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Abstract

In this paper, we present a family of 3-regular, planar, and hamiltonian graphs. Any graph in this family remains
hamiltonian if any node or any edge is deleted. Moreover, the diameter of any graph in this family is O(,/p) where p is
the number of nodes. © 1998 Elsevier Science B.V.
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1. Introduction

An interconnection network connects the processors of the parallel computer. Its architecture can be rep-
resented as a graph in which the nodes correspond to the processors and the edges to the communication
links. Hence, we use graph and network interchangeably. There are lot of mutually conflicting requirements in
designing the topology of computer networks. It is almost impossible to design a network which is optimum
from all aspects. One has to design a suitable network depending on the requirements and their properties. The
hamiltonian properties is one of the major requirements in designing the topology of network. For example,
“Token Passing” approach is used in some distributed operation systems. Interconnection network requires
the presence of hamiltonian cycles in the structure to meet this approach. Fault tolerant is also desirable in
massive parallel systems that have a relatively high probability of failure. A number of fault tolerant designs
for specific multiprocessor architectures have been proposed based on graph theoretic models in which the
processor—to-proceésor interconnection structure is represented by a graph.

In this paper, a network is represented as an undirected graph. For the graph theoretical definition and notation
we follow [1]. G= (K E) is a graph if V is a finite set and E is a subset of {(a, b) | (a,b) is an unordered
pair of V}. We say that V is the node set and E is the edge set of G. Let p = |V| and ¢ = |E|. Two nodes a
and b are adjacent if (a,b) € E. A path is a sequence of nodes such that two consecutive nodes are adjacent.
A path is delimited by {xo, X1, X2, ..., Xs—1). We use P~! to denote the path (x,_i,..., X2, x1, Xo) if P is the
path (xo, x1,X2,...,%,—1). A path is called a hamiltonian path if its nodes are distinct and they span V. A
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cycle is a path of at least three nodes such that the first node is the same as the last node. A cycle is called a
hamiltonian cycle if its nodes are distinct except the first node and the last node and they span V. Let k be a
positive integer. A graph G is k-hamiltonian if G — V' — E’ is hamiltonian for any set V' C V and E' C E with
V| + |E’| < k. Obviously, every k-hamiltonian graph has at least k + 3 nodes. Moreover, the degree of every
node in a k-hamiltonian graph is at least k+2. A p-node k-hamiltonian graph is optimal if it contains the least
number of edges among all p-node k-hamiltonian graphs. The design of k-hamiltonian graph is equivalent to
k-fault-tolerant designs for token ring. Mukhopadhyaya and Sinha [5] worked on 1-hamiltonian graphs. Sung
et al. {7] studied optimal k-hamiltonian graphs with k=2 and k = 3.

Mukhopadhyaya and Sinha [5] proposed a family of optimal 1-hamiltonian planar graphs. The diameter of
the graph in the family is |p/6]| +2 if p is even and |p/8] + 3 if p is odd. Similar problem has been discussed
by Harary and Hayes [2,3]. A graph G is k-node hamiltonian if G — V' is hamiltonian for any V' C V with
|V/| = k, and a graph G is k-edge hamiltonian if G — E’ is hamiltonian for any E' C E with |E'| = k. A p-node
k-node hamiltonian graph is optimal if its number of edges is the smallest, and a p-node k-edge hamiltonian
graph is optimal if its number of edges is the smallest. In [3], Harary and Hayes presented a family of optimal
p-node k-node hamiltonian graphs for every positive integer k, and in whereas [2], Harary and Hayes presented
a family of optimal p node k-edge hamiltonian graphs for every positive integer k. For the special case k =1,
the family of optimal 1-node hamiltonian graphs proposed in [3] is actually the family of optimal 1-edge
hamiltonian graphs proposed in [2]. Hence this family of graphs is 1-hamiltonian. Any single graph in this
family is planar and of diameter |(p + 1)/3].

In [3], Harary and Hayes were not sure that their proposed optimal 1-node hamiltonian graphs are of
only such optimal graphs and asked for the determination of all such graphs. With the family of graphs
proposed by Mukhopadhyaya and Sinha mentioned above, we can easily solve Harary and Hayes’ problem
with a counterexample. Note that a 1-node hamiltonian graph may not be necessarily hamiltonian. A graph is
hypohamiltonian if G is not hamiltonian but G — v is hamiltonian for every v € V. There are a lot of studies on
hypohamiltonian graphs [4,6,8]. It seems that the problem of determination of all optimal 1-node hamiltonian
graphs is very difficult.

In this paper, we propose a family of optimal 1-hamiltonian graphs. Each graph in this family is planar and
of diameter O(,/p). The degree of each node in any graph of this family is 3.

2. Definitions

In this section, we are going to present a family of graphs G(k) for every positive integer k. There are 2k + 1
disjoint isomorphic induced subgraphs, G(k,i) with 0 <i < 2k, in G(k). For 0 < i < 2k, G(k,i) is the graph
(V(k, i), E(k,i)) where

Vk,iy={x[; |1<j<k}u{x;|1<i<k}U{y,z}, and
E(k,i)={(xjjxi;_) | 1<Jj < EPUL{G], x50 11 <G <k}
U{(xd 0 ) 1< <kPU{(x ), (0 2)s i xi) )

In Fig. 1, we illustrate the graph G(k,i).
Then, we define the graph G(k) = (V(k), E(k)) with

viky= |J V(ki), and
0<i<2k

E(k) = U E(k,i) U {(zia zi+lmod{2k+1)) l 0<i<g Zk} U {(xig, x?+lm0d(2k+l),k) l 0 i< 2}’(}
0<iL2k
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In Fig. 2, we illustrate the graph G(2).

Obviously, the graph G(k) is planar and with p = 4k* + 6k + 2 nodes. Each vertex of G(k) is of degree 3.
Assume that x is in V(k,i) and y is in V(k,j). It is easy to see that the distance between x and z; is at most
k + 1, the distance between z; and z; is at most k and the distance between z; and y is at most k + 1. Hence

the diameter of G(k) is O(,/p).

3. Hamiltonian properties
Lemma 1. G(k,i) has a hamiltonian path joining z; with x;, for every positive integer k,i with 0 < i < 2k.

Proof. Suppose that k is an odd integer.
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{ r r { r i r
{20, Yis Xi 15 XigsXi2sXigo oo s Xig—1>Xiks xi,)‘c)

is a hamiltonian path joining z; with x],. Suppose that k is an even integer.
roo 4 ! I _r
(Zis Yis X[ 00 Xi s Xiga Xis -+ s Xig 10 Xier Xig)

is a hamiltonian path joining z; with x7,. [J

We use P(i,z,r) to denote the hamiltonian path joining z; with x{,. By the symmetric property of G(k, i),
there is also a hamiltonian path joining z; with x,’.,k. We use P(i,z,/) to denote the hamiltonian path joining
z; with x! ;. We also use Q(i,r,1) to denote the path < x[,, x7,_ ..., X}, yi, Xt , 15, ..., xi, >. With these
notations, it is easy to see that

POzl rooQanh r  o@nh
(20— X Xl = X1 pr Ko = Xppr e+
. Qk—1,r0) r PT'(2kan)
Xopt o 7 X2h—1 o X2k k T > L2k L2k—1s - s ZO)

form a hamiltonian cycle of G(k). By the symmetric property of G(k), it is easy to see that G(k) is 1-edge

fault tolerant.
To discuss the 1-node fault tolerant property of G(k), we need the following lemma.

Lemma 2. For any positive integer j with 1 < j < k, G(k, i) — {x] j} has a hamiltonian path joining z; with
!
Xl OF Xiy.
Proof. We first assume that j is an odd integer and k is an even integer. It is easy to see that
! r r ! I 1 1 i r r ] r
(zis yis XitoXi1s Xi2s Xi20 X300 es Xj i1 Xy jo Xj jots Xy jy1s Xij420 -0 Xi o xi,k)
is a hamiltonian path joining z; with x] . Other cases can be similarly discussed. Hence the lemma is proved. [l

We may assume the faulty node of G(k) is yo, 20, OT xp,; for1 <j< k.
Assume the fault node is zp. It is easy to see that

P (1,zr) 2 P2.zl) g ;P73

r Q0,r1) ! r
(o = Xops X pg ——— U 22— X, X g ————>23,...,
. Pi(2i—-1,zr) PQizl) Q2k,rd) r
Xoj g~ i~1-02 — X g0 L2k T Xk xO.k)

form a hamiltonian cycle in G(k) — {z0}.
Assume the faulty node is yp. It can be checked that
! 1 ! QL) g Q(2,ri)
(X0 X0k—15 - -+ » X0,15 X0,15 X025 - - =+ Koo X1k — 2 X] o X g —— > X v v v
r 0(2%k-2,ri) r P~ (2k—1,2r) okl r
Xopo o =~ Xpp 2 po Xok—1k 7 22k—152k—25- -+ 5 20, 22k — > X k> xo,k)

form a hamiltonian cycle in G(k) — {yo}
Finally, we assume that the faulty node is xg; for 1 < j < k. It follows from Lemma 2 and the symmetric

property of G(k), we may assume that there exists a hamiltonian path R joining zo with xé’k in G(k,0) —{xj, j}.
Suppose that k is even. Then
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R { r (L0} { r a2.nd) ?
{z0 — Xoks X1,k T X Ko T Xk s

Q2k—1,n) g P (2kz,r)
XEk_l,k EE—— T TR xék,k T 22k 22k—15 L2k—1>---» 1> ZO>

is a hamiltonian cycle.
Similarly, we can discuss the case that k is odd. Thus G(k) is 1-node fault tolerant. Since the degree of any
node in G(k) is 3, G(k) is an optimal 1-hamiltonian graph.

Theorem 3. G(k) is an optimal 1-hamiltonian graph with diameter O(,/p) where p is the number of nodes
in G(k).
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