This article was downloaded by: [National Chiao Tung University BI3Z 5B A2]

On: 28 April 2014, At: 04:51

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-41 Mortimer Street,
London W1T 3JH, UK

Journal of the Chinese Institute of Engineers

Publication details, including instructions for authors and subscription information:
http://www.tandfonline.com/loi/tcie20

Generalized source coding theorems and hypothesis testing: Part | —

Information measures
Po-Ning Chen ? & Fady Alajaji °
# Dept. of Communications Engineering , National Chiao Tung University , Hsin Chu, Taiwan 300, R.O.C.

b Dept. of Mathematics and Statistics , Queen's University , Kingston, Ontario, K7L 3N6, Canada
Published online: 03 Mar 2011.

To cite this article: Po-Ning Chen & Fady Alajaji (1998) Generalized source coding theorems and hypothesis testing: Part | — Information measures, Journal
of the Chinese Institute of Engineers, 21:3, 283-292, DOI: 10.1080/02533839.1998.9670392

To link to this article: http://dx.doi.org/10.1080/02533839.1998.9670392

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the “Content”) contained in the publications on our
platform. However, Taylor & Francis, our agents, and our licensors make no representations or warranties whatsoever as to the accuracy,
completeness, or suitability for any purpose of the Content. Any opinions and views expressed in this publication are the opinions and
views of the authors, and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content should not be relied upon and
should be independently verified with primary sources of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or howsoever caused arising directly or indirectly in
connection with, in relation to or arising out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any substantial or systematic reproduction, redistribution,
reselling, loan, sub-licensing, systematic supply, or distribution in any form to anyone is expressly forbidden. Terms & Conditions of access
and use can be found at http://www.tandfonline.com/page/terms-and-conditions



http://www.tandfonline.com/loi/tcie20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/02533839.1998.9670392
http://dx.doi.org/10.1080/02533839.1998.9670392
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [National Chiao Tung University ] at 04:51 28 April 2014

A0 0 00 0O A

EJ061199800283

Journal of the Chinese Institute of Engineers, Vol. 21, No. 3, pp. 283-292 (1998) 283

GENERALIZED SOURCE CODING THEOREMS AND
HYPOTHESIS TESTING: PART | -- INFORMATION MEASURES

Po-Ning Chen*
Dept. of Communications Engineering
National Chiao Tung University
Hsin Chu, Taiwan 300, R.O.C.

Fady Alajaji
Dept. of Mathematics and Statistics
Queen’s University

Kingston, Ontario K7L 3N6, Canada

Key Words: information theory, entropy, mutual information,

divergence,e-capacity.

ABSTRACT

Expressions for g-entropy rate, e-mutual information rate and &-
divergence rate are introduced. These quantities, which consist of the
quantiles of the asymptotic information spectra, generalize the inf/sup-
entropy/information/divergence rates of Han and Verdud. The algebraic
properties of these information measures are rigorously analyzed, and
examples illustrating their use in the computation of the e-capacity are
presented. In Part II of this work, these measures are employed to
prove general source coding theorems for block codes, and the general
formula of the Neyman-Pearson hypothesis testing type-II error expo-
nent subject to upper bounds on the type-I error probability.

I. INTRODUCTION AND MOTIVATION

Entropy, divergence and mutual information are
without a doubt the most important information theo-
retic quantities. They constitute the fundamental mea-
sures upon which information theory is founded.
Given a discrete random variable X with distribution
Py, its entropy is defined by [7]

HX) = - X Py(x)10g,P 5() = E p [ - logPy )] .

H(X) is a measure of the average amount of uncer-
tainty in X. The divergence, on the other hand, mea-
sures the relative distance between the distributions
of two random variables X and X that are defined on
the same alphabet :

o A Pykx)
DX|X)=E —].

*Correspondence addressee

As for the mutual information /(X;Y) between ran-
dom variables X and Y, it represents the average
amount of information that Y contains about X. It is
defined as the divergence between the joint distribu-
tion Pyy and the product distribution PyPy:

Pyy X.Y)

PLOOP,)

A
IX:;Y)=D(Pyy |PyPy)=Ep, flog,

More generally, consider an input process X
defined by a sequence of finite dimensional distribu-
tions [11]: X2(X"=&X®, .. X, . Let Y={¥"=
(Y(I"), Yf:'))}:;l be the correspondgng output pro-
cess induced by X via the channel W= {W"=(W(") s eees
Wf:”)}::l , which is an arbitrary sequence of n-dimen-
sional conditional distributions from X" to 9", where
X and Y are the input and output alphabets respec-
tively. The entropy rate for the source %" is defined

by[2], [7]



Downloaded by [National Chiao Tung University ] at 04:51 28 April 2014

284 Journal of the Chinese Institute of Engineers, Vol. 21, No. 3 (1998)

HEX)= lim LE[-log PyX™),

assuming the limit exists. Similarly the expressions
for the divergence and mutual information rates are
given by

~ A1 Py-(X")
D(X | X)= lim = E[log P;—"(X,,—)] ,

and

PyryrX",Y")

Px"o(n)Py"(Yn)] ’

1X:Y)= lim 1 Elog

respectively.

The above quantities have an operational sig-
nificance established via Shannon’s coding theorems
when the stochastic systems under consideration sat-
isfy certain regularity conditions (such as stationarity
and ergodicity, or information stability) [9], [11].
However, in more complicated situations such as
when the systems are non-stationary (with time-vary-
ing statistics), these information rates are no longer
valid and lose their operational significance. This
results in the need to establish new information mea-
sures which appropriately characterize the operational
limits of arbitrary stochastic systems.

This is achieved in [10] and [11] where Han and
Verdi introduce the notions of inf/sup-entropy/infor-
mation rates and illustrate the key role these infor-
mation measures play in proving a general lossless
(block) source coding theorem and a general channel
coding theorem. More specifically, they demonstrate
that for an arbitrary finite-alphabet source X, the ex-
pression for the minimum achievable (block) source
coding rate is given by the sup-entropy rate H (X),
defined as the limsup in probability of (1/n) log
1/Pxn(X™) [10]. They also establish in [11] the for-
mulas of the e-capacity C, and capacity' C of
arbitrary single-user channels without feedback (not
necessarily information stable, stationary, ergodic,
etc.). More specifically, they show that

supsup {R: Fy (R)<€}<C Ssupsup{R: FyR)< €},
X X
and

C =sup/(X;Y),
X

where
Fy (R) = lim sup Pr [(In)i yrpX";Y")<R],
n—oo

(1/n)iynyn(X"™, Y") is the sequence of normalized in-
formation densities defined by

PY" 'Xn(y"lx")
Pyy™)

ix"y"O(n§Yn) =log

and I(X;Y) is inf-information rate between X and Y,
which is defined as the liminf in probability of
(1/n)ixnyn (X", 7).

By adopting the same technique as in [10] (also
in [11]), general expressions for the capacity of
single-user channels with feedback and for Neyman-
Pearson type-II error exponents are derived in [4] and
[6], respectively. Furthermore, an application of the
type-II error exponent formula to the non-feedback
and feedback channel reliability functions is demon-
strated in [6] and [5].

The above inf/sup-entropy/information rates are
expressed in terms of the liminf/limsup in probabil-
ity of the normalized entropy/information densities.
The liminf in probability of a sequence of random
variables is defined as follows [10]: if A, is a sequence
of random variables, then its liminf in probability is
the largest extended real number U such that for all
&>0,

lim PriA, <U-¢)=0. (1)

Similarly, its limsup in probability is the smallest ex-
tended real number U such that for all £>0,

lim Pr{A, 2U+¢]=0. (2)

Note that these two quantities are always defined; if
they are equal, then the sequence of random variables
converges in probability to a constant.

It is straightforward to deduce that Eqgs. (1) and
(2) are respectively equivalent to

liminfPr[A, <U-¢]=limsupPr[A, <U-4]=0. (3)
n oo n—oo
and

liminfPr[A,2U + &) =limsupPr[A, 2U+&)]=0. (4)

n—eo

' Definition ([8], [11]): Given O<e<1, an (n, M, €) code for the channel W has blockength n, M codewords and average (decoding) error
probability not larger than €. A non-negative number R is an €-achievable rate if for every 6>0, there exist, for all n sufficiently large,
(n, M, €) codes with rate (1/n) log M>R-6. The supremum of all g-achievable rates is called the e-capacity, C.. The capacity C is the
supremum of rates that are g-achievable for all 0<e<1 and hence C=lim¢|q C,.

In other words, C¢ is the largest rate at which information can be conveyed over the channel such that the probability of a decoding
error is below a fixed threshold ¢, for sufficiently large blocklengths, Furthermore, C represents the largest rate at which information can
be transmitted over the channel with asymptotically vanishing error probability.
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We can observe however that there might exist
cases of interest where only the liminfs of the prob-
abilities in (3) and (4) are equal to zero; while the
limsups do not vanish. There are also other cases
where both the liminfs and limsups in (3)-(4) do not
vanish; but they are upper bounded by a prescribed
threshold. Furthermore, there are situations where
the interval [U, U] does not contain only one point;
for e.g., when A, converges in distribution to another
random variable. Hence, those points within the in-
terval [U, U] might possess a Shannon-theoretic op-
erational meaning when for example A, consists of
the normalized entropy density of a given source.

The above remarks constitute the motivation for
this work in which we generalize Han and Verdid’s
information rates and prove general data compression
and hypothesis testing theorems that are the counter-
parts of their g-capacity channel coding theorem [11].

In Part I, we propose generalized versions of the
inf/sup-entropy/information/divergence rates. We
analyze in detail the algebraic properties of these in-
formation measures, and we illustrate their use in the
computation of the g-capacity of arbitrary additive-
noise channels. In Part II of this paper [3], we utilize
these quantities to establish general source coding
theorems for arbitrary finite-alphabet sources, and the
general expression of the Neyman-Pearson type-II
error exponent.

II. GENERALIZED INFORMATION
MEASURES

Definition 1. (Inf/sup-spectrum)

If {An}:=1 is a sequence of random variables,
then its inf-spectrum u(-) and its sup-spectrum u (-)
are defined by

«(©)=limjnfPr{A, <6},
and

7(9)élim supPr[A, <6}.
n—eo
In other words, u(:) and u (-) are respectively the
liminf and the limsup of the cumulative distribution
function (CDF) of A,. Note that by definition, the
CDF of A, — Pr{A, < 0}—is non-decreasing and right-
continuous. However, for u(-) and u (-), only the

non-decreasing property remains>.

Definition 2. (Quantile of inf/sup-spectrum)
For any 0<6<1, the quantiles Usand U of the
sup-spectrum and the inf-spectrum are defined by’

U —oo if (67 (©0)<8)=2,
7\ sup{6: w(6)<4),

e

otherwise,

and

— A — OO

7 if {O:u(6)<8)=9,
>\ sup(6: u(©)<8),

otherwise,

respectively. It follows from the above definitions
that Us and U are right-continuous and non-decreas-
ing in 6.

Note that the liminf in probability U and the
limsup in probability U of A, satisfy

U=U,
and
F=Ul- N

respectively, where the superscript “~"" denotes a strict
inequality in the definition of U,-;i.e.,

Us 2 sup{6: u (6)<¥6}.
Note also that
U<SUsSU4SU .

Remark that Us and 75 always exist. Furthermore,
if Us= Us V6e[0,1], then the sequence of random
variables A, converges in distribution to a random
variable A, provided the distribution sequence of A,
is tight.

For a better understanding of the quantities de-
fined above, we depict them in Fig. 1.

In the above definitions, if we let the random
variable A, equal the normalized entropy density of
an arbitrary source X, we obtain two generalized en-
tropy measures for X: the O-inf-entropy-rate HgX)

2 It is pertinent to also point out that even if we do not require right-continuity as a fundamental property of a CDF, the spectrums u(-) and
‘u (-) are not necessarily legitimate CDFs of (conventional real-valued) random variables since there might exist cases where the “prob-
ability mass escapes to infinity” (cf. [1, page 346]). A necessary and sufficient condition for u(-) and u (-) to be conventional CDFs
(without requiring right-continuity) is that the sequence of distribution functions of A, be tight [1, page 346]. Tightness is actually

guaranteed if the alphabet of A, is finite.

3 Note that the usual definition of the quantile function ¢(8) of a non-decreasing function F(.) is slightly different from our definition
[1, page 190]: ¢(8)=sup{8: F(6)<8}. Remark that if F(.) is strictly increasing, then the quantile is nothing but the inverse of F(-): ¢(5)=

F ().



Downloaded by [National Chiao Tung University ] at 04:51 28 April 2014

286 Journal of the Chinese Institute of Engineers, Vol. 21, No. 3 (1998)

and the S-sup-entropy-rate Hy(X) as described in
Table 1. Note that the inf-entropy-rate H(X) and the
sup-entropy-rate H (X) introduced in [10] are spe-
cial cases of the é-inf/sup-entropy rate measures:

H(X)=Hy(X), and HX)= H -X).

Analogously, for an arbitrary channel WéPYIX with
input X and output Y (or respectively for two obser-
vations X and X ), if we replace A, by the normalized
information density (resp. by the normalized log-like-
lihood ratio), we get the é-inf/sup-information rates
(resp. 6-inf/sup-divergences rates) as shown in
Table 1.

The algebraic properties of these newly defined
information measures are investigated in the next sec-
tion.

III. PROPERTIES OF THE GENERALIZED
INFORMATION MEASURES

Lemma 1.

Consider two arbitrary random sequences,
{A,}._, and {B,} _,. Let w () and u(-) denote re-
spectively the sup-spectrum and inf-spectrum of
{A, }: - Similarly, let v (-) and y(-) denote respec-
tively the sup- spectrum and 1nf—spectrum of {B, }
Define Ug=sup{60:u (92<5} U,; sup{@: u(9)<5}
Vs=sup{6:v (0)<6}, Vs=sup{0:x(6)<5},

U+ Vs, = sup(: GFVXO<I+ 7},

U +V)s, = sup(6: w+vXO)< 5+,

u +v)(0)élim supPr{A +B, <6},

n—eo

and

w+v)6)=limjnfPr {A,+ B, <6},

Then the following statements hold.
1. Us and Uy are both non-decreasing functions of

o€ [0,1].

2. For 620, ¥20, and 126+,

U+ V)52 Us+ Yy, (5)
and

(U+V)5+72L]5+77. (6)

3. For 620, 20, and 1>6+7,

UV s<Usr V 1oy (7)

and

0

U U U U U. G

Fig. 1. The asymptotic CDFs of a sequence of random variables
{A,,}:'=I . u (-)=sup-spectrum of A,; u(-)=inf-spectrum of
A,

U+V)sS Ugyy+ Vo (8)

Proof:

The proof of property 1 follows directly from
the definitions of Us and U, and the fact that the inf-
spectrum and the sup-spectrum are non-decreasing in

0.

To show (5), we first observe that
Pr{A,+B,<Us+V,}<Pr{A,<Us}+Pr{B,sV,}.
Then

limsupPr{A +B, <Us+ V,}

n —oo

<limsup®r {A, SUs}+Pr{B, <V}
n—eo

<limsupPr{A, <Us}+limsupPr{B,<V,}
n—oo

n —oo

<d+7,

which, by definition of (U+V)s,,, yields (5).
Similarly, we have

Pr{A,+B,<Us+ V,}<Pr{A,<Us}+Pr{B,<V,}.
Then

liminfPr{A,+ B, <Us+ V,}

<liminf ®r {A, SUs}+Pr {B, <V}

< hrrln_)sgp Pr{A, <Us}+ hm inf Pr {B, <v, V)

<o6+7,
which, by definition of (UTV)5+ y» Proves (6).

To show (7), we remark from (5) that (U+V)5+
(=W =(U+V=V)5,=Us., Hence,
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Table 1. Generalized information measures where 6<[0,1].
Entropy Measures
System Arbitrary Source X
A,: Norm. Entropy Density (1/n) hynX™) = (1/n)log Py~(X")
Entropy Sup-Spectrum fx(e)e lim_)sclolp Pr {(/n) hyn(X")< 6}
Entropy Inf-Spectrum hy(6) z li:nl)iogf Pr {(1/n) hyn(X") < 6}
6-Inf-Entropy Rate H;X) 2 sup{6: h (6)< 6}
6-Sup-Entropy Rate _ﬁa(X)é sup{6: h 4 (6)< 6}
Sup-Entropy Rate 71(X) é?ll-(X)
Inf-Entropy Rate HX) éﬂoﬂ')
Mutual Information Measures
System Arbitrary channel WAPYIX with input X and output Y
A,: Norm. Information Density (A/n)i xn Yn)(X Y" ) (1/n)log %OK" Y")
Information Sup-Spectrum 10( Y)(H) hm 15up Pr {(1/n) i yn yn/X";Y") < 6}
Information Inf-Spectrum ixn©) = h,,nl, inf Pr {(1/n) i x» ynX";Y") < 6}
6-Inf-Information Rate IX ;Y)é sup {6 T(X,Y)(H) <d})
0-Sup-Information Rate 14X;Y) 4 sup {6: iy y(0)< 6}
Sup-Information Rate 7(X;Y) QYI{X;Y)
Inf-Information Rate 1X;Y) Q_IO(X;Y)
Divergence Measures
System Arbitrary sources X and X
A,: Norm Log-Likelihood Ratio (I/n)d (X" " }En)é (I/n)log [dPy~/ dP 3r] x"
Divergence Sup-Spectrum d x26) 2 lim sup Pr {(Un) d(X" | x" <6y
Divergence Inf-Spectrum dy| £ a lim inf Pr {(1/n) dy (X" ﬂ X")< 6}
6-Inf-Divergence Rate Ds(X || f)é sup{O:gx“i(H) <é)
6-Sup-Divergence Rate Ds(X [[ X) 2 sup{6: d_y; z(O)< 6}
Sup-Divergence Rate DX ﬂ }2) é—ﬁ X l] }2)
Inf-Divergence Rate DX [ X)2Dyx|X)
U+V)ssUsy—(=V) The proof is completed by showing that
(Note that the cases é+7y=1 or y=1 are not allowed - (—_V)YS 7(1 _yy - 9)

here because they result in Uj==V =, and the

subtraction of two infinite terms is undefined. That

By definition,

is why the condition for property 2, 1<5+7, is replaced

by 1>6+7in property 3.)

(ZvX6)2 limsupPr {- B, < 6}
n —o°
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=1- liminfPr{B, <— 6}
n—e
=1-v(-06.
So v(—8*)=1—(=vX6). Then

Va_y 2sup(@ 2@ <1-%
2sup(6: v ()<1-9
=sup{-B:v(-0N<1-%
=sup{- 0 1-(-vXB<1-7
=—inf{@: (~vX O)> 1
=—sup{f: (-vX <7
=—(-V)

where the inequality follows from v(8)2y(6°). Finally,
to show (8), we observe from (6) that (U+V)s+
(=V),2U +V-V)s,,= Us,,. Hence,

U+ V)5S Usyy= (= V),

Using (9), we have the desired result.

If we take 6=9=0 in (5) and (7), we obtain
U+V)2U+Y, and U+VNSU+V

which mean that the liminf in probability of a se-
quence of random variables A,+B, is upper [resp.
lower] bounded by the liminf in probability of A,, plus
the limsup [resp. liminf] in probability of B,. This
fact is used in [11] to show that

HW)-HY|X)SLEYSH®)-H(Y|X),

which is a special case of property 3 in Lemma 2.

The next lemmas will show some of the analo-
gous properties of the generalized information mea-
sures.

Lemma 2.

For 6, 7, 6+y€[0,1), the following statements
hold.

1. H5(X)>O Hg(X) 0 if and only if the sequence
{X"= (X(", . X("))}n , 18 ultimately deterministic
(in probability).

(This property also applies to Hs(X), 75(X;Y),

I5(X;Y), Ds(X||Y), and Ds(Y||X).)

2. I(X;Y)=I5(Y;X) and I5(X;Y)=I5(Y;X).

i L;&X:Y)SH;, 00~ H,(Y|X), (10)
LsX:Y)SH;,,@0)- H,(Y|X), (11)
1,&Y)<H;, @)~ Hs;Y|X), (12)
Is,,X:Y)2H;¥)-H,_, (Y| X), (13)

and
I5,y &) ZH s @)~ Hy_y (Y| X) (14)

4. 0<Hs(X)< H 5(X)<log|x|, where each X" e x, i=1,
., nand n=1,2,..., and X is finite.
5. (X, Y;Z2)2I4X;Z).

Proof:
Property 1 holds because

Pr {~Liog Pyu(x") <0} =0,

AP .,
Pr{%logdpzn(X )<— 0} <exp{-n}.

and

dPynon n <n
Pr{;ll—logﬁx——y—(X Y™ <— 6} <exp{-n}.

X" XPYn)

Property 2 is an immediate consequence of the
definition. :

To show the inequalities in property 3 we first
remark that

n Xn)

Ly = Lign @ ¥+ Lh gy

where (1/n)hgn ym(Y" | X")2=(1/n)logPyn| xn(¥" | X7).
With this fact, (10) follows directly from (§5), (11)
and (12) follow from (6), (13) follows from (7), and
(14) follows from (8).

Property 4 follows from the fact that H(;( -) is
non-decreasing in &: H5(X)< H -(X)= H(X) and that
H(X) is the minimum achlevable (i.e., with asymp-
totically negligible probability of decoding error)
fixed-length coding rate for X as seen in [3, Theorem
3.2] and [10].

Property 5 can be proved using the fact that

%i (Xn,Yn,Zn)(Xn,Yn,Zn) = nll (ann)(Xn,Zn)

1. n, —n
+ﬁ-l(Xn,Yn,Z")(Y ,Z

By applying (5), and letting y=0, we obtain the de-
sired result.
]
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Lemma 3. (Data processing lemma)
Fix 6e{0,1). Suppose that for every n, X| and
X3 are conditionally independent given X5 . Then

Is(X;X5)<IX:;X5).

Proof:
By property 5, we get

I5(X1;X3)<I5(X1;X2,X3)=15(X;X>),

where the equality holds because

4P yixs

1, “Pxx

1 & XX =11
” ogd(Px'; XPX’Z'X';)\ 1:X2.X3)=7log

Lemma 4. (Optimality of independent inputs)

Fix 6e[0,1). Consider a finite alphabet, discrete
memoryless channel — i.e., Pyn|xn=II{_| Py,|x;, for
all n. For any input X and its corresponding output
Y,

IsXY)SIs(X;Y)=I(X;Y),

where Y is the output due to X , which is an inde-
pendent process with the same first order statistics as
X, i.e., P-X_" =1—I:1=] PXI'

Proof:
First, we observe that

dPYI'
dP v

dPYn Ixn

n’Yn
dPyr &Y

1 nyny 1
Elog XY )+—ﬁlog

In other words,

dP nyn dP n
1 X"y Y on n
Ljgg X1 "y

n n 1
Y )+ =1
&Y+ dog 257

APy

"Yh.
(P}"n XP7n)(X )

_1
—ﬁlogd

By evaluating the above terms under Pxnyn and let-
ting
dP 5 ryn

n nse
TPy KIS

Z(6)= lim sup Pyryr {%log
n—oo

and

Z5(X,Y)=sup(8: 7<),

X'1.X32).

we obtain from (5) (with =0) that
Z5(X ,Y)21;X.Y)+D(Y|Y)21;X;Y),

since D(Y||'Y )20 by property 1 of Lemma 2.

Note that the summable property of (1/n)log
[P xrvrldPx»XPym)(X", Y") (i.e., it is equal to
(1/n)2;_ log [dP % 7/d(P% X P%)l (X;,Y;)), the Che-
byshev inequality and the finiteness of the channel
alphabets imply

I(X;Y)=15(X;Y)and Z(X;Y)=25(X;Y).
It finally remains to show that
IX;Y)2Z(X;Y),

which is proved in [11, Theorem 10].
[ |

IV. EXAMPLES FOR THE COMPUTATION
OF ¢-CAPACITY

In [11], Verdd and Han establish the general
formulas for channel capacity and €-capacity. In
terms of the £-inf-information rate, the expression of
the e-capacity becomes

supl, (X ;Y)SC, <supl(X;Y),
X X

where €€ (0,1).

We now provide examples for the computation
of C,. They are basically an extension of some of the
examples provided in [11] for the computation of
channel capacity. In this section, we assume that all
the logarithms are in base 2.

Let the alphabet be binary Xx=9={0,1}, and let
every output be given by

where @ represents the addition operation modulo-2
and Z is an arbitrary binary random process inde-
pendent of X.

To compute the &-capacity we use the results of
property 3 in Lemma 2:

1.(X;Y)2H{Y)-H(_«(Y|X)=HfY)- H,_(Y|X),
(15)

and

I(X; Y)<min{H, , () -HLY [X),H,, 0 -HLY |X)},

(16)
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where €20, 20 and 1>&+7y. The lower bound in (15)
follows directly from (13) (by taking 6=0 and y=¢").
The upper bounds in (16) follow from (10) and (11)
respectively.

C.<supLX:Y)
X

<sup {H.,,()- H,(Y|X)}.
X

Since the above inequality holds for all 0<y<l-¢, we
have:

Cgsogyrg_esup{Hmm H,(Y| X))

<
_0<1yn<€_£{supH£+7(Y) inf (Y| X)}.

By the symmetry of the channel, ﬁy(YlX)=_I177(Z)

which is independent of X. Hence,

CeSO<1yn<{_£{supHe+y(Y) H,2)

<,.nf_{og2-H,@)}=_inf (1-H,@).

where the last step follows by taking a Bernoulli uni-
form input. Since 1- H,(Z) is non-increasing in ¥,

C.21-H,y_5@).
(Note that the superscript “—” indicates a strict in-
equality in the definition of H 7,( ); this is consistent
with the condition y+é&<1.)

On the other hand, we can derive the lower
bound to C, by choosing a Bernoulli uniform input in
(15). We thus obtain

1-H 4_oZ)SC.S1-Hy_oZ).

Note that there are actually two upper bounds (16).
In this example, the first upper bound 1-H(,_.-(Z)
(which is no less than 1- H; _,-(Z)) is a looser upper
bound, and hence, can be omitted. In addition, we
demonstrate in the above derivation that the compu-
tation of the upper bound to C, involves in general
the infimum operation over the parameter y. There-
fore, if the optimizing input distribution does not have
a “nice” property (such as independence and unifor-
mity), then the computation of (17) may be compli-
cated in general.

Remark:

An alternative method to compute C; is to de-
rive the channel sup-spectrum in terms of the inf-spec-
trum of the noise process. Under the optimizing
equally likely Bernoulli input X" we can write

PYn |Xn
PY"(Yn)

X)S

- . 1
.. =1 Pr {1
i %O im sup Pr {; log
=lim sup Pr {%log P(Z") - %log Py(Y") < 6}
n—oo
=1lim sup Pr {%log P(Z"<6-1}
n—oo

_llmsupPr{——logPZ ZhH=21-6}

n —o°
=1-hz(1-6)).
Hence,
1.X"Y)=sup{6: 1 - h,(1 - O))<&)
=sup(6: h (1 - 6))21-¢)
=sup{(1 - B): k()21 -€)
=l+sup{(- B :h(B)21-¢}
=1-inf(B:h,(B)21- ¢}
=1-sup{B: A,B)<1-¢}
= 1_?1—(1 _ 8)—(2) .
Similarly,
1.X"=1-H  _2).
Therefore,
1- Hy_o2)=1. X Y)SC.SIX Y)=1-H | _ ).
Example 1.
Let Z be an all-zero sequence with probability
B and Bernoulli (with parameter p) with probability
1-B. Then the sequence of random varlables
(1/n)hzn(Z") converges to atoms O and h,,(p)——plog
p—(1-p)log(1-p) with respective masses 8 and 1-8.

The resulting hz(6) is depicted in Fig. 2. From (18),
we obtain iy y(6) as shown in Fig. 3.

Therefore,

l-h,@), if 0<e<1-0;
C.= .

1, if 1-B<e<l.

When e=1-3, C, lies somewhere between 1-h,(p) and
1.

Example 2.
If Z is a non-stationary binary independent
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|
|
B o——5b

t
|
|
0 & L
0 hy(p)
Fig. 2. The spectrum of (1/n)hzn(Z") for Example 1.

Fig. 3. The spectrum of (1/n)ixn, yny(X"; Y") for Example 1.

sequence with Pr{Z,=1}=p;, then by the uniform
boundedness (in i) of the variance of random vari-
able —logPz(Z;), namely,

Var -log Pz (Z)]<El(1ogP, (Z,))’]
< sup pi(logp)*+(1-p;)(log(1-p))°

O<p; <1

<1

-_— s

we have (by Chebyshev’s inequality)
Pr {|-+log Pp(Z") - %ﬁl HZ)|<n -0,

for any y>0. Therefore, ﬁ(l _¢r@) is independent of
€, and C }ls equal to 1 minus the largest cluster point
of (1/n)&;_1 H(Z)), 1.e.,

—ﬁ(l _e@)= li’rln_ﬂ)sgp %ig HZ)),
and
C.=1 ~H@Z)=1-1lim sup;ll— i HZ)),
n —ee i=1

where H(Z,)=h,(p;). This result is illustrated in Figs.
4 and 5.

| )
| |
1 |
) |
peee
1 |
| |
| |

1

Ll

1
H(Z) clusterpoints 1-H(Z)
Fig. 4. The spectrum of (1/n)hzn(Z") for Example 2.

|
|
|
|
1
I
)
|
1

b —— — —_- - - - =
b — — — — - _-_

1

I-H(Z) clusterpoints 1-H(Z)

Fig. 5. The spectrum of (1/n)iixn, yny(X"; ¥") for Example 2.

V. CONCLUSIONS

In light of the work of Han and Verdi in [10]
and [11], generalized entropy, mutual-information,
and divergence rates are proposed. The properties of
each of these information quantities are analyzed, and
examples illustrating the computation of the &-capac-
ity of channels with arbitrary additive noise are pre-
sented.

In [3], we use these information measures to
prove a generalized version of the Asymptotic
Equipartition Property (AEP) and general source cod-
ing and hypothesis testing theorems.
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