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Abstract—We study block decoupling of linear multivariable
systems under unity-feedback configuration. We consider plants
which have unstable pole-zero coincidences and give necessary
and sufficient conditions for the existence of the block decoup-
ling controllers. The conditions are particularly simple for plants
with only simple unstable pole-zero coincidences. An illustrative
example is given. © 1998 Elsevier Science Ltd. All rights
reserved.

1. INTRODUCTION

Necessary and sufficient conditions for the exist-
ence of block decoupling controllers for linear
multivariable systems under unity feedback config-
uration have been given in Linnemann and Wang
(1993). The approach there is to find conditions
under which there is an open-loop block decoup-
ling precompensator that does not introduce unsta-
ble pole-zero cancellations. It is well known that
a sufficient, but not necessary, condition for exist-
ence of (stabilizing) block decoupling controllers is
that the plant has no unstable pole-zero coincid-
ences. To find a necessary condition, we thus only
need to consider plants in which unstable pole-zero
coincidences do occur.

When there is an unstable pole-zero coincidence,
closed-loop stability and block decoupling require-
ments introduce potentially conflictory interpola-
tion conditions on the input—output transfer matrix
(or equivalently the sensitivity matrix). Our ap-
proach is to derive conditions under which the
interpolation equations arise from stability require-
ment have a solution under the block decoupling
constraints. The conditions so obtained are parti-
cularly simple when the unstable coincidences are
all simple.
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We consider first the simple case in which the
plant is square and the unstable pole-zero coincid-
ences are all simple (Lin and Wu, 1996). We then
generalize the conditions to the case in which the
plant has a second-order unstable pole-zero coin-
cidence. Finally, it is shown that for a general
rectangular full normal row rank plant P, the exist-
ence of a block decoupling controller is equivalent
to the existence of a block decoupling controller for
a square plant derived from P.

The following notations are as used. C := the
field of complex numbers. C- := {s € C|Re(s) < 0};
C+:={seC|Re(s)>0}. R[s]:=the ring of
polynomials in s with real coefficients; R(s):=
the field of rational functions in s with real co-
efficients; R(s) (Rpo(s) ) :== the set of proper (strictly
proper, resp.) rational functions in s with real
coefficients. For H(s) e R(s)"*™, % [H]:= the set
of all zeros of H in C, #[H]:=the set of all
poles of H in C, Z+[H]=Z[H]nC+, and
P+ [H]:= #P[H]NC+. Dynamic interpretations of
poles and zeros of transfer matrices can be found in
Callier and Desoer (1982). S:= the set of all proper
rational functions with no poles in C+. A proper
transfer matrix P(s) e Rp(s)"*™ is stable if and
only if Z[P]<C-. A list of positive integers
(n1, na, ... ,m) satisfying ¥*_, n; = n is said to be
a partition of n. We use diag{H;}}~, to denote
the block diagonal rational matrix with H, as its ith
block diagonal entry, where H;e R(s)**™.
For A=[a;]eC™" and B=[b;]eC?*? the
Kronecker product A ® B is defined as

auB al,,B
A®B = D |e Cmem;
am B A B
ford=1[a, - a,]€C"*" vec(4):=[a] --- ar]"

(Horn and Johnson, 1991).

2. UNITY-FEEDBACK SYSTEMS

Consider the unity-feedback system S(P, C)
shown in Fig. 1, where P € R,,(s)"*™ is the plant,
CeR,(sy**" is the controller, (u,, u,) is the input
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Fig. 1. Unity-feedback system S(P, C).

and (y;, y,) is the output. Let u:= [u] u3]" and
y:=[yT yiI". The closed-loop transfer matrix
H,, e R,(s)"*™=t"+" is given by

H — HYl“x H.Vluz
- HYz“n H}'z”z
_[C(HPC)'1

— CP(I + CP)™! |
PC(I + PC)™! )

P(I+cCP)!

We say that the system S(P, C) is (internally)
stable and C is a stabilizing controller for P if H,, is
stable; the system is block decoupled with respect to
the partition (nq, ....n) of n and C is a block
decoupling controller for P if C stabilizes P and the
I/O map H,,,, is nonsingular and block diagonal,
ie.,

H, 0
oo - .

Yoty

= dlag{H,}i‘: 1 (2)
0 H,

where H; e R,(s)**™. We assume that m > n and
P has full normal rank n throughout.

Let Q = C(I + PC)" ' e R,(s)"*". In terms of Q,
the closed-loop transfer matrix H,, becomes

[e -or
H"“_[PQ (I—PQ)P}' o

Since the plant P is strictly proper, @ =
CI + PC)y 'eR,(sy" if and only if C=
QU — PQ) ' € R,(s)"*" (Callier and Desoer, 1982).

3. SQUARE PLANT CASE

We will consider first the case where the plant is
a square rational matrix. Since P e R, (s)"*" has
full normal rank by assumption, P~ exists.

It follows from equation (3) that stability of
S(P, C) requires the stability of the four block en-
tries of H,,. The following result says that if the
diagonal entries of equation (3) are stable then the
only unstable poles that may appear in the off-
diagonal entries are those that are both poles and
(transmission) zeros of P.

Lemma 3.1 (Lin, 1995). For the system S(P, ()
with Pe R,,(s)"*" and H,, given in equation (3), if
Q and (I — PQ) P are stable then #,[PQ] <

(P [PInZ. [P and 2, [QP] < (2, [P]1nZ. [P)).

3.1. Necessary and sufficient conditions

We consider plants in which coincidences of
C. pole-zero do occur. To simplify derivations
we consider first the case where there is only
one simple C.-coincidence. Given the plant
P e R,,(s)"*" with P~ !e R(sy"*". Write

P(s) Z—R—. + U(s) and P(s)™* _ T + V(s),
S — A s — A
4)

where 1eC,, R, TeC"™, Ul(s)eR,(s)"*" and
V(s)e R(s)"*" are analytic at 4 and 2, [U]n
#.[V] = 0. The plant P has an C, -coincidence at
S = A

Consider the system S(P, C) shown in Fig. 1 with
P eR,,(s)"*". Suppose for some stabilizing control-
ler C the resulting 1/O map H,, =: H is block
diagonal with respect to the partition (ny, ..., m),*
that is, C is a block decoupling controiler for P.
Write H = diag{H;}}~=; where H;e R,(sy"*" is
stable. With Q = C(I + PC)~! we have H = PQ.
Internal stability of S(P, C) implies that @, (I — PQ)
P and QP are all stable, in particular, they are all
analytic at A.

Let us examine the consequences of these re-
quirements. Since Q = P~ 'H, Q is analytic at 1 if
and only if

T
P 'H= [5—7 + V(s)] H(s) is analytic at /.

Since ¥ and H are analytic at 4, Q is analytic at A if
and only if

TH(1)=0. 5)

Write T=[T, --- T,], where T,;e C"*™. Since
H is block diagonal, equation (5) is equivalent to

T,Hl(i)=0, = 1, ,k (6)
Similarly, (I — PQ) P is analytic at A if and only if

R
uva=U—H@ﬂ;j+U@]

is analytic at 4.

Since U is analytic at 4, (I — PQ) P is analytic at 4 if
and only if

H()R =R. )

Write RT =[R] --- Rj] where R;eC"*". Since
H is block diagonal, equation (7) is equivalent to

H,(A)R;=R;, i=1,..,k (8)
Conditions (6) and (8) together imply that
TiR,':O, l=1, ,k (9)

*We consider block decoupling with respect to a fixed but
arbitrary partition (n,, ..., n,) throughout.
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Assume that both Q and (I — PQ) P are analytic at
A and write

T R
QP = [m + V(s)] H(s)[s —

_TH(R . TH()U(S)
G s

+ V(s)H(s)R
s—A

+ U(S)],

+ VS)H(S)U(s).

By expansion,

_TH()R
QP - (S _ A)Z

+ TH'(A)R + THA)U(A) + V(AHH(A)R
s— 4

+ A(s) (10)

for some A(s) analytic at A. Thus QP is analytic
at 4 if and only if there exists a block diagonal
H’'(2) € C**" such that

TH'(AR + V()R = 0. (11

where we have used equations (5) and (7).

It remains to see under what conditions (on T,
R and V(4)) it is possible to find block diagonal
H'(A) that satisfies equation (11). For this we need
the following lemma.

Lemma 3.2. Given A;e C™*™, B;e C**9, De C"*",
The matrix equation ¥f_, 4, X;B; =D is equiva-
lent to the matrix—vector equation

vec(X )
[BI®4, - BI®A4l| @ |=vec(D).
vec(X;)

where A ® B is the Kronecker product of 4 and B.

Rewrite equation (11) as

13

3 TH{()R; = — V)R (12)
=1

By Lemma 3.2 there exists {H;(4)}f-, satisfying
equation (12) if and only if

vec(V(A)R)e Range(RT® Ty - R{ ® Ti))
(13)

or equivalently
rank[RT® T, --- Rf ® Ty]
=rank[RT® T, -+ Rf ® T, vec(V(A)R)].

Thus equations (9) and (13) are necessary condi-
tions for the existence of a block decoupling con-
troller for P.

To show that equations (9) and (13) together are
sufficient conditions for existence of block decoup-

ling controllers for the plant in equation (4), we
have to construct a controller which stabilizes
P and results in a block diagonal I/O map H,,,,.
We do this by showing that if equations (9) and (13)
are satisfied, then it is possible to find a block
diagonal I/O map H so that P"*H, (I — H) P and
P~ 'HP are all stable. The resulting block decoup-
ling controller will then be C = P"'H(I — H)™ L.
Note that the stability of P"'H, (I — H) P and
P™'HP is equivalent to that the block diagonal
stable H = diag{H,}{. satisfies a set of inter-
polation condition at the poles and zeros of P.
If the plant has no C.-coincidence, that is, if
2. [P1nZ,[P] =0, then the interpolation equa-
tions on H (block diagonal or not) can be properly
setup and solved by standard polynomial interpo-
lation techniques. For example, if « and feC,,
o 3 B, are, respectively, a (simple) pole and zero of
P, then we could set the interpolation equations as

H(@)=1 and H(B)=0.

With C , -coincidences, the interpolation conditions
for the pole and the zero occur at the same point
and unless certain conditions (on the plant) are
satisfied, the interpolation equations may have no
solution due to the block diagonal structure of
H imposed by the block decoupling requirement.
Conditions (9) and (13) ensure that a solvable inter-
polation equation can be setup.

Lemma 3.3. Suppose p>gq. If AeCP? and
B e C?*? are such that AB =0 then there exists
C e C?*? such that

AC=0 and CB=B. (14)
Proof. If A=0, C=1 satisfies equation (14).
Suppose 4 # 0. There exists E € C?*? nonsingular

such that AE = [4 0], where A4 is full column rank,
AeCP*", 1 <q. Let C = EZE~! where

0, 0
="
50
-1 i 0. 0 -1
AC=(AE)-ZE'=[A0] |~ = [ET'=0.
q-t

And it is obvious that AB =0 if and only if the
matrix B:= E~ B has the form [0 B1]". Hence,

(I—-CB=(—EXE "“)\B=E(U-X)E 'B)

I, o7[o
-l oJla]-

thus CB = B. O

By condition (9) and Lemma 3.3, there exist
O, eC™ i =1, ...,k that satisfy

T,'q)i = 0 and QiRi = R,’. (15)
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Now, P~ 'H and (I — H) P is analytic at 2 if and
only if H = diag{H,}}_, satisfies the interpolation
condition

H,-(Z):CI),-, l'zl..u.l\'. (16)

With equation (13) satisfied, it is possible to find ‘¥,,
i=1, ...,k so that if we set

Hi(}) =", (17)

then P 'HP is analytic at 4. Thus equations (16)
and (17) constitute the interpolation equations on
H at / so as to ensure that P"'H, (I — H)P and
P 'HP are analytic at 4. Equations (16) and (17)
together with interpolation equations on H at
other poles and zeros of P to ensure stability of
P~'H and (I — H)P can be solved by standard
polynomial interpolation techniques (Stoer and
Bulirsch, 1992) to obtain a stable block diagonal
rational matrix H so that P 'H and (/ — H)P are
stable. By lemma 3.1, the only possible unstable
poles of P™'HP is the one at s = 4. But by satisfy-
ing equation (17), P~ HP is analytic at A. Thus the
closed-loop system is stable with block diagonal
H,, = H. We thus have established the following
theorem.

Theorem 34. For the plant P(s) together with its
inverse P(s)”' given in equation (4). there exists
a block decoupling controller with respect to the
partition (ny, ... ,m) if and only if the conditions (9)
and (13) hold.

Remark. If n; =1, ¥i, condition {13) reduces to
V(4) R =0 (Lin, 1995},

Let’s consider a more general case where many
(simple) C . -coincidences occur. Let

M i

P(s)= Y —— + Uls)
=185 T A
M T! (18)
Pis) ' =5 —— + V()
1=1 S “‘/.y

where »;eC, are distinct, RI.Tle T Us)e
R,,(s)"*" and V(s) & R(s)"*" arc analytic at {/;}},
and #,[U]n#,[V] = 0. The plant has M simple
C.-coincidences at {4;},2 ;. Let T' = [T1 - Ty]
and R'=[RY .- Rl]. Tlecr=" Rler
[=1,...M.

Again if there exists a block decoupling control-
ler for P, then there exists H stable, proper, block
diagonal such that Q, (I — PQ)P and QP are stable.
Since Q and (I — PQ)P are analytic at {4}, it
follows that

TIRI=0, i=1.. .k I=1....M (19

Furthermore, QP is analytic at {4;}}L, implies

) . M TI J )
T'H ()R + Y, ——— + V(4R =0,

=104 — M

i=1L ... M. (20)

M TIRJ i .
= Y +VUYR, j=1,.. M. 1)

J
l:l,lijij_’ll

Since H is block diagonal, equation (20} can be
rewritten as

TIH{(A)R + C;=0, j=1,....M. (22)

=

i=1

By Lemma 3.2, each of the equations in equation
(20) has a block diagonal solution H'(4)) if and only
if
vec(C;) € Range([R} ® T4 --- Rl ® Ti]),
j=1. ... M. (23)

Thus equations (19) and (23) are necessary con-
ditions for the existence of a block decoupling
controller for P; the conditions also ensure that
solvable interpolation equations on H can be set up
and thus a block decoupling controller exists.

Theorem 3.5. For the plant P(s) together with its
inverse P~ '(s) given in equation (18) there exists
a block decoupling controller with respect to the
partition (ny, ..., n,) if and only if

TIRI=0, i=1, ...,k I=1,....M (29

and
vec(Cj) € Range[R} ® T{ - Rl ® Ti 1),
ji=1L...M (25)
where C; is defined in equation (21). O
Example 3.6. Consider the plant
P(s) =
¥ —1 s

(s=Ds+ 1) =D+ s Ds+1)+2)
-1 i — 8
s+1 s+ 1 (s + 1)s + 2)
0 §—1
(s + Dis + 2)

0

By computation,

s+ 1 0
s—1
P(s) ' =5+ 1 s(s+1) s(s+ 1) ‘
s—1 s—1
0 0 s+ s +2)

s—1
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the plant has a simple C,-coincidence at s = 1.
Write

P(s) = ;—?—1 + U(s)

and
P(s)"1 = —T— + V(s),
s—1
where
1 1 1
2 —2 6
R=lo o0 o}
0 0 O
(12 12 12 23
s+1 s+4+1 s+1 s4+2
—1 1 —5
V) =37 551 G706+ |
s—1
0 —
i +DGs+2) |
020
T=|0 2 2
0 0 6
and

s+1 1 0
Vis)=|s+1 s+2 s+2
0 0 s+4

For each of the partitions (1, 1, 1),(2, 1) and (1, 2),
condition (9) is satisfied. Since V(1) R # 0, there
exists no block decoupling controller for P with
respect to the partition (1, 1, 1), that is, there exists
no decoupling controller. To check condition (13)
for the partition (2, 1), compute

[RI® T, RI®T,]"

000 O 0 0 0 00O
t 10 -1 —-104%1 110
=0 0 0 O 0O 0 000
000 O 0 00 00
0 00 O 0 0 0 0 0
and
veeWORT'=[110 —1034%0]

We find that vec(V(1)R) belongs to the range
of[RT® T, RI® T,], thus condition (13) is satis-
fied. Thus, a block decoupling controller with re-
spect to the partition (2,1) exists. To check
condition (13) for the partition (1, 2), compute

[RI® T, RI®T,]=0 and vec(V(1)R) 0.

Hence condition (13) does not hold and hence
there exists no block decoupling controller with
respect to the partition (1, 2).

4. SECOND-ORDER C , -COINCIDENCE

We generalize the result to the case where the
plant has second order C ,-coincidences. To sim-
plify derivations we consider the case where there is
only one second-order C . -coincidence. Given the
plant P e R,,(sy"*" with P! & R(s)**". Write

R} R?

P(s)=—+ stV )
and (26)
1 2
P(s)"! = 7:_2 + (s—il)j + V(s),

where A€ C,, R, T'eC™"i=1,2 Us)e R,(s)"*"
and V(s)e R(s)"*" are analytic at 4. Z,[U]}n
P.[V]1=0. Wrte T'=[T{--T{] and
R" =[RY{ --- R{'], where T} e C"*™ and R} e C"*".

Suppose there exists a block decoupling control-
ler C so that the system S(P, C)is stable and the I/O
map H,, = H is block diagonal, then the transfer
matrices P~'H, (I — H)P and P~ HP are stable.
In particular, P"'H, (I — H)P and P 'HP are
analytic at A.

Now, P~ 'H is analytic at A if and only if

T'H T?H
D e VOHO

P'H=

is analytic at 4.

Since V and H are analytic at 4 and H is block
diagonal, P~ 'H is analytic at 1 if and only if

T?H(A) =0, j=1,..,k @27
and

T}H;(A)+ T'Hj() =0, j=1,..,k (28)

Similarly, (I — H)P is analytic at 1 if and only if

1 2
(I—H(S))[ R i+(slj—/1)2+ U(S):I

is analytic at 4.

Since U and H are analytic at 4 and H is block
diagonal, (I — H)P is analytic at A is equivalent to

H(MR} =R}, j=1,..,k 29)
and
H{ADR} + H(AR} =R}, j=1,....,k. (30)

The matrix P~ ' HP is analytic at 1 if and only if

T! T?
_1 —
P HP—[-——S_l—k( 1)2+V}

R! R?
xH[ (s— )2+U:|

is analytic at 4.
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With P~ 'H and (I — H)P analytic at 4, P"'HP is
analytic at A if and only if

1
5 TH'WR + T'H ()R + T*H(R
+ T'H()R' + V()R> =0, 31)
1 11t 2 1 1 gy 2
5 TPH R + 3, [T H ()R

+ T*H"(A)R'] + T'H'()R'
+ V(AR?* + V(A)R' = 0. (32)
Rewriting equations (31) and (32) to get

1k .
— ¥ TEH/(W)R?+ ¥ [T}H{)R?
2' i=1 i=1

k
+ T2H{AR + Y TIH(AHR!

i=1

(RF' ® I)vec(H;) + (R ® I)vec(H;) = vec(R}),
i=1, ...k (38)

i(R?’ ® T)vec (% Hi(4 ) f (R ® T}
i=1 : i=
+ (R ® TH]vec(Hi(A) + 2 (RI' ® T})vec(Hi(4)
+ vec(V(4)R?) =0, (39)

i (R¥ ® T; )vec(1

3 A0 )+ Y (RF® T

k

Y RI®TH)

+{RI'® Tf)]vec(z' H!(A) ) +

vec(H}(4)) + vec(V'(A)R? + V(4)R') = 0. (40)

Equations (35)—(40) have a solution if and only if

+ V(AR* =0, (33)
_ 0 )
0
col{vec(R?)}
col{vec(R! )}k belongs to the range space of
— vec(V(A)R?)
| — vec(V'()R? + V(A)R")]
[ diag{I ® T?} 0 0 0 |
diag{I® T}} diag{I® T?} 0 0
diag{R? ® I} 0 0 0 1)
diag{R} ® I} diag{R? @ I} 0 0
row{R' @ T row{R'®T? + R} ® T} row{R? ® T3} 0
i 0 row{R}'® T} row{R' ® T? + R* @ T} row{R¥ ® TZ} |
1 where col{R;}} is defined as [R] --- R;]" and

k
1
31 & TPHU(OR? + 5 Z [TAH!(})R?
Si=1

k
+ T?H/(A)R] + Y T!H{W)R!
i=1
+ V' ()R* + V(A)R! = 0. (34)

Rewriting the matrix equations (27)—(30), (33) and

(34), we have
(@ THvec(H) =0, i=1,....k (35
(I"® T?)vec(H) + (I" ® T!)vec(H;) =

i=1,..,k (36)

i=1, ..k (37)

row{R}} is defined as [R, --- R,]. Thus, equation
(41) 1s a necessary condition for existence of block
decoupling controllers. Also if equation (41) is satis-
fied, then solvable interpolation equations can be
set up for the block diagonal I/O map H and hence
a block decoupling controller can be obtained for
P. We state this result as follows.

Theorem 4.1. For the plant P with a second-order
C ;-coincidence given in equation (26), there exists
a block decoupling controller with respect to the
partition (n,, ..., n,) if and only if the condition (41)
holds.

Remark. The extension to many second-order C, -
coincidences case in straightforward. The same ap-
proach can be used to derive conditions for high-
order coincidence case, however, the conditions are
expected to be much more complicated.
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5. RECTANGULAR PLANT CASE

We now consider the feedback system S(P, C)
with rectangular plant P € R,.(s)"*" shown in Fig. 1.
Since m > n and P is assumed to be full normal row
rank, there exists a unimodular matrix U ¢ S™*"
such that

PU =[P 0], (42)

where PeR,(sy"*" (Lin and Hsieh, 1993).
Define U™'C =[C] C1]", where C,eR,(s)"*",
C, € Ry(s)™ ~"*". The closed-loop transfer matrix
of S(P, C) becomes

[ U-U-IC(I + PU-U'C)!
| PU-U"'C( + PU-U"C)™!

[u o
Lo I

From equation (43) we note that the I/O map
H,, =PC(I+ PC)~'=PC,(I + PCy)~".

Since U and U~! are both stable and proper, it
follows from equation (43) that if C is a block
decoupling controller for P, then C; is a block
decoupling controller for P. On the other hand, if
C, is a block decoupling controller for P, then

C—U[CJ

where C,eS™~"*" is a block decoupling con-
troller for P. Thus there exists a block decoupling
controller for P if and only if there exists a block
decoupling controller for P. Since P € R,,(sy"*", the
necessary and sufficient conditions given in the
previous sections apply.

H,, =

C,(I + PCy)~!
PC,(I + PC,)™!

6. CONCLUSIONS

We have derived necessary and sufficient condi-
tions for existence of block decoupling controllers
for linear multivariable system under unity-feed-
back configuration. The conditions are particularly
simple for plants with only simple unstable pole-
zero coincidences.

Acknowledgements—We thank the reviewers, their comments
improve the clarity of the paper.

—~U-U™CU + PU-U'C)"'PU-U"?
(I+PU-U'C)'PU-U"!

C,(I+PCy) ! B CiI+PC) P 0
Col + PC)™'P 0 [1 0 ] 3)
[(1 + PC,)"'P 0]

0 U!
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