IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 42, NO. 9, SEPTEMBER 1997 1299

the associated characteristic set. Hence [16] D. Williamson, “Finite wordlength design of digital Kalman filters for
state estimation,1EEE Trans. Automat. Contrvol. 30, pp. 930-939,
5,;01...7,jj+1 < (TS,;OV..._’,‘]. + 2u + 20)/2" + 2v. 1990.

[17] E. Wong and B. HajekStochastic Processes in Engineering Systems.

Let New York: Springer-Verlag, 1985.
[18] Z.Zhang and T. Berger, “Estimation via compressed informatitiEE

I, = iél}§§_5i0,~-,ij- Trans. Inform. Theoryyol. 34, pp. 198-211, 1988.
0, g
Then

Tig1 < (7T + 2u + 2v) /2" + 2v.

The sequencd; is bounded ifr < 2". Since the variance of
X conditioned on the codewords, - - -, i; is bounded bny, the
theorem, therefore, holds. O

Remark: If V; = U; = 0, then the equal-partition coder-estimator

seguence converges in the quadratic mean if the inequalityhmids.
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Abstract—This paper presents the necessary and sufficient condi-
X. CONCLUSION tions for a third-order single-input/single-output linear system to have a

In this paper, a new class of state estimation problems wiflgnovershooting (or monotone nondecreasing) step response. If the trans-

communication bandwidth constraints is proposed. These problep?]rsfunctlon of an overall system has real poles, a necessary and sufficient

le the i f . . ih the i f inf . condition is found for the nonovershooting (or monotone nondecreasing)
couple the issue of estimation with the issue of information Cong_tep response. In the case of complex poles, one sufficient condition and

munication. Although the estimation problem investigated here tigo necessary conditions are obtained. The resulting conditions are all
by itself quite simple, it serves to illustrate the complexity anéh terms of the coefficients of the numerator of the transfer function.

the

Extension of this work to more sophisticated estimation proble %

intricacy of these finite communication bandwidth problem imple calculations can be used to check a system for the nonovershooting
r monotone nondecreasing) step response. Another feature is that the

nditions in terms of pole-zero configurations can be easily derived from

and feedback control problems will be reported in subsequent Rge present results.

ers.
P Index Terms—tinear system, PID controller, step response.
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state transition matrix, so it has limited usefulness. The other worksWe are concerned with the performance of the unit step response,
relate the pole-zero configurations to the step response [19]-[24d., R(s) = 1/s. The following discussions are divided into two
Zemanian [19] summarized the earlier results and presented squaets: 1) three negative real poles

new sufficient conditions of the pole-zero configurations for the

monotone nondecreasing step response. Additionally, he pointed out  ps® + ¢ + rs 4+ 1 = (Tys + 1)(Tes + 1)(T3s + 1) 2

a synthesis technique in which the convolution of two transfer

functions with monotone nondecreasing step responses still hayigh 7, > 7, > 73 > 0 and 2) a negative real pole and a pair of
a monotone nondecreasing step response. Zemanian's work [d8plex poles

already encompasses the results of Jayasuriya and Song [20] and

Rachid [24], which considered only a special minimum phase transfer ) SN2 s

function with real poles and real zeros. Jayasuriya and Song [21], P$ T ¢5" trs+1=(Tis+1) {(;) + 2C(;) + 1} ®)

[22] extended some of these results to the nonovershooting step

response and presented an additional synthesis theory showing WieéreT, andw are both strictly positive real arti< ¢ < 1. Note

the convolution of a transfer function with a monotone nondecreasittgat ¢ = 0 is excluded, because it provides a nondecaying sinusoidal
step response and another transfer function with no overshoot Kasation.

a nonovershooting step response. Although the resulting sufficienDefine the error of the step responsesés) = 1 — y(t), where
conditions in [21] and [22] apply only to third-order or lowery(t) = £71¥ (s). The step response of the transfer function (1) has
order systems, they can be extended to higher order systems byrbevershoot if and only if(t) > 0 for all + > 0. Taking the inverse
synthesis theory. Kobayashi [23] presented an additional sufficigréiplace transform of (1) with (2), we obtain the following results.
condition for a thlrd-order_SISO system with three dlstlnct_real po!gs « Type A:For three distinct real pole§) > Tb > Ts > 0

that has a nonovershooting step response. Although this condition

covers a wide class of zeros, it is still not a necessary and sufficient c(t) = are T 4 age VT2 4 e T, ()
condition.

In this paper, we are confined to a third-order SISO linear system. Type B:For a real double pole less than the other real pole,
and attempt to derive a necessary and sufficient condition for a 7, > 7, = T3 > 0
nonovershooting (or monotone nondecreasing) step response. The
approach is different from those of the earlier works in forming the ()= e T 4 (as + astye /T2, 5)
conditions. The resulting conditions in this paper are all in terms of
the coefficients of the numerator of the transfer function. Therefore,» Type C:For a real double pole greater than the other real pole,
the results are not restricted to minimum phase systems. The main 71 = 1> > 13 > 0
concept is to divide third-order systems into five types according to
their poles and then to study the error history of the step response e(t) = (as + art)e T 4 age s, (6)
for the nonovershooting step response and the output velocity for
the monotone nondecreasing step response. For each type of pol, Type D:For a real triple polely = 1> = 15 > 0
the error and the output velocity are similar functions with different N
coefficients. Thus, the same theory can be used to derive conditions 2(t) = (a8 + gt + arot”)e
I\cl)vroboth types of step responses. That means our approach reduc?rs] (4)~(7), the coefficients ares = (T%—aT?-+T;b—c)/[T: (T —

problems to a single one. , i 0 )

An explicitly necessary and sufficient condition can be obtainet?) (T _1?;)]’ a2z = (=T +aly fT2b+C)/[T2(T‘ ~T) (T~ Ts)),
for a system with real poles that has a nonovershooting (or monotdtg = (73 7 o5 + Tsb — f)/[T3(T1 - L)(T: — Ty, N
nondecreasing) step response. However, if the system has a pair 6f — 2T13T2 +.2(”’T1 = DT; + (2T . Tl)]/[(T14_ T2)3 T3],
complex poles, such a closed-form condition is still not found. Asr%g = (-T taly —Tob+ o)/ (T _Tg); ]Z oo = [T LT+
consolation, one sufficient and two necessary conditions are obtaired *7* ~ ?) + C(2T13_ T/ I(T - :’;3) Til, an = (77" — aT) T
for the case of complex poles. Lb=o) /(T =T)Ti), as = 1= /T, a9 = (T7 = Thb+2¢) /17,

3 2 G 5

This paper is organized as follows. Section Il deals with th@ndof/‘f) = (Ty —aTy * _T‘b —c)/2T7. The d_enomlnators of _th_ese.
nonovershooting step response, while Section Il discusses the moﬁ%gfﬂuent_s are a_II positive. Therefore, the sign of any coefficient is
tone nondecreasing step response. The common theorems use%lst% the sign of its numerator.
derive the theory in these two sections are presented in the Appendi)(?‘ccordmg to (1) and (3), we have one more type:

However, their proofs are omitted due to the limitation of space. An* Type E:For a negative real pole and a pair of complex poles,
example in Section IV will show that the pole-zero configurations 11 > 0. w > 0, and0 < ¢ <1
can be easily derived from the present results.

. @)

e(t) = ,ﬁleft/Tl — Boe “gin (w 1-t+ 'L/?') (8)
II. NONOVERSHOOTING STEP RESPONSE

We consider a third-order SISO linear system with a nonstrictijheresy = atan2(y, ) with y = /1 — C[2Ti¢w — 1 — aTiw? +
proper input—output transfer function of bw? — cw®(2¢ — Thw)] andx = ¢ — Tyw(2¢? — 1) 4 aw(TiCw —
. 1) — bw?(Tyw — W3 [T Cw — (2¢2 — 1)], and
Y(s)_ es? 4+ bs? +as+ 1 ) (Th Q) + ew’[Ti¢w — (2¢ )]

= I
R(s) ‘ps3—|—q52—|—7‘s—|—1 (1)

w? (T} — aT} + Thb — )

3 =
where K is set to one without loss of generality, since it is the ' N1 - 2TiCw + TRe?) ©
amplitude ratio. The system with the order of the numerator greater 424 B 1/2
than that of the denominator is excluded, for its initial response to B2 = < 3 — ) ) >0 (10)
a step input is an impulse. (1= ¢)(1 = 2ThCw + T7w?)
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in which A = 1 — alw + bw?(2¢* — 1) — «(w?(4¢* — 3) and + Type D:
— ., _ 2] O — 2 2_ ¢ ) =
B _7;,\/1 ?l a—l—Qb_Cu.) cw? (4¢*-1)). Not_e thatatanZ(y,l) = 1) T2(a = T) — bTy + ¢ < 0 and T (b — T2) < 2.
tan™ " (y/x), and the signs of: andy determine the region of the 3 g 3 5
P 2) ¢ < IV, Ti(a —T1) = bTh 4+ ¢ < 0, and (I} — ¢)[2T (a —
codomain; i.e., le¥ = atan(y,z), then0 < ¢ < n/2 for x > 0 5T, /2) — o] + [T) (b — 2T2) — oJ? < 0
andy >0, 7/2<f#<xwforx<0andy >0, -7 <0 < —7/2 b ’ ! 1 =

fore < 0andy < 0,and—n/2 < ¢ < w forz > 0 andy < 0. Theorem 2 provides a way of using simple calculations to directly
It should also be remarked that the denominators in (9) and (10) aetermine whether (1) with real poles has a nonovershooting step
greater than zero and. is nonnegative. response.

A necessary condition for the nonovershooting step response ifReturn to examine Type E. Because the second term on the right-
that the initial response must not be greater than the dc gain, ileand side of (8) is sinusoidal, ify < 0 or e /"1 < ¢~ for
y(0T) < 1, since K = 1 in (1). The initial value theorem of the somet > 0, then=(#) must be less than zero for sorhe> 0. Note
Laplace transform allows us to conclude the following result. that e~!/"1 < ¢=¢“! for somet > 0 if and only if /T > (w.

Lemma 1: For the step response of the transfer function (1fherefore,l/77 < (w and3; > 0 are necessary conditions for the
y(0T) < 1if and only if: 1) ¢ < Ty T»T; for the case of real poles nonovershooting step response of Type E. The conditioh/@i <
and 2)c¢ < Ty /w? for the case of a pair of complex poles. (w indicates that the main pole should be real if a nonovershooting

First, consider the case of real poles. When Lemma 1 is satisfistep response is requested. Combining Lemma 1 and Lemma A5 in
then=(0™) > 0. In the Appendix, Lemmas A1-A4 show sufficientthe Appendix yields one sufficient and two necessary conditions as
and necessary conditions in terms of the coefficientgor (4)—(7) follows.

possessing:(t) > 0 for all + > 0. Substituting coefficientsy; Theorem 3: Suppose that the poles of the transfer function (1)
into the conditions of Lemmas Al to A4, we obtain the followingoelong to Type E and the main pole is negative real (le.>
theorem. -1/T7 > —(Cw).
Theorem 2: A necessary and sufficient condition for the nonover- 1) The step response of the system has no overshoet i, /w2,
shooting step response of (1) with only real negative poles is-tkat T a—T) —bTy +¢ <0, andfy > fo.
T, 1>T5 and one of the following individual conditions corresponding 2) Suppose that < T} /w? andT?(a— T} ) —bTi 4+ < 0 hold. If
to each type of real poles holds. 41 < - and the nonovershooting step response of the system
e Type A: is still requested, thep, > 0, 51/82 > n, and
D Tia=T) = Tib+c<0andTi(a —To) — Tab+ ¢ > 0. s By T et/ (14)
2) T2 (d—Tz) —Tob+c <0 and[TgTJ/(Tg +TJ)](Z}_T2TJ) S "32
C.
) Ti(a—T)—Tib+c <0, Ti(a —T) — Tob+ ¢ < 0, wheren = exp[-27((w — 1/T1)/(wy/1 - (?)] andt, =
[LT3/(Te + T)|(b — T>T3) > ¢, and (wy/1 =) atan2(y/1 = C2.0) = ¢].
Remark: In fact, it can be shown that a necessary and sufficient
Ti(Ts — T3) n T3 [TP(a — Th) — Thb + ] condition for the nonovershooting step response of Type E is that
Ts(T, - Ty) T2 [T;(a —T,) - Tob+ C] either 3y > (2 or (t;) > 0 for the smallest one of, satisfying
é(ts) = 0 andsin(wy/1 — (%2ts + ) > 0. However, no explicit

> ln ———
- TZZ [T;(U—T3)—T3b+c]

< 0. (11) solution toZ(¢s) = 0 can be obtained. The condition eft,) > 0
is then useless.

e Type B:
I1l. M ONOTONE NONDECREASING STEP RESPONSE

1) T (a=Th)=Tib+c < 0and[T1 T2 /(T +T2)](0=Th Tz) < The above theory can be extended to the monotone nondecreasing

C-l) step response. System (1) has a monotone nondecreasing step re-
2) Ti(a—Th)-Tib+c <0, [T /(T1 + T2)[(b—ThT2) > ¢, sponse if and only if the first derivative of the output respayige for
and R(s) = 1/s is greater than or equal to zero for alp> 0. Obviously,

4(0%) > 0 is a necessary condition. By the initial value theorem,

3 ¢
(T1 = T2)(T5 — Teb + 2¢) §(07) = lim, oo s[sY (s)—y(07)], we obtain the following lemma.

T\ [T3(a — To) — Tab + ] Lemma 4: For the step response of the transfer function (1),
T? [T._;Z(a —Ty) — Tob + ¢ (0) > 0if and only if: 1) ¢ < VWL T/ (Th T + ToTs + T5Th)
2 In T2[T2(a—T1) - Tib + ] > 0. (12)  for the cases of real poles, and@2X 5T /(1+ 2T {w) for the case
of a pair of complex poles.
« Type C: The first derivatives of(¢) for different types of poles are obtained
by y(t) = d(1 — =(¢))/dt as follows.
1) T12((L—T1)—bT1+C=08.ndT12(a—2T1)SC. * Type A:
2) T2 (a—T)—Tib4+c < 0 and[T1 s /(TL +T3)](b—T1T3) < ' 0 . 0 . "
) pl( 1) =11 [T /(Ty+T3))(b—T1T3) < J(t) = L=ty 4 02 —t/ry 08 i/t (15)
’ T, T Ty
3) Tf(d—Tl)—T1b+Li<(), [TlTJ/(Tl'{‘TJ)](b_TITJ)>(/, . Type B
and '
. _ M /Ty Xa X5 | —t/Ta
—(T1 = Ty) (T} = Tib + 2¢) Bty = e T+ KTQ “5> tT t}e - (18)
T; [Tf(a — TL) - T+ C] . Type C:
T3 [Tf (a—Th) —Thib+ c] o P a
n —r— < 0. 13 1(t) = RA DT ple=t/Tr . &3 —t/Ts
= T[T a—Ts) - Tsb + ] 13) v(t) KTI ”7>+T1 }" e 17
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e Type D: Theorem 6: Suppose that the poles of the transfer function (1)
belong to Type E, and the main pole is negative real (Des
. ag — Tia ag — 2T g Q10 2\ —t/1 , h
g(t) = t4+ —t" je /L. —1/T7 > —(w).
g(t) < T + T, + T, )E /Ty > —Cw)
. (18) 1) The step response of the system is monotone nondecreasing
¢ Type E: if ¢ <bT/(1+ 2T Cw), Ti(a —Ty) = bT) + ¢ < 0, and
. B —t)T a =Cwt . - , ; O 2 Thwfs.
§(t) = e = Bawe™ sin (w1 = P 0+ 0) (19) 2) suppose that < BT /(1427 (w) andT2(a—T1 ) —bT; +c <

where¢ = atan2(y/1 — (2, —().

Note that(as — Tig) > 0 in (18) when the condition in Lemma 4
is satisfied. Comparing (15)—(19) with (4)—(8), we find th&t) and
£(t) have the same forms but with different coefficients. When the
condition of Lemma 4 is satisfied, the initial conditigt0) > 0, too.
Replacing f(¢) and the coefficients in Lemmas A1-A5 with(t)
and the corresponding coefficients in (15)—(19), we straightforwardly
conclude the analogous results for the monotone nondecreasing step
response.

Theorem 5: A necessary and sufficient condition for the monotone
nondecreasing step response of (1) with only real negative poles is

0. If 31 < TiwpB, and the monotone nondecreasing step
response of the system is still requested, tlien> 0 and
34 //32 > T1w77 and

1> - 2 >J1-¢2 e tar (Cw—1/T1) (23)
/32T1<.u
wheret,« = (wy/1 = ¢2) atan2(y/1 — (2,¢) —¢ —¢] and

n = exp[—2n({w — 1/T1)/(w+/1 — ¢?)] identical to that in
Theorem 3.

thate < VW 1T /(Th Ty + ToTs + T3T1 ) and one of the following

IV. CONCLUSION

individual conditions corresponding to each type of real poles h°|ds'This paper presents the necessary and sufficient conditions for the

e Type A:

1) T (a—-T)—Tib+c<0andTi(a —T:) — Tob+ ¢ > 0.

2) T;(d - Tz) —Tob+c¢ < 0 and 12750 — (Tz + T3)[b -
(1/T> + 1/T5)c] > e.

3) le((l—Tl)—le-FC <0, TZZ(CL—TQ)—TQZJ-FC < 0,
T2T3(L — (Tg + Tg)[l) — (l/Tz + 1/T3)L] < ¢, and

T(T, —Ts), T3 [Tf(a—Tv) = Tib+ (]
Ii(Th — 12)  TP[Ti(a—To) — Tob+c]
T3 [Tf(a —Ty) —Tob+ C]
T3 [T#(a — T3) — Tsb + (]

>1n

< 0.

(20)

e Type B:
1) le((l - Tl) - Tb+c S 0 and T\Toa — (Tl -+ Tz)[b -
(l/Tl + ]./Tz)(] Z C.
2) Tf(a—ﬂ) —Tib+c <0, TiToa— (Th +T2)[b— (1/T1 +
1/T3)c] < ¢, and
(Tl - Tg)(nga — 2Tgb + 30)
Tl [Tr_)z(a - TQ) - sz + C]
T} [T3(a — To) — Tob + ]
T; [Tf(a - Tl) - le =+ C]

> 0.

>1In (21)

e Type C:
1) Ti(a —Ty) = b1 + ¢ =0 andTi(a — 2Ty) < c.
2) T2a—T) —Tib+c¢ < 0 and Ty Tsa — (T) + Ts)[b —
(/T + 1/T3)c] > c.
) THa=T)=Tib+c <0, TWTza—(Ty+Ts)[b— (1/Ty +
1/T3)e] < e, and
—(Th - Ts)(TIQa — 271D + 3c)
T [Tiz(a -T)-Tib+ c]
T??[Tf(“_Tﬂ—Tﬂ)—I—c]
=" T} T3 (a—Ts) — Tsb+ ]

<0. (22)

e Type D:

1) T#(a — Ty) = bT1 + ¢ < 0 and 71 (26 — Tha) < 3c.
2) ¢ < VT /3, T a—=Ti)=bT1 +¢ < 0, andTia® — 2T ab+
2T20? — 2T — 4T be + 362 4+ 6T ¢ < 0.

coefficients of the numerator of a third-order transfer function (1)

so that the nonovershooting and the monotone nondecreasing step
responses are ensured. If the poles are all negative real, a necessary
and sufficient condition is found and presented in Theorems 2 and 5.

If the system has a pair of complex poles, one sufficient condition and
two necessary conditions are obtained in Theorems 3 and 6. These
results allow us to use simple calculations to determine whether the
system (1) has a nonovershooting and a monotone nondecreasing
step response.

The approach presented in this paper can also be applied to a
second-order SISO linear system Bf(s)/R(s) = (bs> + as +
1)/(¢s* + rs + 1). If this system has two negative real poles of
—1/Ty and —1/T> with T\ > T> > 0, a necessary and sufficient
condition for the nonovershooting step response is the condition of
Ti(a—T1)—b < 0andb < T T3, while that for the monotone
nondecreasing step response is the conditiol¢f — 77) — b < 0
andb < «TVT> /(T + T>). However, if the second-order system
has a pair of complex poles, the step response has overshoot for any
values ofe andb, and then there is no monotone nondecreasing step
response.

Furthermore, the present results can also be transferred to the ones
in terms of pole-zero configurations. For instance, consider the above
second-order system with two negative polespof= —1/7; and
p2 = —1/T,. Let two zeros bez; and z» (when they are real)
or » £ jy. Obviously,a = —1/z — 1/z andb = 1/(z122)
for the case of real zeros, while in the case of complex zeros
a = =2z2/(2* +y*) andb = 1/(z* + y*). A necessary and
sufficient condition for the nonovershooting step response is either:
1) (z122) (21— p1)(z2 —p1) 2 0@nd(z122) 7" < (p1p2)~", or 2)

2% 4+ y? > p1p2; while either: 1)(21z2)71(21 —pi)(z2—p1) 20

and (21 Zg)(2‘1 + Zz) < (Z]Zg)([)] + p2), Or 2) 20 < p1 4 p2 is a
necessary and sufficient condition for the monotone nondecreasing
step response. However, such a condition for a third-order system is
much more complicated.

APPENDIX
Lemma Al: Considerf(t) = aje™"/1t 4+ aze™"/"2 4 qze™"/"s
with 77 > 175 > T5 > 0 and f(0) > 0. Thenf(¢) > 0 forall ¢t > 0
if and only if one of the following conditions holds: 1), > 0 and
g > 0; 2) as < 0 andas < —[(1/T2 - 1/1_1)/(1/1_3 - ]./Tl)](lz,
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3) o Z 0./ g < 0, g > —[(1/1—2 — 1/T1)/(1/Tg — 1/T1)]Oé~2, and [9]

1/T3 — 1/T2 0 (1/T3 - 1/T1)Oél
1Ty — 1Ty 1/Ts — 1/T2)(—aa) (10]
(1/T2 - l/Tl)(—dz)
>lIn (1/T5 = 1/T1)as (A1) [11]
[12]

Note that the term on the right-hand side of (A1) is less than zero:

Lemma A2: Considerf (t) = are™"/™ + (au + ast)e ™2 with  [13]
T, > T> > 0 and f(0) > 0. Then f(t) > 0 for all ¢ > 0 if
and only if one of the following conditions holds: 1y > 0 and [14]
a5 > —(1/T2 — 1/T1)(Y1, 2) a1 >0, as < —(1/TQ — 1/T1 Jor, [15]
and
[16]

— Q5

(I/Tz - 1/’T1)(.Y1 ’

Qg
— >1In
s

1 1
- (5-7) (A2)

Note that the term on the right-hand side of (A2) is greater than zeld!!
Lemma A3: Considerf(t) = (ag 4+ art)e /Tt 4+ age /75 with

T, > T3 > 0 and f(0) > 0. Then f(¢) > 0 for all ¢ > 0 [18]
if and only if one of the following conditions holds: 1} = 0
and ag > 0; 2) a7 > 0 and oy < 067/(1/'T3 — 1/T1), 3) [19]
0 < ar/(1/T5 —1/T1) < az and
1 1\ as o %4
— = B 20
1+ <TJ T1>LI7 2111 (1/T5—1/T1)a5 (AS) [ ]

Note that the term on the right-hand side of (A3) is less than Zeropy)
Lemma A4: Consider f(t) = (as + ast + ajot?)e /Tt with
T, > 0 and f(0) > 0. Then f(¢t) > 0 for all ¢ > 0 if and only if

one of the following conditions holds: B)s > 0 andaie > 0; 2) [22]
as > 0 and4asaip > a3,
Lemma A5: Considerf () = S1e™"/ ™t — fae™¢“" sin(w+/1 — (2
t+¢)with0 < ¢ <1, and0 < 1/T} < (w. [23]
1) If 31 > 82 > 0, thenf(¢) > 0 for all t > 0. [24]

2) If 31 < B2 andf(t) > 0forallt > 0is requested, thefl, > 0

1> Bty o1/ /e /1=0) (Ad)
and
1> ? > /1= 2 e teleem /T (A5)
B2
wheret, = (wy/1 — ¢2) atan2(/1 = ¢2,¢) — ¢].
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