry of the (n, k)-arrangement
graph, the problem of routing between two arbitrary
nodes in A,  is reduced to the problem of routing be-
tween an arbitrary node and the identity node I. In
order to solve the problem of the routing, a cycle rep-
resentation for the label of each node in A, x was in-
troduced in [5]. The cycle representation of a node p
with ¢ cycles including e external cycles can be de-
noted as

C(p)=C1,C2,...,Ce,C;+1, é+2,...,Cé,
where C1,(3,...,C, are external cycles and Cé+1’
! 2 C/ are internal cycles. Let m denote the

total number of elements in these cycles. It has been
shown in [5] that the distance d(p) from node p to the
identity node I in A, x is given by:

d(p)=c+m—2e. 1)

In addition, it has been presented in [5] that the
connectivity k (A k) of A, i is k(n — k) and the fault-

diameter Dy(Anx) of Ank is at most [3k/2] + 4.
In [6], it has been known that the arrangement graph
Apk, for 1 < k < n — 2, contains cycles of any
arbitrary length L, 3 < L < |Ap |, where |Ap ] is
the number of nodes in A, . Furthermore, it has been
shownin [7]thatan (n —k+ 1) x (n —k+2) x--- X
(n — 1) x n grid can be embedded into A, y with unit
expansion and dilation three.

3. Isomorphism between A, ,_> and AG,

In this section, we show the alternating group graph
is a spatial arrangement graph. Before proving it, we
give a formal definition of isomorphism between two
graphs in the following.

Definition 3. Two graphs G| and G, are isomorphic
if there is a one-to-one function f from V(G;)
onto V(G3) such that (p,q) € E(G) if and only if
(f(p), f(@)) € E(Gy), where f(p) is the image of p.

Theorem 4. The (n, n—2)-arrangement graph Ap 2
is isomorphic to the n-alternating group graph AG,.

Proof. To prove that AG, and A, .2 are isomorphic,
we define a one-to-one function f; from the nodes of
AG, to those of A, ,_ by:

Ji(p1p2p3...Pu—1DPn) =P3...Pn—1Pn.

Note that £, (g3...4n—1qn) = 419243 - - .qn—14n OF
4249193 . - -qn—19n depending on which one is an even
permutation.

Now, we prove f] preserves adjacency. Let p and
g be two nodes linked with an i-edge in AG,. Then
fi(p) and fi(g) are linked with an (i — 2)-edge in
Ay n—2. Conversely, let s and ¢ be two nodes linked
with a (j — 2)-edgein A, ,—2,1.e.,

§=53...85;_15;5j41...5, and
I=s53...8;-1%;Sj41..-5n.

Without loss of generality, assume s is an even
permutation, then

-1
fi () =s515283...5;-18;8j41-..5, and

-1
f1 (1) =5285j53...8;1jSj41.--Sn,
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where s1 < 52 and f; = 51, and thus fl_1 )= fl_l (s)o
gl Thatis, f'(t) and f;'(s) are linked with a j-
edge in AG,. O

The example for A4 > in Fig. 1 is the resulting graph
when f; is applied to AG4 in Fig. 2.

The next corollary solves one of four open problems
listed in [8]. We get the result by using Theorem 4 and
the fact that for any two nodes of A, j, there exists
k(n — k) node-disjoint paths of length at most four plus
the distance between the two nodes [4].

Corollary S. Given any distinct nodes s and t in an n-
altemmating group graph AG,, there are 2(n — 2) node-
disjoint paths of length at most four plus the distance
between the two nodes. That is, the connectivity
k(AGy) of AG, is 2(n — 2) and the fault-diameter
D¢ (AG,) of AGy is at most [3(n — 2)/2] + 4.

The following corollary describes the routing dis-
tance in AG,,. Although the result was discussed in [8],
here we get it directly by applying Eq. (1) with Theo-
rem 4.

Corollary 6. The distance d(p) from node p to the
identity node I, in AG,, is:

n+k-1, ifpr=1and pp =2,
n+k—1-2, ifpr#1land pr =2,
n+k—1-2, ifpi=1land py#2,
n+k—1-3, ifland2eC;,
n+k—I1-4, ifleCiand2eC;,

where k and | denote the numbers of cycles and
invariants in C(p).

d(p)=

Proof. The distance from p=p1pap3...pato I, =

123...n in AG, is equivalent to the distance from

p'=p3...ppto ] =3...nin Ay ,_2. Let ", m”,

and ¢” denote the number of cycles, the total number

of elements in these cycles, and the number of external

cycles in C(p”) with respect to I); that is, d(p) =

d(p”) =" + m"” — 2¢”. Note that symbols 1 and 2

with respect to 1 are foreign symbols.

(@ Ifpyp=1land pp =2, then "=k, m"=n -1,
" =0,andd(p”) =n+k — 1.

Mb)If py#£1land pp=2,then " =k, m"=n -1,
e'=1,andd(p")=n+k—1-2.

() If py=1and pp #2,then " =k, m" =n — 1,
e'=1,andd(p”")=n+k—1-2.

(d) For 1,2 € G, if either py =2,0r po =1, " =k,
m’'=n—1-—1,e" =1; otherwise, ¢’ =k + 1,
m"” =n —1, ¢’ =2. Therefore, d(p") =n+k —
[ —3.

e IfleCand2eCj, "=k, m"=n—1, and
" =2;s50,d(pY=n+k—1—-4. O

4. Average distance

In this section, we derive the exact values for the av-
erage distances of the (n, k)-arrangement graph A, ;
and the n-alternating group graph AG,. The average
distance of a symmetric interconnection network is de-
termined by the summation of distances of all nodes
from a given node over the total number of nodes.
Average distance is a better indicator of the average
message delay in an interconnection network than its
diameter. Since A, ; is node-symmetric, its average
distance among all pairs of nodes p and g (possibly
p = q) equals the average distance from the identity
node [ to all nodes.

Let 5(A,,,k) denote the average distance of A, .
The value of this measure for the (n, k)-arrangement
graph is

D(An)= Y d(p)/N(n b,

PEAnK

where N(n, k) =n!/(n — k)!.

It is known that the average number of cycles
including invariants in a permutation of n symbols is
H,, where H, =Y _7_, 1/i denotes the nth Harmonic
number [9]. Here, we show the average number of
cycles including invariants in a permutation of k
elements out of n symbols is Hy.

Lemma 7. The average number of cycles including
invariants in a permutation of k elements out of n
symbols is Hy.

Proof. We consider a permutation p formed by choos-
ing arbitrarily k elements out of the n symbols (n). Let
p’ be the permutation obtained from replacing each
foreign element of p with its corresponding nonfor-
eign element. Then the total number of cycles of C(p)
is equal to that of C(p’). The number of cycles in all
permutations of the k symbols (k) is k! x Hy. There-
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fore, the total number of cycles in all permutations of
k elements out of the n symbols (n) is

n
k! x Hy.
() < x

Dividing it by the total number of permutations of
k elements out of the n symbols (r), we derive the
average number of cycles in a permutation as Hy. O

Given a node p, let u be the total number of in-
variants, c* be the total number of cycles including
invariants, and m* be the total number of misplaced
symbols, i.e., m* =k — u. In Eq. (1), ¢ denotes the to-
tal number of cycles of C(p) excluding invariants, and
m denotes the total number of elements in these cycles
including the corresponding nonforeign elements for
the external cycles. It then follows that for ¢ and m as
defined above, ¢ = ¢* — u and m = m™* + e. Similar to
the argument of Theorem 2 in [1], we rewrite Eq. (1)
as

d(p)=k+c*—e—2u. 2)

The following theorem gives the exact value for
the average distance of A, ;, which is obtained by
computing the total value of Eq. (2) for each node in
A, and then dividing by r!/(n — k)!.

Theorem 8. The average distance D(An ) of the
(n, k)-arrangement graph is given by:

k(k—2
H+ 2D
n

(3
Proof. The first term in the summation of Eq. (2) over
all nodes of A,k is k x n!/(n — k)!, and the second
term is Hy x n!/(rn — k)!. The third term is the total
number of foreign symbols in all nodes of A, , i.e.,
kx (n—k)x (n—1)!/(n—k)!. The final term is the
total number of symbols in the correct position for all
nodes multiplied by -2, i.e., =2 x k x (n — 1)!/(n —
k)!. Therefore,

D(Anp) =k+Hy—kx (n—k)/n—2k/n
=Hy+kxk—-2)/n. O

The next corollary solves another open problem
listed in [8]. That is, the exact value for the average
distance of AG, is found while the result for the
average distance of AG, proposed in [8] is just an
upper bound.

Corollary 9. The average distance D(AG,) of the n-
alternating group graphs is

1

n—1

7
n+Hy+——
n

Proof. By applying Eq. (3) with Theorem 4,
5(AGn) = B(An,n~2)' O
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