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The radiative frequency shift of an exciton in a thin semiconductor film, like its radiative level 
width, is shown to be superradiatively enhanced. Unlike the latter, however, a finite frequency shift 
can only be obtained after proper renormalization for the correlated system. The shift is found 
to be inversely proportional to the square of the factor kod and proportional to the film thickness 
T\ ko = -^Jr, Eqn being the exciton energy gap and d the lattice constant of the semiconductor. 
Therefore, the coherent frequency shift can be observed experimentally if one varies the thickness, 
or the exciton energy gap EQn by imposing high pressure. 

PACS numbers: 71.35.+Z, 71.45.-d, 78.65.-s 

Recently, much attention has been focused on super-
radiance of systems with restricted geometries. Histori­
cally, the idea of the superradiant state for a system of 
atoms was introduced by Dicke [1]. The coherent radia­
tion phenomenon for the atomic system was intensively 
investigated in the late sixties [1-4]. It was found tha t 
the radiative correction to the emission frequency of these 
systems usually involves divergences tha t have to be re­
moved by renormalization [4, 5]. An adaptation of the 
general prescription for renormalizing such radiative fre­
quency shift for a many-particle system was proposed by 
Lee and Lin [5]. Turning to a system of atoms arranged in 
a three-dimensional lattice with one of the atoms excited 
initially, Lee and Lee [6] found tha t the photon would be 
totally t rapped in the system if it were not for the bro­
ken symmetry due to lattice imperfections and the finite 
boundary. Furthermore, when the longitudinal Coulomb 
interaction among the atoms tha t is partially responsible 
for the propagation of the exciton in a solid is taken into 
account in a three-dimensional bulk crystal, the exciton 
is found to couple with the photon to form a polariton 
and thus does not decay radiatively [7]. 

However, when the exciton is in a thin crystal film 
[8-16], the crystal symmetry in the direction normal to 
the film plane is broken in an essential way, rendering 
the radiative decay of the exciton possible. It was shown 
[9, 10] tha t the remaining crystal symmetry parallel to 
the plane of the film led to phase coherence between the 
exciton and photon fields everywhere in the film. Con­
sequently, a trade-off between the degrees of freedom of 
the radiation field and those of the atoms in the crys­
tal film was shown to be responsible for the superradia-
tive enhancement of the exciton decay in the optical re­
gion [10]. Recently, many investigations on the radiative 
linewidth of excitons in quantum wells have been per­
formed [11-17]. The effect of phonons on the coopera­
tive radiative decay of excitons in small aggregates has 
at tracted strong interest [13]. The size-dependent radia­
tive decay time of excitons in microcrystallites [14] and 
the radiative dynamics crossover from the small thick­
ness, superradiant exciton regime to the bulk crystal, 

polariton regime were studied extensively [16]. Recently, 
radiative lifetimes of superradiant decay of excitons in 
In As quantum sheets were measured [17]. However, the 
coherent frequency shift of an exciton in thin films has re­
ceived little attention so far. For one thing, the radiative 
frequency shift of an exciton involves ultraviolet diver­
gences arising from virtual photons of large momenta. 
Furthermore, in calculating the frequency shift of the ex­
citon in a thin film due to coherence effect alone, appar­
ent infrared divergences of the logarithmic type turn up 
in the limit of zero q, the center-of-mass momentum of 
the exciton. In this Letter, we show how the radiative 
frequency shift of the exciton in a semiconductor thin 
film should be properly renormalized before a meaningful 
comparison between theoretical results and experimental 
observations can be made. The renormalized frequency 
shift, much like the linewidth, will be seen to also be 
superradiatively enhanced due to coherence effect. 

Consider first a Wannier exciton in a very thin film 
consisting of one layer in the x-y plane. The general­
ization to the case of a thicker film with larger width T 
will be made later. We will assume a two-band model 
for the band structure of the relevant semiconductor, the 
ramification of which will be discussed later. Suppose 
that at t = 0 the system is in an excitonic | q, n) state, 
where q is the crystal momentum in the x-y plane char­
acterizing the motion of the exciton and n is the internal 
structure quantum number for the exciton with energy 
£ q n =hcko. For time t > 0, the system evolves in time 
and generally returns to its ground state by emitting a 
photon [9]. The time dependence is characterized by a 
frequency shift and a decay rate. The frequency shift of 
the exciton can be expressed as [9] 

I D\r I2 

0q'n = Re?n2(cfco-cfc-io+) 

where n q n(Z) is the energy correction (except for ft) due 
to the emission and its subsequent reabsorption of a vir­
tual photon by the qn exciton which, in the meantime, 
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has traveled a distance of lattice vector I. Naturally a 
sum over I has to be carried out. Splitting the I — 0 
term from this sum we see tha t the first term fiqn(0) 
represents the frequency shift of a lone exciton isolated 
in space as if the surrounding lattice had been stripped 
ofT. It suffers from the ultraviolet divergence just like 
the Lamb shift of a hydrogen atom and thus needs to 
be renormalized. The second term in Eq. (1) represents 
the frequency shift due to the coherence effect and can 
be seen to be convergent [5]. The radiative decay rate of 
the exciton 7 q n is similarly given by 

Tqn : :lm£ A<, q n 

hz(ck0-ck-iO+) 
: rqn(o) + J^ expHq • *)rq„(/). (2) 

&0 

In Eqs. (1) and (2), 

2ire2hc 
Ac, q n m?c2NW 

1/2 

^ e x p [ i ( k - q) • l](eka • X n ) , 

' (3) 
where the exponential phase factor is due to the propa­
gation of the virtual k photon and of the qn exciton over 
the same distance I, and 

Xn =YtK(P)Jd2TW*(T - p)(-ih) Vr WV(T) (4) 

is the effective transition dipole matrix element between 
the electronic Wannier state wc in the conduction band 
and the Wannier hole state wv in the valence band. Its 
presence signifies the repeated deexcitation and reexcita-
tion of the exciton as it evolves in time, being punctuated 
by the virtual-photon emissions and readsorptions. Here 
Fn(p) is the two-dimensional hydrogenic wave function 
with p being the separation between the electron and 
hole of the exciton. The vectors I and p are in the x-y 
plane. The second term in Eq. (1) represents the coher­
ence effect since it involves a sum over nonvanishing lat­
tice vectors I. If the lattice spacing d is much larger than 
the characteristic radiation wavelength Ao, this term be­
comes insignificant owing to the then wildly fluctuating 
individual terms in the summand. For any finite d/Ao, 
the quantities ftqn(Z) and r q n (Z) can be obtained as [10] 

^ q n ( 0 = Yl J q n ( k 2 ) e x p ( i k 2 • t] (5) 
k2 

J q n ( k 2 ) = P ^ | A k > ^ ! _ ^ , k = k 2 + z/c2. 
cko — C\/k% 4- k 1' 

Also, 

r q n ( 0 = ^ G f
q n ( k 2 ) e x p ( ^ k 2 • Z), 

(6) 

(?) 

where 

Gqn(k2) = 5 > I Ak>qra |
2 6(ck0 - c VkJ+k*). (8) 

In Eqs. (6) and (8), 

A*, 
2we-

q n m2chkV 
£k<7 * X n (9) 

which is valid in the optical limit qao < 1, ao being the 
size of the exciton. One may note from Eqs. (8) and 
(9) that | Ak,qn |2 and hence J q n ( k 2 ) and G q n ( k 2 ) are 
actually independent of q in the optical limit. 

As asserted before, Q q n(0) can easily be seen from Eqs. 
(5), (6), and (9) to diverge linearly due to the upper 
limit of the sum over | k |. Renormalization is therefore 
in order. Since the usual method of renormalization is 
for one-electron systems, it must be suitably generalized 
to be applicable to the present case of a many-electron, 
two-band system. The spirit of mass renormalization is 
to use in the kinetic-energy term the finite mass of the 
free, physical (dressed) electron, which presumably con­
sists of a bare electron dressed by a virtual photon cloud. 
Both the bare mass mo of the free electron and the en­
ergy correction due to the photon cloud turn out to be 
infinite, but largely canceling each other, leaving a finite 
physical electron mass m. When the electron is not free, 
as in an excitonic state of a semiconductor, the quan­
tum state itself will be the result of the simultaneous 
action of the kinetic and the potential energy terms, the 
latter representing the environment the electron is put 
into. The effect of the removal of the ultraviolet diver­
gence when the electron is free differs, of course, from the 
effect when the electron is in the environment of a poten­
tial. The difference between the two represents the effect 
of renormalization on the quantum state. Adapting to 
the present exciton case we have accordingly 

O r e n 

a q n lim O 
d—>oo 

q n i (10) 

where the two limiting processes fco —• 0 and d —•> oo 
reduce the exciton to a free electron. The important ad­
vantages of such a renormalization procedure lie first in 
its being free of the ambiguities tha t might arise owing 
to the usually different perturbation schemes used in cal­
culating the energy of the dressed exciton and tha t of the 
dressed free electron, and second in the inclusion of any 
many-body correlation effect in £7qn itself. 

It follows from Eqs. (10) and (1) that the renormalized 
frequency shift is 

<C = JCn(o) + n: coh 
q n ' 

where 

" q n (0) = nqn(o) - lim nqn(o) 
A ; 0 — • O 

and 

" q n ^ E 6 ^ ^ >(0 

(11) 

(12) 

(13) 
1^0 

since l i m ^ o o Q q n = ftqn(0). 
As seen from Eq. (12), the renormalization affects only 

the part Q q n (0) , the frequency shift of the lone exciton— 
a positroniumlike object insulated from correlating with 
the rest of the crystal lattice. The coherent part Qq^h in 
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Eqs. (11) and (13) is then not touched by renomaliza-
tion in principle. The separation of fiqn into two terms 
in Eqs. (1) and (11), trivial as it seems, is essential con­
ceptually to the singling out of the source of the quantum 
electrodynamical divergence in a correlated system and 
hence to its removal by renormalization. 

On the other hand, it is much more expedient mathe­
matically to carry out the lattice sum over all Z's, includ­
ing I = 0, as required in calculating the unrenormalized 
Qqn of Eq. (1). By substituting Eq. (5) into (1) and ap­
proximating Jqn(k2) by Jn(k2) as mentioned before we 
obtain 

fi, qn = 5Z Jn(k2) ^ e x p [ i ( k 2 - q) • I] 
k2 

= i V £ j n ( q + G), (14) 

where G are the reciprocal lattice vectors in the kx-ky 

plane . We now examine the contribution of the umklapp 
(U) processes involving all the nonvanishing G's in Eq. 
(14), thereby going beyond the usual two-band model. 
Combining Eqs. (6) and (9) with (14) we find 

a qn N 
kz G 

Akl„ 
C(k0 - VW+Vz) 

, (15) 

where k2 = q-fG for abbreviation sake, and Ak,qn is now 
approximated as A^n while N is the number of unit cells 
in the one-layer system. Focusing first on the contribu­
tions to fiqn from large | G \^>q and noting \Akn | 2 ~ 1/fc 
from Eq. (9) we convert the sums into integrals via 

£2qn ~ 
LzNa< 

(2TT)3 /

oo no 

dkz / 
-oo JO 

2nGdG 

k(k0 

V 
8 ^ / 

d3k 
k(ko — k)' 

(16) 

the last equality coming from identifying k2 = q + G 
« G. The integral in Eq. (16) obviously diverges at the 
upper limit. 

It is immediately noted that if we calculate exactly 
fiqn(0) of Eq. (1) by using the / = 0 form of Eq. (5), 
together with Eqs. (6) and (9), the result is just that 
given by Eq. (16). Hence we conclude that the ultravio­
let divergence of fiqn(0) is really the same as that from 
the U processes of large G's that contribute to the full 
fiqn. Once fiqn(0) of the lone exciton is rendered finite 
by renormalization via Eq. (12), just like the familiar 
Lamb shift of single atoms, the U processes of large G's 
that arise from the unrestricted sum over I in Eq. (14) 
will also be rendered finite simultaneously. 

A renormalized ^ q n (0) , like the usual Lamb shift, 
is comparable in magnitude to any one of the many 
f2qn W

s - It would not play a dominant role in Eq. (11), 
in contrast to its infinite contribution in Eq. (1). We 
may now safely combine ft™(0) with Q™£ of Eq. (13) to 

return to an unrestricted sum over all Z's in the manner 
of Eq. (14), except that the contributions from large G's 
should be removed at the same time to conform to renor­
malization. A two-band model which we adopted from 
the beginning automatically excludes the larger G's and 
is thus seen to be consistent with the above. Accordingly 
it follows from Eqs. (14) and (15) that 

Q r e n :JVJn(q) 

• N 

c(k0 - v^Tfcf) 
(17) 

by taking only the G = 0 term. Similarly Eqs. (2) and 
(7) yield, innocently, 

7 q n = 2^VGn(q) 

= 27riV^ | AKn |2 6[c(kQ - ^/q^T^)Y (18) 

Nevertheless, at the risk of belaboring our point we em­
phasize that, had it not been for the renormalization in 
Eq. (12), the direct imposition of the two-band model 
on Eqs. (1) and (14) would not have been justified, espe­
cially after recognizing the infinite contribution from the 
single term fiqn(0) alone in Eq. (1). 

Analogous to the decay rate 7 q n in Eq. (18), the renor­
malized frequency shift in Eq. (17) is explicitly seen to be 
coherently enhanced by the same factor AT as a result of 
the interaction of the phase-matched photon amplitude 
with the delocalized excitonic amplitude spread over all 
N atoms (or N unit cells, to be exact) in the entire x-y 
plane. This coherent participation of AT atoms is achieved 
at the expense of a reduction of the number of photon 
modes involved. When a single excited atom radiates, all 
k photon modes are possible as long as | k2 |< | k |~ &o, 
and the number of such k2 modes is ~ (TT&OX^)- On 
the other hand, when all N atoms in a delocalized qn ex­
citon radiate, only the k photons with the same k2=q are 
allowed. It is this trading of the photonic degrees of free­
dom for the atomic degrees of freedom that leads to the 
superradiative enhancement factor of N(-%£-)~1 ~ /fc ^ 
for the planar exciton over the excited atom [10]. 

Unlike Eq. (18), the integration over kz in Eq. (17) is 
not free of pitfalls yet. When Eq. (9) is substituted into 
Eq. (17), though there is no longer any ultraviolet diver­
gence from large kz, an infrared divergence from | kz |~ 0 
apparently emerges in the important case of q w 0. This 
originates with the Hl ~ A • p perturbation Hamiltonian 
used [9] to obtain Eq. (9). This apparent divergence im­
plies that the lowest-order theory of this perturbation is 
inadequate for the present purpose. Rather than going to 
successively higher orders we may cure this by regrouping 
via a canonical transformation [18] that converts the per­
turbation Hamiltonian into the dipole-interaction form, 
H' ~ r • E. This would effectively change \Aktn | 2 ~ &jf-
of Eq. (9) into | Ay, 

n\ rsJ k | dn I , given more exactly by 
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\Ak,n\
2= | £ k A - d „ | 2 , 

nv 
where 

dn = £ F n ( P ) / ^ < ( r - p )T« ; v ( r ) . 

(19) 

(20) 

A comparison between Eqs. (4) and (20) reveals tha t it 
is the change from the momentum operator (—ih)\/T to 
the dipole operator r tha t gives rise to the modified k 
dependence of | A^n |2 from | A^n |2 . The judicious re­
placement of | Ak,n I2 in Eq. (17) by | A^n |2 for small 
fc2, with the dividing line defined to be where the two 
equal each other, enables us to carry out the kz integra­
tion without further ado, yielding for a one-layer film the 
result 

Qren 
2 e 2 £ ( q~0,n 
he h 

£k • dn 

d2 (21) 

It is not difficult to generalize the above one-layer result 
to tha t of a thin film of thickness T, containing nz = T/d 
layers (as long as koT < 1): 

2e2 Eq„ptn ' * J ,2 

u«~°>n" he 
£k -dn 

d © (1 - k0T). (22) 

The above expression can be rewritten as 

2 

where 

«5=0,n = -7sing l e ( ^ ) ( | ) ( 1 - W , (23) 

(24) Tsingle = r q , n ( 0 ) = — * f i \ k0dn \Z 

is the radiative decay rate of a single isolated exciton. 
Its presence in Eq. (23) is traceable to the neglect of the 
directional details [19] involving | e* • d n |2 in Eq. (22) 
for a first estimate. 

In Eq. (23) the enhancement factor ( ] ^ ) 2 ( § ) ( l - f c o ^ ) 
due to the coherence effect [5,9,16] is explicitly displayed. 
The extra factor involving the number of layers within 
a half wavelength appears since the excitonic amplitude 
spread among these layers is phase-matched almost layer 
by layer with the corresponding photonic amplitudes. 

In the above treatment, the superradiative exciton 
modes (q < fco) are considered. On the other hand, if 
q is larger than fco, the frequency shift can be shown [5] 
to have a sign opposite to tha t in Eq. (22). However, 
these excitonic modes are not capable of radiative decay 
(they are called "trapped modes" in Ref. [10]). This is 
simply because the energy hcko of tha t exciton is not suf­
ficient to produce a photon of momentum k = q + zfcz. 
Energies in these modes are thus t rapped in the film. 

One can see from Eq. (23) tha t the superradiative en­
hancement factor is huge, ~ 107 for Wannier excitons in 
the optical range. However, due to the extreme smallness 
of 7singie itself, observation of Og!^o,n ^s n ° t expected to 
be easy. Its linear dependence on the thickness T may 

be a useful feature tha t distinguishes it from the usual 
quantum well confinement. The most favorable range of 
T should be a s <C T < Ao, where as is the Bohr radius 
of the exciton. The linear dependence on the excitonic 
energy i£ q n also suggests the use of high pressure tha t 
could cause considerable changes in the band gap and 
hence in Z£qn. 

In conclusion, we have shown in calculating the radia­
tive frequency shift of an exciton in a thin semiconductor 
film that , first, a two-band model can only be justified 
after a proper renormalization adapted to removing the 
ultraviolet divergence pertaining to a correlated system 
has been made. Second, the renormalized frequency shift 
is superradiatively enhanced, analogously to its more fa­
miliar decay-rate counterpart, by the coherence effect. 
The distinguishing features are pointed out and may be 
observable in a suitably designed experiment. 
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