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Abstract. A general analysis for the first-order solutions of three-lens zoom
system with the last lens fixed is presented. The reasonable solution areas in the
focal length diagrams are derived and shown graphically. The relation between
the separation of the two front lenses and the image distance of middle lens in
zooming is found to be a hyperbola. According to the different locations of
centre of hyperbola, four cases are analysed. From the four hyperbolic graphs,
we get six different types of zoom system. For each zoom type, we find the
maximum range of focal length and the position where the maximum or
minimum system length occurs during zooming.

1. Introduction

A zoom system is generally considered to consist of three parts: the focusing,
zooming and fixed parts. The focusing part is placed in front of the zooming part,
to adjust the object distance. The zooming part is literally used for zooming and
the fixed rear part serves for controlling the focal length or magnification and
reducing the aberrations of the whole system. Several of the published papers [1—4]
concerning zoom have concentrated on the first-order zoom design. A two-optical-
component method for designing zoom system has been proposed [2] and a three-
lens zoom system with one lens fixed has been solved by this method. The three-
lens system with the last lens fixed is widely used in many zooming systems, such
as cameras, but the solution area has not been analysed so far.

In this paper, we use the grapho-analytical method [5] to solve the first-order
layout of a three-lens zoom system with the last lens fixed. The possible solution
areas in the focal length diagram are shown graphically. We find the relation
between the separation of the two front lenses and the image distance of middle
lens in zooming, which can be described by a hyperbola. We obtain four
hyperbolae corresponding to the different positions of centre of the hyperbola.
From the four hyperbolic graphs, we can get six types of zoom system and find the
maximum variation range of focal length for each zoom type. The zoom position
where the system has the maximum or minimum length is discussed.

0950-0340/98 $12-:00 5 1998 Taylor & Francis Ltd.
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Figure 1.  Gaussian diagram of three-lens zoom system with the third lens fixed. 6(6') is
the distance from the first (second) lens to the first (second) principal plane H(H')
in the combined unit.

2. Theory
2.1. Basic formulae

In figure 1, an infinite-conjugate three-lens zoom system, with the last lens
fixed and the others moving, has been analysed by the two-optical-component
method [2], in which lenses 1 and 2 are combined as the first component and the
last lens is regarded as the second component. The combined component has the
focal length Fy; and power K,. di and d, are the interlens separations between
lenses 1 and 2 and between lenses 2 and 3 respectively. §' is the distance from the
second lens to the second principal plane H' in the combined unit. K and F are the
equivalent power and focal length respectively of the system. The related equa-
tions are then given by

K =K+ K3 — Ki2K3Dy, (1)
Dy=d,- ¢
—dy+ e, 6
K = Ki + K2 — K1 Kady, (3)
F = F,M;, (4)
Iy = (1 - M3)F3, (5)

where 13’ and M; are the image distance and magnification of the F; lens.
Solving the above equations, from equations (1)—(4), we have
FF,

d=F +F,— F (6)

1 di
=—{—-1]|F 1 —— | Fis. 7
d> (M; ) 3+< F1) 12 (7)

Because the third lens is fixed during zooming, M; is constant. F is therefore
proportional to Fi;. In zooming, we change F and then obtain Fy;, d; and d,.
From paraxial optics, we have
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, 1
dy =1, — Iy = (1 - My)Fy — (M—I)F3. (8)

Comparing equation (7) with equation (8), we find that

d
L= (1 —F‘l)F,z. (9)

Substituting equation (6) into equation (9), we have

F
I = (1 —7“3>F2. (10)

2.2. Solution areas in the focal length diagram

The interlens separations d; and d, must be positive in zooming. This gives
some constraints on the solutions, that is on F;, F, and F3. Because the third
lens is fixed, the image point of F; is also fixed during zooming. In this case, we
can always find a lens F; to form a final real image from the lens equation
and have a positive dj, no matter where the image point of F, i1s. So we shall
discuss only the solution areas under the constraint of positive d;. From equation
(6), we have

FF, S

Fi+F, — Fis = 0. (11)

According to the different signs of Fi;, we have two cases as follows:

(F\ - F)(F, ~Fi) - F}, <0 ifFi3>0 (12)
and

(Fi —F)(F,—Fpn) —FL 20  ifF;; <0, (13)

The curve for (Fy — F3)(F2 — Fy3) — Flz2 =0 is a hyperbola with its centre at
(Fy2, Fy3) in the F\—F; coordinate graph. The solution distribution in the graph is
thus divided into several areas by the hyperbolic curves. Each solution area has
different solution ranges for Fy; and d;.

From the above analysis, we can illustrate the possible solution areas in the
focal length diagrams according to the different combinations of Fy and F, and the
sign of F|,. Figure 2 shows the solution areas for Fj; > 0 and Fi; < 0 under the
condition of positive dy. The power signs of F; and F;, in each area are shown in
parentheses as (F, F2). The sign of F| + F; is positive in the upper right section
and negative in the lower left section. The solution ranges of Fi; and d;, and the
related range of /; obtained from equation (10) for each solution area are shown in
tables 1 and 2 with different signs of Fy;. Using equation (10), we can show the
sign of /; for each solution area in figure 3.

2.3. Relation between the separation dy and the image distance of 1}
From equations (3) and (9), we have

[d — (F1+ F)(l; — F2) = F; =0 (14)

or



able 1. Solution ranges of Fy;, di and /; for different solution areas under different combinations of lens types with positi
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FE_ Fi+F " S F +F (4>0,a>0) axis (d; :
>0 (IIa)in figure 2(a) 0 < F; < o0 FF+Fh<d<oo F<lh<oo Segment 1b d |
k (@, >0, a, > 0) Quadrant
o (1Ib) in figure 2(a) FF 0<d <0 , F\F, Segment 3
T} 0< Fj; < F<h<
0 < Fiy Fth » < b F+h (@ <0, a, > 0) Quadrant |
F.?; 0 No solution No solution No solution No solution No solution No solutio

g..ty/\

FE< 0 (IVa)in figure 2(a) 0 < Fj; < o0 Fi+Fh<d<x F<h<oo Segment 5 Positive trz
_"5- (ay >0,a, <0) axis (d) -
= (IVb) in figure 2(a) 0<F \Fy 0<d <0 F<l< F\F, Segment 4a Positive tre
= 2XF+F N2 E TR (@<0,4,<0) axis (d; :
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‘e@le 2. Solution ranges of Fy, di and [ for different solution areas under different combinations of lens types with positiy
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s.%f vertex
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o> 0 (1) in figure 2(b) F,|F, 0<d <F+F ] F\F, Segment 2b Negative t
= —o0 < F|3 £ —o<h < .
_E o 2SF+F 0 <n F+F ({(a>0,a>0) axis (d; -
FR< 0 (IH) in figure 2()  F\F, <F.<0 0<d <o Foop< P Segment 4b  Negative t
) F+F 22N ESFR (a) <0, a, <0) axis (d -
F, <0 (IV) in figure 2(b) FF, 0<d <F+F : FF, Segment 6
- F; < - <
8 oo < Fyy F+h oo < by F+F (a>0a<0) Quadrant
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Figure 2. Solution areas (shaded) for different combinations of lens types under the

condition of positive dy: (a) Fi; > 0; (b) Fi; < 0.

(a) Fi>0 (b) Fi<0

Figure 3. Sign distributions of /5 in the solution areas: (a) Fy, > 0; (b) Fy; < 0.

(di —a)(l; — @) = F, (15)

where a) = F| + F3 and a; = F>.

The above equation describes a hyperbola with its centre at the coordinates
(ay,a;) in the d-I, coordinate graph. Because the centre of the hyperbola can be
located in one of the four quadrants depending on the signs of a; and a;, we obtain
four cases of hyperbolae shown in figures 4-7. The upper right hyperbolic curve
has the vertex V| with dy =ay+|F;| and I; = a; + |F,| and the lower left
hyperbolic curve has the vertex V; with di = a1 — |F;| an [} = a; — |F|. Because
ay = F», one of the hyperbolic curves always intersects the transverse (d;) axis at
one vertex of hyperbola, that is V; or V;. In figure 4, F;| could be positive or
negative. If F; > 0 (or Fy < 0) is selected, the vertex V; is located on the positive
transverse (or negative) axis. A similar situation occurs in figure 6.
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Figure 4. Hyperbola with its centre in the first quadrant of the dj—/} coordinate
diagram. V| and V; are the vertices of the hyperbola. The intersection coordinates
of hyperbola and two axes are x and y respectively: (a) Fy > 0; (b) F, < 0.
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Figure 5. Hyperbola with its centre in the second quadrant of the di~/; coordinate

diagram.

From equations (6) and (10), we can solve the focal length Fy, for each point on
the hyperbola as follows:

or

F\F;
Fip=— =
12 Fi+F,—d

ll
Fnp=(1-2)F
12 ( Fz)l

(16)

(17)



Downloaded by [National Chiao Tung University ] at 05:12 28 April 2014

First-order analysis of three-lens zoom system 369

[A [4
at point x: T at point x: g‘ A
dFFu:Fs N'\ d|=F|z=F| %
at point y: ;5: at point y:
e; =Fu ez' =Fr |
=F\F/(Fi+F:) =FF/(FieF):
(Fi+F2) (Fi+Fz) x(V| Begmentdb) d
Fu2F) Fuers” qu
N . Fa
Ei Bl
R " 2F:
2 by
vy %
% 3

(a) @1<0, a2<0, and F>0 (b) a1<0, @=<0, and F1<0

Figure 6.  Hyperbola with its centre in the third quadrant of the d,~/; coordinate
diagram. (@) Fy > 0; (b) F; < 0.
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Figure 7. Hyperbola with its centre in the fourth quadrant of the d;—/; coordinate
diagram.

In equation (16), if d, approaches infinity, Fi, approaches zero. Similarly, if 5 in
equation (17) approaches infinity, Fy; approaches infinity and the sign of Fy; is
determined by the sign of —(F;/F)l;. Two cases for different signs of Fi/F; are
obtained. If F|/F; < 0, the values of Fi, for the points on the upper-right and
lower left hyperbolic curves are positive and negative respectively. On the other
hand, if F{/F, > 0, the values of Fi; for the points on the upper right and lower
left hyperbolic curves are negative and positive respectively.

In figure 4-7, the intersections of the hyperbola and the two axes are x and ¥
corresponding to /; =0 and di = 0 respectively. As described before, x is the
vertex Vi or V3. The value of Fy, can be obtained from equation (17) by lé =0. So
we have



Downloaded by [National Chiao Tung University ] at 05:12 28 April 2014

370 M.-S. Yeh et al.

Fi; =F,. (18)
Substituting equation (18) into equation (6), we get
d = F. (19)

Similarly, the values of Fi; and /; at y obtained by dj = 0 in equations (16) and
(17). We have

F\F,

Fiop=—"~°_ 20
BT R 4 F, (20)

F\F,
=172 21
2 Fy+ F, ( )

As mentioned before, a reasonable separation d; must be positive in zooming.
So only the segments of hyperbola in the right-hand half of the d;~/5 coordinate
graph are acceptable and shown as solid curves in figures 4-7. Six segments are
found and labelled Segment followed by a number. Each segment represents the
characteristics of a zoom system, including the constraints on a; and a; (or on F,
and F,) and the solution ranges of Fi2, di and /; in zooming. Therefore we can
have six types of zoom system. In figures 4 and 6, the segment labels are followed
by an extra letter a or b for two different combinations of F) and F;.

The length of zoom system, which is the distance from lens 1 to image plane, is
the sum of dy, /5, —l3 and /5. The last two terms are constants because the third lens
is fixed. From the property of a hyperbola, the value of d; + /; has a minimum at
the vertex Vy with dy = a1 + |F3| and [} = ay + |F»| for segments 1, 3, 4 and 5 and
has a maximum at the vertex V; with dy = a1 — |F3| and I} = a, — |F| for segments
2 and 6. So the system length has an extreme value (maximum or minimum) at
some position of zooming, that is not necessarily at one end of zooming, if the
vertex of the hyperbolic curve is located in the right-hand half of the di—/;
coordinate graph. In this case, the value of F); is calculated as follows.

Substituting d; = a; + |F,| or lj = a; + |F3| into equation (16) or (17) for
segments 1, 3, 4 and 5, we have

F -F if F, >0, (22)
12 =

F, if F < 0. (23)
Similarly, substituting Dy = a; — |F3| or [§ = a; — |F3| into equation (16) or (17)
for segments 2 and 6, we have

Fy it Fy >0, (24)

Fi = )

—F if F < 0. (25)

On the other hand, if the vertex of hyperbolic curve falls in the left-hand half of the

di-1; coordinate graph, the maximum and minimum system lengths occur at the
two ends of zooming.

2.4. Related segment of hyperbola for different solution areas

In section 2.2, we have analysed the reasonable solution areas in the focal
length diagrams and their related solution ranges of Fi,, d; and /5. From sections
2.2 and 2.3, we find that the ranges of Fy3, di and I} for each solution area shown in
figure 2 and listed in tables 1 and 2 are always a part of hyperbola in one of the four
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Figure 8.  Loci of three-lens zoom system with Fy = -1, F; =12, F3 = -05, M; =2
and a zoom ratio of 25:1. The dotted line indicates the image position of middle
lens. This system has d; = 1-4, /; = 2-4 and Fy; = 1 at the position where the system
length is minimum during zooming.

cases in figures 47, where d is positive. The sixth and seventh columns in tables 1
and 2 show the constraints on the signs of a; and a,, the used segment of
hyperbola, and the possible vertex locations of related hyperbolic curve in the
four quadrants for each solution area. The various quadrants are denoted (1), (II),
(IIT) and (IV) respectively.

2.5. Six types of zoom systems

Figures 4-7 have shown that each of the six segments represents the char-
acteristics of a zoom system. Six different types of zoom system are thus discussed
as follows.

251, Type I

For segment 1 in figure 4, the range of F, starts from plus or minus infinity to
zero depending on the sign of Fi/F,. From tables 1 and 2, we find that two
solution areas with positive F; meet this type. Because the vertex of related
hyperbolic curve falls in the first quadrant of the dj-I/j coordinate graph, the
system length always passes through a minimum value during zooming. In this
type, we choose the second solution area in table 1 as an example. According to the
constraints on F; and F; in the solution area (I1a) in figure 2 (a), we have F; = —1
and F; = 1-2. Referring to the solution range of /}, we have F3 = —0-5 and M; = 2
to keep da positive during zooming. In theory, Fi3 can be from plus infinity to
zero. here we choose the range of Fij; from 5 to 0-2 with a zoom ratio of 25:1. The
focal length range of system is from 10 to 04 given by equation (4). When the
system length has the minimum value, we have d; = 1-4, 12’ = 24and Fi; = 1. The
lens loci in zooming are shown in figure 8, with the focal length F as ordinate. the
image position of the middle lens, that is the object position of the third lens, is
fixed and shown as a dotted line.

2.5.2. Type 11
For segment 2 in figure 4, the range of Fi; is from plus or minus infinity to
F\F;/(F + F3). In tables 1 and 2, two solution areas with positive F, belong to
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Figure 9.  Loci of three-lens zoom system with Fy = -1, F, =10, F; =4, M; = —-0:05,
l{ =42 and a zoom of 6:1. The maximum and minimum system lengths occur at
the two ends of zooming.

this type. the vertex of the related hyperbolic curve is located on the transverse
axis. If the vertex is on the positive transverse axis, the system has a maximum
length in zooming with d; = Fy, I; = 0 and Fy; = Fy. Here we choose the second
solution area in table 2 as an example. According to the constraints on Fy and F; in
the solution area (II) in figure 2 (b) and the range of IJ, we have F} = —1, F, = 10,
F; =4 and M; = —0-05. We have the theoretical range of Fy; from minus infinity
to —1:111. In this example, we choose Fi; from —9 to —1:5 with a zoom ratio of
6:1. The zoom loci are shown in figure 9.

2.5.3. Type 111

For segment 3 in figure 5, the range of Fi; is from F{F,/(FF,) to 0. Only
the third solution area in table 1, with positive Fy; and F;, belongs to this type.
In this case, the vertex of related hyperbolic curve can be located in the first or
second quadrant. With the constraints on F and F; in the solution area (IIb) in
figure 2(a) and the range of lj, we have Fy =—1, F, =095, F3=-2 and
M; = 1-5. In theory, the maximum range of Fy; is from 19 to 0. In this example,
we choose Fy, from 4 to 0-25. The system has a zoom ratio of 16:1 and has the
minimum length with d; = 0:9, I = 1-9, and F; = 1. The zoom loci are shown in
figure 10.

2.5.4. Type IV

For segment 4 in figure 6, the range of Fi; is from Fy1F,/(Fi + F3) to 0. In
tables 1 and 2, two solution areas with negative F; belong to this type. In this case,
the vertex of the hyperbolic curve is located on the transverse axis. Here we use the
sixth solution area in table 1 as an example. Using the solution area (IVDb) in figure
2(a) and the range of I}, we have Fy =1, F; =12, F3 =2 and M; = —1. We
have the theoretical range of Fi; from 6 to 0. In this example, we choose Fy; from
1-5 to 0-1. The system has a zoom ratio of 15:1 and has the minimum length with
dy =1, 1; =0 and Fi; = 1. The zoom loci are shown in figure 11.
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Figure 10. Loci of three-lens zoom system with Fy=-1, F, =095 F;=-2,
M;=1-5,1;=1 and a zoom ratio of 16:1. This system has d; = 0-9, I; = 1'9 and
Fi2 = 1 at the position where the system length is minimum during zooming.
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Figure 11, Loci of three-lens zoom system with Fy =1, F, = —-12, F3 =2, M; = -1,
/4 =4 and a zoom ratio of 15:1. This system has di =1, /; =0 and F|; =1 at the
position where the system length is minimum during zooming.

2.5.5. Type V

For segment 5 in figure 7, the range of Fi; is from plus infinity to zero. Only
the fifth solution area in table 1 belongs to this type. The vertex of hyperbolic
curve is located on the positive transverse axis. By using the solution area (IVa) in
figure 2 (@) and the range of /;, we have Fy = 1, F, = —04, Fy = 04 and M3 = —1.
In this example, we choose the range of Fy; from 10 to 0-1 with a zoom ratio of
100:1. The system has the minimum length with d; =1, I, = 0 and F; = 1. The
zoom loci are shown in figure 12,

2.5.6. Type VI

For segment 6 in figure 7, the range of Fy; is from minus infinity to
F\F,/(F + F3). Only the fourth solution area in table 2 with negative F; and
F> belongs to this type. The vertex of hyperbolic curve can be located in the third
or fourth quadrant. Referring to the solution area (IV) in figure 2 (b) and the range
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Figure 12.  Loci of three-lens zoom system with Fy =1, F, = —0-4, F3 = 04, M; = —1,
{3 = 0:8 and a zoom ratio of 100:1. This system has d; = 1, /; = 0 and Fj, = 1 at the
position where the system length is minimum during zooming.
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Figure 13. Loci of three-lens zoom system with F, =1, F,=-02, F; =04,
M; = -1, ;=08 and a zoom ratio of 10:1. This system has dy = 06, l; = —0-4
and Fj; = —1 at the position where the system length is minimum during zooming.

of lé, we have F} =1, F, = —0-2, F;3 =04 and M; = —1. In this example, we
choose the range of Fy; from —2-5 to —0-25 with a zoom ratio of 10:1, We get
Fi; =1, = —025 at dy = 0. The system has the minimum length with d; = 06,
5 = —0-4 and Fj; = —1. The zoom loci are shown in figure 13.

3. Conclusion

For designing a zoom system, the size of system and the slope of lens loci have
been taken into account. From figures 8-13, we find that the lens locus of the
middle lens is linear. This is due to the linear relationship between Fi; and /; in
equation (10). In some types, we may have an interlens separation of zero at one
end of zooming. Usually, it is not useful to work in the neighbourhood of the end
in a practical design. In this paper, we have not discussed the special condition in
which a; =0 (Fi + F» = 0). In this case, the solution is easily obtained by the
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same way as described in section 2. The centre of the hyperbola in equation (15) is
located on the longitudinal axis in the di—/; coordinate graph.

In this paper, we have analysed the possible solutions areas in the focal length
diagrams, the relation between d; and /;, and the properties of lens loci during
zooming. With the help of the solution range of [, the values of F3 and Mj are
easily obtained to get a final real image and to keep d; positive in zooming. The
analyses of six system types, corresponding to six segments in the di—/; coordinate
graph, are very helpful for designers to select the positive and negative types of
three lenses, to preview the shape of lens loci and to determine the ranges of Fy;, d)
and /5.
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